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introduction 



ISingle-element antennas are discussed in other chapters in the book but their 

^fSrmance is somewhat limited. To obtain high directivity, narrow beams, low 
|$5§lobes, steerable beams, particular pattern characteristics, etc., commonly a 
Eoup of antenna elements, called an antenna array, or simply array, is used. The 
jjSgn of an array involves mainly first the selection of elements and array 
PfSrnetry, and then the determination of the element excitations required for 
lafrue 'ying a particular performance, sometimes under a given constraint. The 
fj ^za tion of the desired excitation requires a detailed knowledge of element in- 
Blulfu npedance characteristics as well as the mutual impedance between any two 
ifem Snts in the given array environment^ In general, this is a difficult problem 
^^^^riay^be solved approximately for large arrays with an infinite array model 
fejWfiSr small arrays in a two-element environment model. While discussions on 
Bn^Smobels for some simple elements can be found elsewhere in the book, in this 
BmSt lpwe confine our discussion to the problems stated above. 

IKn e re is no reason why all elements in an array must be of the same type other 
ftli an p i mplicitv in fabrication and analysis. In fact, radioastronomers have made 
^ ^y o f Qr more existing radiotelescopes of different types for interferometry 
f^surement. Furthermore, even with the same type of elements, the shape of 
^ rentgor aperture field distribution of the element near the edge of the array can 
'"CfflWctit from that of the element in the central portion of the array, depend- 
Ili^ Ehe- array geometry, element spacing and orientation, and, of course, the 
j@m f t vPe ' Generally such a difference may not cause a serious deterioration in 
j^Jfcl^* performance in some applications. 

^TEj£|^ is also no particular reason why the array structure must be periodic 
J|ffigjEjgn the two reasons just stated above. In fact, a periodic structure can result 
^jagMjj^lobes, frequency sensitivity, blind angles, etc. Even a periodic structure 
Jgw^rs, such as those used in artificial dielectrics, possesses some interesting 
JgySg^able properties, such as birefringence, anisotropy, and dispersion. For 
^gMjMjmplicity, however, uniformly spaced arrays, particularly the linear ones, 
'^J^|;studied in a great detail [1-120]. At least for these arrays the 
^j^jma^e can be predicted accurately. Therefore we shall consider uniformly 
|PPM^ ar arrays first. With some understanding of linear arrays, for con- 
^j^^^later discussions, we then consider a general transformation theory and 
J^gjj^^n to planar, circular, and elliptical arrays. Finally, a few array synthesis 
^^SalMirapdiscussed. 



^^££ggUFormulation 

y^j^Uon characteristics, only the far field is of interest. In all the following 
jjl^^^e use of the far-field approximation will be understood. Let A(r) be 
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the magnetic vector potential due to a typical element. Then 

u e~ ikr f 

A(r) = j(r') e Jkr ' cos tdV 

n r J v 



where 



An feirjnl 
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J(r') = the electrical current distribution in the element 
r = the position vector of an observation point 

r' = the position vector of a typical source point 

V = the volume of the source element 
■ dV = a differential volume element of the source 
cos§ = r f' 

k = co VJie = lull = free-space wave number 

The important consequence of the far-field approximation is thatltli 
dependence of A(r) on r is separated into two parts: one depending onVonfiWfl 
the other on (0, 0) through f (or cos £ in the integral). Thus, for a sphere withfjll 
r we can write the factor {jkr' cos£) as (yk-r') and A(r) as A(k) with k;«| 
the direction in which A is to be evaluated. In practice, only the directiS 
characteristic is of main interest; therefore, we shall focus our attention onW 
integral and rewrite (1) in the following form: 

A(r) = tA r + BA 0 + <M 0 ^ ^[f/,(k) + 6/.(k) + ^(k)] * 

where 



Then the far fields are 



E(r) = -jojA + r-^VV-A = -j(o[66 + $$]A 



H(r) as -r x E 



cm 



where 77 = „ 
The angular-dependent parts f e {d,(j>) and give the directional 

characteristics of E g and E 0 . It should be noted that f e and are complex! 
functions. The.r absolute values, or magnitudes, \f e (0,<P)\ and \U{6,</>)\, are? 
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fgferred to as the pattern functions; in fact, often one of them is 
" m aior component (or copolarization) pattern function and the other 
r Polarization pattern function. Their phases, namely > , fg(0, <p) and 
%re referred to as the phase pattern functions. Obviously the sig- 
«. a phase pattern function should be weighted by its associated pattern 
d>)\ The phase pattern is of interest in some applications, such as the 
^iJtbn of Xte phase center. Sometimes one is also interested in evaluating 
||p irv terms of circularly, instead of linearly, polarized components. In 

E(r) oc tf L (6, <p) + R/«(0, <P) ( 4 > 

m=fetf,<P) - MW) = LCP pattern (5) 
|) = fe(e, <t>) + iU{0,<t>) = RCP pattern R = jtj-— 

It may also be noted that, in practice, for simplicity, /(6>, <j>) is often called 
saltern function, rather than the precise term complex pattern function, 
^an array of N arbitrary elements, as shown in Fig. 1, the far field is 



wi,<t>) = Xw^) 

ft. n=\ 

#,40 = (ee + <M>) f j„(r;)^- ,r '- r " 1 ^; ( 7 ) 

J nth 



element 
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r„ = a convenient reference point, such as the phase center, of the nth 
element 

r,', = a typical point on the nth element 
fn(6,<P) = tne nth-element pattern function 

If all elements are identical and also identically oriented, with the assumption 
that the current distribution of all elements in the array have identical shape except 
for a constant multiplier, one can write 

f„(0,0) = *nU0,<P) (8) 



where 



fo(0>0) = complex pattern function of a single element 
I n = relative complex excitation to the nth element 

It should be noted again that element patterns in different array environments 
could be significantly different from each other (see Chapters 13 and 14). For large 
arrays or arrays with simple elements the neglect of this difference may still lead to 
a useful approximation. Then, using (8), one can rewrite (6) as follows: 



E(r) = - ^J^ Ue.^Fie^) (9) 



where 



F(M) = ^I„e' ktr " (10) 

n 

is usually called the (complex) array factor, or the array pattern function for N 
isotropic point sources at {r„}. Equation 9 also states the pattern multiplication 
principle, namely, that the array pattern for N identical elements, similarly 
oriented, is equal to the product of the element pattern and the array factor (or the 
array pattern for isotropic sources). The study of an array usually implies the study 
of the array factor, which is often called simply the array pattern function. In the 
following we shall devote most of our discussions to this function. 



3. Linear Arrays 

Linear arrays occupy a unique position in array theory and have received great 
attention. This is probably because for uniformly spaced elements the pattern 
function can simply be expressed in terms of a polynomial for which the analytic 
tool is well-known. Let the elements be placed along the z axis with interelement 
spacing d; then for the nth element r„ = znd and for an array of (N + 1) elements 
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N 



n=0 *=0 



where 

Z = and ip = kd cos 0 



4 




(11) 



(12) 



For the physically observable region 0 ^ 0 ^ jt, the function F(0) is given by the 
value of the polynomial in (11) with Z only on a unit circle and its phase angle rp 
bounded between —kd and +kd, which is called the visible region. Polynomials 
have been thoroughly studied and it is therefore not surprising to find a large 
number of contributions in the literature on linear arrays. A few important results 
are summarized below. 

Arrays with Prescribed Nulls 

These are useful for antijamming and interference elimination. Let {0„}, 
n = 1, 2, . . . , N, be the set of null angles. Then the desired array pattern function is 



N 



HO) = cU (Z - Z„) = c[/ 0 + I X Z + • • ■ + l N Z N ] 



(13) 



where c = a constant, commonly a normalization factor such that 

max|F(0)| = l, 

Z„ = e'*", 

rjj n = kd cos 0„, 

I n = the required complex excitation for the nth element 

Comments: 

(a) The magnitude pattern is 

\c\ ft |Z - Z„| = 20(log|c| + 2 log|2 - Z„|) 

in decibels, where |Z - Z n \ is the length between a typical point Z(0) on the unit 
circle and Z n , which is also on the circle as shown in Fig. 2. 

(b) Excitations are given by the coefficients of the polynomial expansion as in 
(13). 

(c) Because of the axial symmetry the 3D pattern is the generation of the above 
pattern function rotated about the array axis. 

(d) To obtain a deep null at, say, 0„, multiplicity of the root Z n can be im- 
posed. In fact, (Z - Z n ) p , with p an integer, implies that all derivatives up to the 
(p - l)th order vanish at Z = Z„. 

(e) These excitations are determined only by the desired null directions without 
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Fig. 2. Zeros of an array polynomial on a unit circle. 

considering the desired signal. For a more meaningful solution see Section 6, where 
signal-to-interference ratio is to be maximized. 

(/) Since each element can be a subarray, the element could be designed 
against the jamming signals while the entire array is designed for receiving the 
desired signal, or vice versa, provided the desired signal is in a direction different 
from that of any of the jamming signals. . 

(g) Null steering can be achieved by varying Z n on a unit circle, but in general 
this change will alter excitations of many elements. 

(h) Of course, some roots {Z„} need not be on the unit circle nor in the visible 
region. In that case the array will not have deep nulls at {#„}. 

Binomial Arrays 

If all roots {Z n } coincide and are equal to Z u then 

■ »* 

F(0) = c(Z - Z,)" 

= c[z" + M-zoz"- 1 + ^L=J)(- Zl ) 2 z"- 2 
+ . . . + c?(-z,)* z"- k + • • • + (-zo"l (1 4 ) 



where 

Zj = e Jkdcosei 
6 { - null angle 

= binomial coefficient, which can be found more easily by using the Pascal 
triangle 

Thus /, = 1, I 2 = NZ U ..-,/* = C?{-Z x ?, ...,I N = (-Z,) N - 



Comments: 
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(a) The magnitude pattern indecibels is 

\c\ |Z - Z X \ N = 20(log|c| + AMog|Z - Zi|) 



(b) This array has no "side lobes" if d ^ A/2. For example, if d = A/2 and 
0 X = 0, then Z x = — 1 and all element excitations are in phase with weight {C"}. 
The pattern has only a broadside beam, irrespective of the array length. If 0, = 
jr/2, Z x — 1, all element excitations will be alternatively opposite in phase. The 
pattern will consist of two separate beams along 0 = 0 and 0 = n, respectively, 
and a null at 0 = nil. Again there are no other lobes, no matter how long the 
array is. If d is near or larger than A, grating lobes appear partially or totally. 

Uniform Arrays 

When all excitations are equal, say 1, 

r N-l y N _ i 

F{6) = £ Z" = (15) 
If the array center is chosen as the origin, 

m = *M^ (16) 



where 

ip = kd cos 6 (17) 

The normalized pattern function of (16) as a function of ip for a few values of N is 
shown in Fig. 3. The graphical method for determining F(6) through (17) is 
demonstrated in Fig. 4 for two cases: broadside and scan angle 0 0 . 

Comments: 

{a) As will be seen in Section 6 the uniform array for d nearly equal to or 
greater than A/2 has a directivity close to maximum. For d < A/2, a substantial 
increase in directivity over that of the uniform excitation is only possible in theory 
but not in practice. Thus the directivity of a uniformly excited array is about the 
^maximum achievable in. practice and therefore is often used as a reference for 
comparing directivities of various designs. 

£ (b) The beam maximum of (16) appears at 0 = nil and, therefore, the array is 
called a broadside array. The beam can be steered to any direction 6 0 if the 
Excitation I n contains a progress phase factor nkdcos 6 0i for all /is, as will be seen in 
^ general discussion in Section 4, under "Application to Planar Periodic Arrays." 
B?his phase shift results in a translation of tp by kdcos$ 0 . Thus, instead of (17), 



= kd{cos6 — cos0 o ) 



(18) 
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Fig. 3. Plots of sin(Aty/2)/sin(v>/2) vs y> for N = 6 through 11. {After Kraiis 160], © 1950';' 
reprinted with permission of McGraw-Hill Book Co.) 

In other words, what happened at 0 = nil before introducing the phase shift will 
happen afterwards at 0 = 0 O . The pattern function does not change with respect to 
V except for a simple translation. But this is not true when plotted against 6 due to 
the nonlinear functional dependence of ip on 6. Therefore it is often more' 
convenient to study the pattern as a function of V, or the so-called u space in 
Section 4. When 0 O = 0°, the main beam will be along the array axis and the array 
will be called end-fire. 

(c) A few important formulas, such as directivity £>, half-power beamwidth, 
beamwidth between first nulls, null angular position, and side lobe maximum 
position, for broadside and end-fire uniform arrays are listed in Table 1. 

(d) Also listed in Table 1 are the formulas for Hansen-Woodyard end-fire 
arrays. Hansen and Woodyard [50] found that for a long uniform end-fire array 
when element spacing is small the directivity in the 6 .= 0° direction can be 
increased from that of the ordinary end-fire if the phase shift per element is [4] 



'--(-^-("♦is) 



(19) 



and if 
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Fig. 3, continued. 



|V| = Mcos6> + £| e=0 . = jr//v 
|V| = \kdcos0 + P\ e=lS( r = n 



(20) 



It will be seen in Section 6 that this excitation does not give the maximum 
d.rect,v,ty and, ,n fact, for d = A/2 or larger, its directivity is even smaller than that 
ot the ordinary end-fire. 

Dolph-Chebyshev A rrays 

It is well known that the antenna aperture distribution and pattern function (in 
the wave vector k space, or the u space) are a Fourier transform pair. Since for any 
practical antenna the aperture function must vanish outside a finite region its 
*ouner transform, namely the pattern function, is analytic. An analytic funciion 

evlrlh Zer0 xi° r CO ", tan ? ° Ver 3 finitC region must vanish (° r be instant) 
El" 6 - Th,s result, if translated into antenna language, implies that any 
Physically realizable antenna pattern must either have a broad beam covering the 
ent re visible region, or have side lobes. From the Parseval's theorem the L 2 norm 

£m k P u nCt, ° n mUSt be finite - Thus if one side l °°e is pushed down 

somewhere else the pattern function must go up. Therefore a meaningful optimum 
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. 3ir 




k n d cos e n 



Fig. 4. Graphical method of constructing the radiation pattern from a universal pattern for a 
uniformly excited broadside array and a uniformly excited cophasal array with the beam in 
the 0 O direction. 



design would be one in which no one side lobe has a level higher than any others, 
i.e., equal side lobe levels. For an aperture antenna this is impossible because of 
the finite L 2 norm of the pattern function for \u\ < oo, and the pattern function must 
approach zero as \u\ approaches infinity. Thus the best design one can hope for will 
be one in which only a finite number of side lobes are of equal level. Taylor [100] 
has provided a solution to this problem which is discussed in Chapter 4. 

Since a discrete array can be considered as an aperture antenna sampled 
at a discrete set of points, all previously stated results are generally applicable. 
However, when all elements are uniformly spaced, the pattern function becomes 
periodic (see Chapters 13 and 14). In this case the L 2 norm can be defined over a 
period, and the Parseval's theorem becomes the well-known power relation. It is 
thus possible to realize a design of a pattern function with a finite L 2 norm and all 
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Uniform 
Broadside 


Uniform 
End-fire 


Hansen-Woodyard 
End-fire 


Directivity = 
(Nd :» X) 


2N(d/X) 




1.79 x [4N(rf//l)J 


Half-power 
beamwidth = 
(ndlX <5C 1) 


2 [Z COS \nNd)\ 


2C0S i 1 " *Nd) 


2cos-(l - 0.1398^) 


Beamwidth 
between nulls 


2 [f— -(A)] 




2cOS "'( , -2^) 


Null angular 
position 
n = 1,2, . . . 
n # N,2N,... 






cos-[l + (l-2«)^] 


Side lobe 
maximum 
position = 
{ndtk <SC 1) 
(5= 1,2,...) 






«-(»-]&) 



(After Balanis [4], © 1982 Harper & Row, Publishers, Inc.; reprinted by permission of the publisher) 

side lobes in one period of equal level. This is achieved by Dolph [22] by making 
use of the Chebyshev polynomials. 

(a) For the Dolph-Chebyshev array first consider the Chebyshev polynomials. 
They can be expressed in either of two equivalent forms, the use of which depends 
on a particular consideration. For the rath degree, they are 



T m (x) 



-{ 



cos(ma) = cos(racos 1*1 = 1 

cosh(ma) = cosh(mcosh _1 x), |jc| ^ 1 



(21) 



or 



T m (x) = Rc{e Jma } = Re{(cosa + ysina) m } 
= cos m a - ^ ^ ^(cos w ~ 2 a)(sin 2 a) + • 

+ „ Kcos^^aXsin^a) + 



= x' 



<- ,r U) 
-(:) 



(1 - x 2 ) + 



+ Re{(y') m sin m a} 
+ Re{(/) m (l - x 2 )"" 2 } 



A m EI (* - X p) 

p=l 



(22) 
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where 



x = cos a 

(2p - 1 \ 

= cosa p = cosl ^ — 71 J = P tn root > witn P ~ 1,2, ... , 



(:)- 



ml 



(2n)!(m-2n)! 



= binomial coefficient 



i4j = 1 

2A m _ u m§2 
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(23) 
(24) 

(25) 
(26) 



A few of these polynomials are sketched in Fig. 5. Note that T m (x) is a 
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Fig. 5. Chebyshev polynomial 7 m (x) for m = 0, 1 , . . . , 5. (/l/rer Balanis [4], © 1982, Harper 
& Row, Publishers, Inc.; reprinted by permission of the publisher) 
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polynomial of mth degree, having only even-power terms of x if m is even and only 
odd-power terms of x if m is odd. The recursion formula, useful for generation, is 

T m+l (x) + T m _ x {x) = 2xT m {x) (27) 

with T 0 (x) = 1 and T x (x) = x. Thus T m {x) is llx times the arithmetic mean of its 
two adjacent neighbors, T m ^ x {x) and T m+l (x). 

(b) Pattern function of an array with N equally spaced and symmetrically 
excited elements: 

If N is odd, 

F(0) = I 0 + + /_,<?"'*) + (/ 2 e' 2 * + I_ 2 e~i 2 *) 

+ " ' • + [/ A ,_ 1/2 e'< A '- I >«" 2 4- /- A ,_ 1/2 *-><"- 1 >*' 2 ] 

(jV-I)/2 

= /o+ S W + Z-") (28) 
If N is even, 

F(Q) = Z,*''*' 2 + (I_ x e'^ a ) + (/ 2 ^* fl + /_ 2 e-> 3 ^) 
+ " * * + [/A// 2 e y(N - 1)v " 2 + /_ W2 e-'<"- 1 >*' 2 ] 

iV/2 

= 2az (2 -- i)a + z-<^- i >«]" (29) 



where V = kdcosd, Z = and d is the interelement spacing, 
(c) To relate (a) and (fc), let 

x = acosip/2 = a(Z ir2 + Z" 1/2 )/2 . (30) 

Then 

T N -i(x) = ylyy.! f7 (x - x p ) 

= A N _i n «(Z 1/2 + Z" 1/2 - Z p 1/2 - Z p - 1/2 )/2 (31) 



= acos(v P /2) = cos[ ^— ^- jrj 



Z p = 

V p = kd cos 0 P 



(32) 



2(N-1)" 

(33) 

Bp = angular position of the pth pattern null (34) 



11-18 



Antenna Theory 



Note that the pattern function as given by (28) or (29) is a polynomial in Z ,/2 of 
power from —(N - 1) to (N - 1), and so is T N _ { (x) as given by (31). They can be 
equated to determine the excitation {/„} once the spacing dlX and the parameter a 
are chosen. To find a, one needs to specify the desired side lobe level. Let the main 
beam to side lobe level ratio be b. Then 

b = T N _ x (a) = cosh[(N - l)cosh~ l a] 

or 



a = cosh {jj-—^ cosh l bj 



(35) 



as 0 varies from 0— > jz/2 — > ji 

rp varies from 2ndlk^> 0 -> -ludlk 

x varies from a cos(ndlX) a acos(jzdfX) 

From Fig. 6 it is seen that to avoid grating lobes 

acos(ndlX) ^ — 1 



(36) 



(37) 



Although tables for {/„} are available [93], today, with the availability of 
computers, it is simple to compute them according to the formula given by Elliott 
[28]: 



(^-i)/2 at 1 r 

/ = / = V ( n(*-n/2-p (v - i 

n rt Z ( 1} N- 1 + 2p[ 



(N - l)/2 + p 
2p 



if N is odd 
(38) 

/„ - - f ( -ir°- J ™ + ' - 'ir* - v. 

P =„ N+2(p-l)[ 2 p - 1 JLp-nJ 

if N is even 
(39) 

(d) Design procedure: Choose number of elements N and main beam-to-side- 
lobe ratio b; then successively determine the following quantities, using the 
equations shown in the boxes, and finally the required excitation {/„} 



i 
a 

i 



(35) 



(37) 



the largest permissible value of d 
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I | (32) 
roots {x k } of Tn.^x) 

I 



(33) and (34) 



tpk and Z k 



I | (31) 

expand T N ^(x) in terms of Z± 1/2 (ignoring the factor A„_ t and a) 

i 

< ^ x C T P ^ ar u With (28) ° r (29) t0 obtain V»)> or use (38) and (39). 

(e) To find the pattern, use (30) and (31) [or (28) and (29)1. Or graphically 
as shown m F,g. 6, first construct T„_ l{x) and a circle' with JL a Jd S^rl[ 
x = 0, and then use (36) to find a.point on the circle corresponding to a given value 

*XP ° n ' 3X18 l ° find WhiCh " F "-* 6) CXCept f ° r 3 C ~ 

renlf/? foptosal Dolph-Chebyshev array. Let 0 O be the main beam angle and 

Srigion ~ } W ° CCUr 31 6 = H ° Wever ' for the 

V-Vo = 2 f^(l-cos0 o ) o - -?|^ ( i +cos0o) 

*=«cos[(v^o)/2] = acos[f (l-cos^o)]^ a - *cos(f )(1 +C os0 o ) 

(40) 

l V l d "!h P H r T " Ce u° f 8rating l0beS ' neither of the end P° ints of * ^ the above 
spadng 7 _1 - ThiS Wi " determine the ,ar * est al,owa »le dement 

Comments: 

(1) For large arrays and for side lobe levels in the range of -20 to -60 dB the 

fo x r c r o h n a ,; ransfor r tion "i e K hod of Eiiiott ^ ^ ves ™ » -n™*^ 

for the half-power beamw.dth in terms of the beam-broadening factor/ which™ 

Doth rh S H th h e rat '° ° f the ha,f - p ° Wer beamwidth of ^ array w7th the 
Do ph-Chebyshev exc.tat.on and that with a uniform excitation. Fig. 7a shows the 
plot of / versus side lobe level in decibels. 

hM ( 2 ) A Dolph-Chebyshev array is optimum only in the sense of narrowest 
beamwidth for a g.ven side lobe level, or lowest side lobe level for Tn 
beam WI dth, but not for maximum directivity. Elliott r28] gives an annrovSTt? 
expression for the directivity of a iarge Dolp^-Chebyshel aSay appr ° X ' mate 
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b « TJa) 

— cosh (m cosh ~ 1 a) 
a =»cosh [(cosh~ 1 b)/m) 

x=ocos W/2) 
$ - k Q d cos $ 



Fig. 6. Graphical method for constructing the radiation pattern of a five-element Dolph- 
Chebyshev array with side lobe level 20 log b and element spacing d. 



D - 



2b 2 



1 + (b 2 - 1)/A/(L + d) 



where 



L = the total array length 

/ = the beam-broadening factor given in Fig. 7a 

b = determined by the desired side lobe level [see (35)] 

Fig. 7b shows the plots of D versus (L + d)lX for several side lobe levels. The 
directivity is generally lower than that of a uniform array, particularly for large L 
and high side Icbe levels. 
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a SIDE LOBE LEVEL— DECIBELS 

Fig. 7. Beam broadening factor and directivity of a Chebyshev array as functions of side 
lobe level, (a) Beam broadening factor / versus side lobe level, (b) Directivity versus (L + 
d)lk for various side lobe levels from 15 to 40 dB. {After Elliott [121 J, reprinted with 
permission of Microwave Journal, from the December 1963 issue, © 1963 Horizon House- 
Microwave, Inc.) 



(g) An alternative Dolph-Chebyshev array design. So far the Chebyshev 
polynomial in (a) and the pattern function in \b) are related by (30) as shown 
graphically in Fig. 6, where the center of the circle is at x = 0. The visible region as 
given by (36) may not necessarily reach the point x = -1, depending on the value 
of a cos ndlX. To make full use of the interval (-1, a) for jc, one may let 

x = ccosrjj + h = 2c(Z + Z" 1 ) + h (41) 

where 

Tp = kdcosd 

^cosh-^X 

c = t^\~, (42) 

1 — cos kd 

t a cos kd + 1 

h = 

1 — cos kd 



In this case, 




5 10 20 .50 100 ; 200 500 ■ 1000 

b ARRAY LENGTH [{L + d)/\) -WAVELENGTHS 

Fig. 7, continued. 



0 = 0 7l/2-> 7Z / 

xp = kd-+ 0 -kd J 

x = -l-> a -1 

To find {/„}, the term x defined by (41), instead of (30), must be substituted in (31) 
and the polynomial is compared with (28) for odd N, since now the polynomials in 
(28) and (31) are both in powers of Z, not Z I/2 , and also there is a zero-degree term 
due to h in (41). Furthermore, the power of Z in (28) ranges from (N - l)/2 to 
~(N - l)/2 [or similarly from (N - 1) to 0 by multiplying all terms by Z _(yv " ,)/2 ], 
whereas that in (31) with x substituted by (41) ranges from (N - 1) to —(N - 1). 

/ 
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Since the number of terms in the polynomial must equal the number of elements, 
N, only the Chebyshev polynomial of (N — 1)12 degree, i.e., T( N - X ) a (x), is needed 
for (31). Drane [23] has given the following formula for the excitation of an array 
with N (odd) number of elements: 

Mx 

l n=-cb S e m e M ^ m T n {Y m )S n M {c,Ky m ) (43) 

where 

e 0 = 1 and e n = 2 for n 0, 
y m = cos(mjiIM) 
M = (N - l)/2 

Mi,M 2 - the integer parts of M/2 and (M + l)/2, respectively, 
Sh(c, h,y m ) = T M (cy m + h) + (-1)" T M {h - cy m ) (44) 



If M is even, 



SMic^h.yMn) = T M (cy Mn + h) (45) 



4. Linear Transformations in Antenna Arrays 

A linear transformation can be applied to array pattern functions in two 
different ways: (1) When applied to element positions it relates the pattern function 
of an array of one geometry to that of another [64]. In other words, the pattern of 
one member of a family of arrays determines the patterns of the entire family, if 
their geometries are linearly transformable. (2) When applied to excitations it can 
express the pattern function of an array with one type of excitation in terms of 
the patterns of the same array with different types of excitations, in particular, 
the patterns for some simple canonical excitations, such as uniform cophasal 
excitations. Of course, the application of some of these transformations is valid 
only if the mutual coupling effect among elements can be ignored, since this effect, 
in general, is not linearly dependent on element spacings. But the transformation 
can also be used if the feeding network is redesigned to compensate for the 
coupling effect after transformation. We shall discuss some fundamental results in 
this section. 

Linear Transformations in Array Geometry 

Let us consider a Cartesian coordinate system with bases {ei,e 2 ,e 3 } in which 
all lengths are expressed in terms of free-space wavelength A. First we define the 
following vectors in matrix notations: 

E = (e^e^ea) (46) 



x — (x l7 x 2 ,x 3 y 



(47) 
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U = (u u u 2j u 3 y (48) 

where the superscript t, as usual, designates the transpose, and the us are Cartesian 
components of a unit vector u in spherical coordinates, namely 

w i = sin 6 cos 0, u 2 = sin 0 sin 0, u 3 = cos# (49) 

In the following discussion we shall use either vector notations or matrix 
notations, depending on which one is more convenient in a particular discussion. 
Thus 

x = Jt!^ + x 2 e 2 + x 3 e 3 = EX (50) 
u = w^j + u 2 e 2 + w 3 e 3 = EU (51) 

Then from (2a) for each component, the pattern, due to a source called x, with 
distribution /(x), as a function of (0, 0), or u, is 

F x (u) = f J(x)e*"* x dx (52) 

J source jc 

where dx = dx l dx 2 dx 3 , the subscript x of F x ( ) denotes the pattern function for 
source x, and 7(x) can be any source distribution function, with continuous, 
sectionally continuous, or discrete point sources. For the latter case, 

/(x) = S/K)5(x-xJ (53) 

n 

and 

FxW-'Z'ixJe***"* (54) 

n 

which is simply the array factor for point elements at {x„} with excitations {/„}. 
Thus the so-called array factor can be regarded, as a special case of (52). 

Equation 52 indicates that FJu) and 7(x) are a Fourier transform pair. 
However, in physical space (0,<p) are real, and, because of (49), the observable 
pattern function is described by only a part of the Fourier transform of J(x) which 
lies on a unit sphere in the transform space u. 

Now let X and U undergo linear transformations described by matrices A and 
B, respectively, which takes X to Y = AX and U to V = BU. If 

B- 1 = A' (55) 

then the scalar product 
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v .y = V'Y = (BU) r (AX) = U'X = u x (56) 
remains invariant. Hence (52) can be written as 

F x (u) = f J(x)e> 2 ***dx 

J source jc 

= f /(A-^e'^H-'rfY = F„(v) (57) 

J sourcey 

where |A| is the .determinant of A. This relation states in effect that the field J(x) 
observed in the direction u due to the source x is the same as that in the direction v 
due to the source y, that is, /(y) = |A|-\/(A- l Y). Thus the pattern function of a 
member of a family of arrays which are related to each other by a linear 
transformation in geometry determines the patterns of all members of the family. 
However, since in general u v, part of the invisible region in the u space may 
become visible in the v space after the transformation, or vice versa. To see this 
transformation in detail, let us consider first the scalar product invariant trans- 
formation, from (55): 

B'A = A'B = E 

Let a l5 a 2 , a 3 be the column vector of A and b! , b 2 , b 3 be those of B. Then Y = 
AX implies that 

y = yi*l + >2«2 + ^3 = + X 2*2 + *3*3 ( 58 ) 

This transformation can be regarded as a mapping (rotation and linear stretching) 
of x into y, or, by comparing the right-hand side of (58) with (50), simply a 
relabeling of the base vectors of x from e„ into a„. Similar interpretations can be 
given to V = BU, 

v = v^i + v 2 e 2 + v 3 e 3 = wxbi + u 2 b 2 + u 3 b 3 (59) 

For invariant scalar product, (55) states that 

b,-a, = <5, y , ij = 1,2,3 (60) 

where the Kronecker delta d i} = 0 if i * j and 1 if i = j . Thus b, has a projection on a, 
equal to and a direction perpendicular to all other a ; s. Specifically, 

bl = |A|" 1 (a 2 x a 3 ), b 2 = lA^^a, x ai ), b 3 = x * 2 ) ( 61 ) 

Here {aj and {b f } are called reciprocal bases to each other. These are very useful 
in the study of periodic structures and Floquet space harmonics. 
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A pplication to Planar Periodic A rrays 

Fig. 8a shows a broadside planar array with elements at the square grid 
intersection points in the x x x 2 plane and spacing d (in wavelengths). Its pattern 
function in the u x u 2 space is also periodic as shown in Fig. 8b, where the small 
circles indicate the locations of the grating lobes (including the main beam). If the 
array is of infinite extent, each circle corresponds to a space harmonic. The spacing 
between two circles along the u x or u 2 axis is l/d. The visible region is bounded by a 
unit circle and a typical point in this u l u 2 plane has the polar coordinates (sin 0, <p). 
Thus a given point (u u u 2 ) determines uniquely (0, <p) in the physical region 0 ^ 0 
^ jt, 0 = <p < 2tz, and vice versa. 

For a cophasal array with main beam at (0 O , <Po) 

J(x) = |y(x)| exp(— y"2^u 0 -x) (62) 

where 

«oi = sin0 o cos0 o , "02 = sin 0 O sin 0o (63) 

This additional phase results simply in a translation of the origin of the u x u 2 space 
by (— woi> -"02) as shown in Fig. 9 with all grating beam circles fixed, or with the 
origin remains fixed and all grating beam circles translated by (u Ql , u 02 ). The visible 
region in this case is given by a unit disc with (u 0l , u 02 ) as center as shown in Fig. 9a. 
For a phased array with full scan range, 0 ^ 0 0 ^ tc and 0 ^ 0 O < 2jt, the overall 
visible region is bounded by a disc with radius 2 and center at the original origin as 
shown in Fig. 9b. For a particular scan range, say 0 ^ 0 O = ^0 anc * 0o = <Po = 0o> tne 
total visible region is bounded by that part of the u x u 2 plane which is covered by all 
unit discs with their centers (m 0 i,Wo2) satisfying the inequalities 




Fig. 8. Broadside planar array and pattern function, (a) A periodic planar array with square 
cells in the x x x 2 plane, (by Periodic structure of the pattern function of the array (a) in the 
«,i/ 2 plane. {After Lo and Lee /64/ t © 1965 IEEE) 
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Fig. 9. Visible region in the u x u 2 plane, (a) As the beam is scanned to (0 O , <Po)- (*>) For a full 
scan: 0 ^ 0 0 ^ jz and 0 ^ <p 0 = 2 jr. (c) For a limited scan: 0' o = 0o = 0"o and 0 ^ 0 () ^ 0" o . 
(,4//«?r Lo and Lee /64/ f © 1965 IEEE) 



0 ^ (uqi + til 2 ) ia ^ sin % and ^ tan" 



\Uoi/ 



(64) 



as illustrated in Fig. 9c. 

An Example— Consider a uniform array (called the x array) with square grid size 
d = 1 as shown in Fig. 8a. Then the mnth element position is 

x mn = me, + ne 2 , l^m^M, l^n^N (65) 



Its pattern is 
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sinM;™, sinNggg (fi6) 
* sinjrwi sinjru 2 

Next we consider a more general uniform planar array, called the y array, as shown 
in Fig. 10a, whose mnth element is at 

y mn = ma, + na 2 , Itkm^M, l^n^N (67) 

where a! and a 2 need not be orthogonal, nor of equal length. From (58) we see that 
the y array can be obtained from the x array with the transformation 

A = (a l5 a 2 ,e 3 ) (68) 

since for planar arrays there is no need for the transformation for the axis normal to 
the array, i.e., a 3 = e 3 . Now, from (55), 

U = B~ l V = A'V 



or 

m = a,-v, u 2 = a 2 -v, u 3 = e 3 -v (69) 

where 




Fig. 10. Periodic planar array and pattern function, (a) Periodic planar array with 
parallelogram cells denned by vectors a t and a 2 in y space, (b) Periodic pattern function 
structure in the v,v 2 plane. (After Lo and Lee [64], © 1965 IEEE) 
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v = sin 0 cos <p$i + sin 6 sin 0e 2 + cos 0e 3 



(70) 



Therefore from (66) and (69) the pattern of the y array is simply 



F y (y) = 



sin(M7ra 1 -v) sin(Njra 2 -v) 
sin(7ra! • v) sin(jra 2 - v) 



(71) 



Since F x (u) has grating lobes at u t and u 2 equal to 0, ±1, ±2, . . . , or 



u = mix + ne 2 , 



m,n = 0,±1,±2, 



(72) 



F y (v) will have grating lobes at (aj-v) and (a 2 v) equal to 0, ±1, ±2, . . . , or 



where hi and b 2 are determined from a t and a 2 from (61) as shown in Fig. 10b. Note 
that b! and b 2 are perpendicular to a! and a 2 , respectively, and that the lengths of bj 
and b 2 are equal to the reciprocals of a x sina and a 2 sina, respectively. If a x = a 2 
and the angle between ai and a 2 , namely a, is 60°, the y array becomes an 
equilateral-triangular grid. It is very simple to determine the range of scan for 
which no grating lobe will appear. This region is bounded by the arcs of unit circles 
with centers at all adjacent grating lobe locations shown as the shaded parts in Fig. 
10b. To translate the boundary of this region into one in the 0<p plane, one needs to 
recall that any point in the v x v 2 plane has the polar coordinates (sin 0,0). Thus by 
placing a transparent overlay with ordinary polar coordinates (except that the 
concentric circles are marked with 6 according to the value of sin 6 as their radii) on 
the top of Fig. 10b, one can determine immediately the scanning region in 6 and <p 
(see Fig. 14). This method is not only simpler but also more illuminating than 
others [88]. 

Nonuniform Excitation and Relation between Aperture Antenna and Discrete Array 

Often an array with discrete elements can be considered as a sampled set of an 
aperture antenna with a distribution function /o(y). A question of interest will be 
how close the pattern of the sampling array is to that of the aperture antenna. To 
see this, let / 0 (y) be the given excitation for y inside the aperture and zero outside 
the aperture. Then for the array { y} one may have 



where <5(y - y mn ) is the two-dimensional delta function and the summation is taken 
over all the integers for both m and n. Now applying the transformation A, one 
obtains a corresponding array {x} with excitation 



v = mb x + nb 2 



(73) 



/(y) = /o(y) 2 <5(y - y m „) 



(74) 



/(AX) = /o(AX) 2 <KAX - AX m „) 

A7i. n 



(75) 
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By substituting (75) into (52) and making use of the convolution integral theorem, 
one has 



^(u) = Fo»* £ <5(U - X m „)|A|" 1 (76) 

m, n 

where the asterisk denotes the convolution integration and F 0jc (u) is the Fourier 
tranform or the pattern function of an aperture antenna with excitation / 0 ( AX). As 
in (67), if y mn = maj + /?a 2 , then x mn = mei + ne 2 and F x (u) is periodic in Uj and u 2 
of unity period. Equation 76 states that F x (u) is the sum of infinitely many F Qx (u)s, 
each displaced from the other by a unit along the u x and u 2 axes. Since / 0 (AX) is an 
aperture limited function, F 0x (u) becomes negligible for large u. Therefore, for 
(ui,u 2 ) in the neighborhood of (m,n), F x (u) is essentially equal to F 0x (u). From 
(76) the pattern function of array {y} is given immediately by* 

Fy(y) = F x (B~ l \) = iBlFo^B-^)*^ d(y " BX„,„) 

m , n 

= |B| Fox(B-'V)* 2 ^(v - mbi - nb 2 ) (77) 

m, n 

As in Fig. 10b the pattern function of array {y} is also a periodic function with 
periods inversely proportional to a x sin a and a 2 sina along bi arid b 2 , respectively, 
and it is thus a linearly distorted pattern of F A (u). Obviously (76) and (77) also 
show the exact difference between the pattern function for continuous (or 
sectionally continuous) excitation and that for discrete excitation with periodically 
spaced elements. 

Hexagonal Arrays 

Periodic arrays with unit cells other than parallelograms may also be analyzed 
in a similar manner. As an example, consider a hexagonal array of uniform 
excitation, as shown in Fig. 11a, where the element positions are marked by 
crosses. The array may be regarded simply as a superposition of two parallelogram 
arrays with equal excitations but opposite in sign. The sides of the two 
parallelograms are defined by 

aj = e i9 a 2 = cos(60°)e 1 + sin(60°)e 2 

(78) 

ai = 3e u a 2 = /3cos(30°)e, V^sin(30°)e 2 
From the relation B ='(A')~\ one immediately obtains 



*It is understood that the convolution integral in (77) refers to the variable v whereas in (76) it refers to 
the variable u. 
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Fig. 11. Periodic array with hexagonal cells and hexagonal pattern function structure. 
(a) Array with cells in y space, (b) Pattern function structure in v space. (After Lo and Lee 
[64], © 1965 IEEE) 

bl = ]| cos (- 30 °)*i + j|sin(-30°)e 2) ^ = 

b ; = | CO s(-60°)e 1 4- |sin(-60°)e 2 , b2 = V^* 2 

as shown in Fig. lib. It is seen that the grating lobes, denoted by the small circles 
without crosses, also form a hexagonal periodic structure. 

Periodic Arrays with Minimum Number of Elements 

In practice it is often desirable to have only a single main beam in the visible 
region. This condition sets an upper limit on the element spacing of a period array. 
For the array with elements at the vertices of square cells, as shown in Fig. 8a, it is 
well known that for the case of full scan the element spacing must be smaller than 
half wavelength, as seen from Fig. 8b. As a result this sets a lower limit on the 
required number of elements. In the following we shall show that, for some other 
periodical arrays, this lower limit can be reduced. 

First, it should be understood that the previous statement about a single main 
beam in the visible region, in fact, has different meanings, depending on the types 
of arrays under discussion. For example, for a linear array, due to symmetry, a 
single main beam may actually be a disklike beam when it is broadside, a 
cone-shaped beam when it is fired at an angle, and a unidirectional beam when it is 
end-fired. On the other hand, for a planar array, whenever there is beam firing 
above the plane of the array, there is always one below the plane, due to symmetry, 
except for the limiting case of end-fire. Customarily, one may regard all of these as 
being degenerated cases of a three-dimensional array which, in general, can possess 
a truly single beam in the visible range. 
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Now consider a periodic array with parallelograms as unit cells, as shown in 
Fig. 10a. Then, as previously shown, the grating lobes will appear at 

u = mbi + nb 2 , m,n = integers (80) 

Let 

bi = b n e { + b l2 e 2 

(81) 

b 2 = b 2x ei + b 22 e 2 
Then, in matrix notation, (80) becomes 



[" "i 1 = r b u b 2l 1 1" m "1 
I u 2 J L &i2 ^22 J L n J 



The objective is to determine all bs under the condition that no grating lobes 
appear in the visible region* and then determine all as which fix the array 
arrangement. In order to make the number of elements minimum for a given 
aperture one must add a condition that the area of each unit cell, namely |A|, 
should be made as large as possible, or |B| as small as possible. 

To give an example, first consider the case of full scan. Then it is required that: 

(1) for all grating lobes outside the full scan circle in u space: (b u m + b 2l n) 2 + 
(b l2 m + b 22 n) 2 ^ 4, for m,n, equal to all integers except m = n = 0; 

(2) for minimum number of elements: 
|B| = b n b 22 — b l2 b 2i to be minimum 

The solution is 

ai = j^e, and a 2 = ^[cos^O 0 )^ + sin(60°)e 2 ] . (82) 

This is the well-known equilateral-triangular grid structure. 
If the scan range is limited to 

0 ^ 0 O ^ 0o and 0 ^ <p 0 ^ In 
the solution can be determined similarly as 



_ 2 
31 " |/3(1 + sin05) Cl 

a2 = i^TTiu^ 



(83) 



*This condition is regarded as one where the grating lobe begins to show up in the visible region at the 
extreme scanning angle. This determines the upper limit of the element spacings. Actually, to avoid the 
grating lobe completely, the spacings should be somewhat smaller, depending on the beam shape, width, 
or the aperture and the excitation function. 
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Now comparing this array with a conventional one with square cells, as shown 
in Fig. 8a, the number of elements is reduced approximately by 



B sq [ - |B| _ 4 - 2)/3 



= 13.4 percent 



sql 



where |B sq |"\ |B| _1 are, respectively, the areas of a square cell and a parallelogram 
given by (83). It can be easily shown that this percentage is dependent on 0g only, 
and the previous value applies when <p 0 covers the whole range (0, 2jt). If 0 O covers 
only part of this range, condition 1 should be revised. For the special case, 0 ^ 0 0 < 
45°, 0 ^ 0o < 2tt, a x = a 2 = 0.676. 

It is easy to extend the previous results to a three-dimensional periodic array 
with elements over vertices of parallelopiped cells. In this case, for full scan, b 2 , 
and b 3 are found to form an oblique coordinate system with 60° between any two 
vectors, and each with length 2. With respect to the orthonormal basis {ei,e 2 ,e 3 }, 
they are 



1 2V2 

bi = 2e,, b 2 = e, + |/3e 2 , b 3 = e, + ^=e 2 + -p=-e 2 
From the relation between as and 6s, one obtains 



(84) 



31 = i* 1 - ~ 32 = h* 2 ~ 2?T 3 ' 33 = m* 3 (85) 

It is readily verified that all as have a length equal to j/3/2 j/2 and make an angle of 
cos _1 ( — 1/3) = 109.5° between any two of them. In comparison with a conventional 
array with cubic cells, the number of elements is reduced approximately by 29.3 
percent. 

Transformation between Circular and Elliptical Arrays 

The pattern of a circular array or aperture antenna can be expressed in terms of 
Bessel functions (see later in this section, under "Circular Arrays"). In a similar 
manner the pattern of an elliptical array or aperture antenna can be expressed in 
terms of Mathieu functions. But the numerical computation of the latter is much 
more difficult than that of the former. By using linear transformation, this difficulty 
can be alleviated. 

Let the Cartesian coordinates of the rcth element with excitation /„ of an 
elliptical array, called the x array, be x„ = (x„ t , x„ 2 ) in the plane; then 

{x n Jaf + (x„ 2 /b) 2 = 1 (86) 

where 2a and 2b are the major and minor axes, respectively. The pattern function 
of the x array is 

' ? *(u) = E',,e /2 ""«- (87) 
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Now, applying the transformation 



(88) 



A=[; °] and B = (A-.)'=[; °] 
where r = 1/r = a/ft = axial ratio, one obtains 

^(u) = 2 A. e i2 " u x " = 2 /„ e> 2jrv * = F,(v) (89) 

n n 

where 

[::][::;]-[:;] 



and 

-[;]—[:?][;]-[;]. 

From (86) and (90) 

•V", 2 + >>« 2 2 = fl2 (92) 

Thus the y array is a circular array whose nth element excitation is still l n . Similarly, 
since 

"i 2 + "2 2 = sin 2 0 (w) cos 2 0 ( "> + sin 2 0 ( ">sin 2 0< w > = sin 2 0<"> (93) 
one obtains from (91) 

'i 2 + (rv^) 2 = sinV^cosV 0 + r 2 sinV">sin 2 0< v > = sin 2 0<"> (94) 

where the superscript u is used to denote the values of 6 and <p associated with a 
certain point in the u space and the superscript v is used to denote the values of 
0 and 0 for its transformed point in the v space. All the above results can be 
summarized as in the following: 

"The pattern of an elliptical array, with excitation {/„}, major axis 2a, and 
axial ratio r when computed over a circle of radius sin 0 (u) and 0 ^ <p w < In in 
the u plane is the same as that of a circular array, with excitations {/„} and 
radius a when computed over an ellipse with major axis 2 sin 0 (w) and axial ratio 
r in the v plane, as shown in Fig. 12. " 

Sometimes it is more convenient to specify element position and observation point 
by azimuthal angles as shown in Fig. 12. One finds that the element located at angle 
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tf^-tan- 1 <r tan 



1 y ARRAY b *M-tan- , (r-> tan *M) 

Fig. 12. Far field at u with polar coordinates (sin 0 (u \ <p (u) ) in the u { u 2 plane due to an 
elliptical array x is the same as that at v with polar coordinates (sin <p {v) ) in the 
plane due to a circular array y. (a) Array plane, (b) Field plane. M/ter Lo and Hsuan /66I, 
© 7965 IEEE) 



<f> ( n x) of the x array will be located for the y array at 

0<*> = tan~ l (rtan0W) (95) 

Similarly, an observation at on the circle of radius sin 0 (u) in the u plane will be 
on the ellipse with major axis 2sin0 (i ° and axial ratio r in the v plane at angle 

0 (v) = tan" 1 ^- 1 tan 0<">) (96) 

.All of these are shown in Fig. 12, and also Fig. 13 for t = 3, 7, and 10. A few 
examples will be given in later in this section, under "Circular Arrays." This 
technique can also be applied to aperture antennas. In particular the Taylor 
distribution for a circular aperture [99,43,45] can be extended to that for an 
elliptical aperture [66]. 
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Fig. 13. Transformation of the angular position <£j; v) of the nth element of the x array to that 
of the y array, <p^ y \ for various axial ratios t; also, transformations of the observation angle 
in the u plane to that in the v plane, <p {x '\ for various values of r. (After Lo and Hsuan 
© 1965 IEEE) 



Beam and Pattern Distortion Due to Scanning 

It is well known that the beam broadens and the pattern distorts in the 6<p space 
as the beam scans away from the broadside direction [28]. However, if the pattern 
is presented in the u space, the beam scanning due to progressive phase shift as in 
(62) results only in a translation of the origin of the u space, leaving the beam and 
the pattern unchanged. The so-called distortion is really a result of the 
nonlinear-functional relationship between (0,0) and u — u 0 . An understanding of 
this relationship is therefore important for determining the distortion, no matter 
which array is considered. 

Consider a hemisphere of unit radius as shown in Fig. 14. A point on the sphere 
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Fig. 14. Beam and pattern distortion as the beam scans away from the polar axis, a result 
from the nonlinear projection of the u x ii 2 plane on the sphere (the beam shape in the u x u 2 
plane remains unchanged as the beam scans). 
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with coordinates (1,0, <p) when projected on the u x u 2 plane will have the Cartesian 
coordinates («i,u 2 ) = (sin 0 cos <f>\ sin 0 sin <p). To find how a beam (or pattern) 
appears on the sphere, it need only project the beam contour lines in the u x u 2 plane 
onto the spherical surface. One can even construct a three-dimensional pattern 
model by making the radial length in the u x u 2 plane proportional to the level of the 
contour in that direction. 

Suppose in the broadside direction the beam cross section at a certain level 
looks like the cross-hatched region 1 at the bottom of Fig. 14. If this beam is scanned 
to 0 — 33° and <p = 90° by a progressive phase shift, the origin of the u x u 2 plane will 
be moved by sin 33° in the -u 2 direction, or the beam is moved by sin 33° along the 
+«2 direction as shown by region 2 in the figure (with no distortion). However, 
when beam 2 is projected on the sphere, the width along the <p direction re- 
mains unchanged but that along the 0 direction is widened. Since the azimuthal 
angle of the sphere is the same as that of the u x u 2 coordinate system, there is no 
distortion in the <f> direction. The distortion is therefore due to sin 0 only. 

It is somewhat awkward to make projections from a plane onto a sphere. 
Instead, one can project latitude circles of the sphere on the u x u 2 plane, or simply 
draw a series of concentric circles with radius equal to sin 0 as shown at the bottom 
of Fig. 14. If the circles are marked with their corresponding values of 0, one 
obtains a set of nonlinear scales which can measure any beam distortion due to scan 
simply by moving the same beam contour structure to the desired scan angle 
(0 o ,0o) in this set of scales. 

One can also compute the beam broadening from the following formula: 

sin A6 P = sin(0 o + A0/,) - sin0 o = 2cos(0 o + A0^/2)sin(A0;/2) (97) 

where 

A0 P = the polar-angular position of a point at the p-dB level of the beam 
when the beam is in the broadside direction 

A0p 4- 0 () = the polar-angular position of the p-dB level point of the beam when 
it is scanned to 0 O 

Once A0p is found for A0 P and 0 O the amount of beam broadening is determined. 
For narrow beams the above formula can be approximated as 

A0 p /A0 p s sec 0 O 

in particular, for half-power 

A0^ P = A0 H p/cos0 o (98) 

which is the well-known result; namely, the half-power beamwidth broadens 
according to the cosine of the scan angle from the broadside direction. 
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Linear Transformations on Excitations 

For simplicity, consider a linear array of N elements at z = z u z 2y . . . ,z N (in 
wavelengths) and with excitations 7,,/ 2 , . . .J N , respectively. Consider further a 
nonsingular matrix A and let 

I' = A _1 I or I = AT (99) 

where I is the column vector with elements / Is / 2 , ...,/„ and I' is another column 
vector, with elements /', , 7 2 , . . . , I' N . Then the pattern of the array can be written as 

N 

f(P) = *Zl n e J *" = VI = V'AI' 

n 

= V'(A l5 A 2 ,...,A„)r 
• = V'A,Ii 4- V'A 2 I 2 + • • • + VA^ 

= F,(e> i; + f 2 (») i 2 + • - • + f„(0) v N (ioo) 

where the superscript t denotes the transpose, and 

, V ' = (e^',e^%..;,e^) (101) 
V>„ = 27rz„cos0 ( 10 2) 
Ai, A 2 , . . . , Ayv are the first, second, . . . , and Mh columns of matrix A 

F n {6) = V'A„ = 2^™-e^- • (103) 
m 

Equation 103 states that F n {6) is the pattern of an array with excitations 
• • • >A Nn , and (100) states that the pattern of the array with excitations 
/i,/ 2 , ...,/* is the sum of F l (0) y F 2 (0),...,F N (0) weighed by /J,/ 2 , . . . ,/^, 
respectively. In other words, the pattern of an array with excitations {/„} can be 
expressed in terms of the patterns associated with some other, say canonical, 
excitations. An interesting application is given below. 

Consider a linear uniformly spaced array of N elements with interelement 
.spacing d (in wavelengths). and excitations /|,/ 2 , ...,I N . Let 



A = 



Then 



11. 1 1 ... 1 

1 e -j2jz/N e -j4jzlN e ~j67t/N e -J2ji(N-l)/N 

1 f e -i*" IN e -jS*'H e ~j\2nlN e -J4n{N-l)/N 

j e -j2n(N-\)/N e -j4jt(N-l)/N e ~j6jt(k-l)/N ^jl^N-X^N 



(104) 
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F(6) = Trltlne'*" = l\Fffl + V>F 2 (0) + ■ ■ ■ + 1^(0) 
where the factor UN has been added for convenience, and 



F 2 (0) 
F 3 (0) 



V Al ~ A^to N sin(V/2) 



VA2 ~N„t' n A/ sin[(V - V 0) )/2] 



' n=0 
N-l 



V'A 3 = - Z n N sin[(V - V (2) )/2] 



n=0 
A/-1 



F„(0) 



V A„ - - /v sin[(V - rp (N - l) V2] 



(105) 

(106) 
(107) 
(108) 
(109) 



2nd cos 0 
( m > = IjimIN 



Equations 106-109 are simply uniform array patterns with a progressive phase shift 
such that the main beam appears at 

xjj = i/> (m) or 6 = cos-\m/Nd) (HO) 

The set of functions {F„(0)} has the following interesting properties: 

(a) All their nulls coincide. 

(b) Let the beam maximum of F„(0) be at 0&> x . Then at this angle all other 
members of (F„(0)} vanish, i.e., F p (d%L) = 1 asp = n, and 0 asp # «. This result 
has been used for pattern synthesis [117, 118]. From (105) 

(111) 



F(<&> x ) = /;', n=l,2,...,N 

Thus let the desired pattern be sampled at equispaced points in v£ax = 
2ndcos6^L for n = 1,2, ...,N; then (111) states that these samples are simply 
{/;} and from (99) one determines the required excitations: 



I = AT = AF(0£> x ) 



(112) 



Of course, the synthesizing pattern agrees with the desired pattern exactly only at 
this set of points. Since in general there is some arbitrariness in selecting this set 
(such as the starting point, sampling rate, and sampling numbers— see 'An 
Example," below), the solution is not unique. One should in general try a tew 
possibilities, bearing in mind that the sampling rate depends on d, sampling number 
is the number of elements N, and array size is Nd (in wavelengths). For close 
agreement with the desired pattern, a high sampling rate and a large sampling 
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number are required, resulting in closely spaced elements. In that case impractical 
unstable solutions, as for the so-called superdirectivity problem, may occur (see 
Section 7 for more discussion). 

To recapitulate, the philosophy of this method can be viewed as a linear 
transformation from the N degrees of freedom of {/„} to another N degrees of 
freedom of {I' n } as shown in (99). Therefore its application can be very general. For 
example, F(6) can also be expressed in terms of a set of patterns, each associated 
with a uniform aperture excitation function f n (z) along z: 



I'nfn(z) = l'n ^ 2 ™<\ n = 1, 2, . . . , N 



(113) 



The array so synthesized will be an aperture antenna. Mathematically speaking, the 
difference between this and the discrete array is rather trivial, mainly in the choice 
of "basis" functions only. 

An Example — Fig. 15 shows an example considered by Balanis [4] in which the 
desired pattern is 



[ 0 el 



3jt/4 

elsewhere 



It is synthesized first by a linear array with 11 elements and d = 1/2, then by a 
continuous aperture distribution of length 5 A, both sampled at 11 points as shown 
in Table 2. Fig. 15b shows seven nonzero composing functions {F n (0)} and their 
sum. 

Another Example — Fig. 16 shows two among many possible solutions for 
synthesizing a esc 6 pattern with a linear array of 21 elements and spacing d = 1/2. 
The first solution is obtained by sampling csc0 such that the synthesizing array 
pattern is zero at 0 = 0°. The second solution is obtained by choosing the sampling 
points such that the synthesizing pattern is 0.45 at 6 = 0°. It is seen that the latter 
gives a closer solution to the desired pattern csc0 over the useful region. 

Circular Arrays 

First consider a circular array of N elements uniformly excited and uniformly 
distributed over a circle of radius fc (in wavelengths) f Theri the nth element will be 
located at l " nr ~ 1 £§6 



r„ = xacos<p n + yasin<p n 
where 

% <Pn ^ InnlN, n = 1, 2, . . . , N 
SJhen the pattern function is 



(114) 



(115) 
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Fig. 15. Desired and synthesized patterns and composing functions, using Woodward's 
method [117,4] for a linear array with 11 elements at A/2 spacing and a line aperture 5 
wavelengths long, (a) Normalized amplitude patterns, (b) Composing functions for line 
source (/ = 5A). (After Balanis [4j, © 1982, Harper & Row, Publishers, Inc.; reprinted by 
permission of the publisher) 
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Table 2. Pattern Synthesized at {6 m } 



m 


e m 


F{e m ) 


m 


0 m 


F(6 m ) 


0 * 


90° 


i 








1 


78.46° 


i 


-1 


101.54° 


1 


2 


66.42° 


i 


-2 


113.58° 


1 


3 


53.13° 


i 


-3 


126.87° 


1 


4* 


36.87° 


0 


-4 


143.13° 


0 


5 


0° 


0 


-5 


180° 


0 



(After Balanis [4], © 1982 Harper & Row, Publishers, Inc., reprinted by permission of the publisher) 
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Fig. 16. Two possible synthesized patterns for the csc0 in dashed line, (a) With a value of 0 
at 6 = 0°. (b) With a value of 0.45 at 6 = 0°. {After Woodward and Lawson [119], © British 
Crown Copyright 1948) 



F(M) = ^e' 2 -" = ^ e ' 2 

iy n = l iy n—l 

= 2 / m „(2*asin0)e' wv( ' l ' 2 -< 

m= — oo 

= / 0 (2^a sin (9) if 2;ra/N <$c 1 
where use has been made of the expansion 



na sin 0cos(0 — 0n) 



(116) 
(117) 
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(118) 



and 



1 N 

Af M _, 



[ o ot 



m = Np,p = 0,±1,±2, 
otherwise 



(119) 



The last approximation in (117) applies if N ^> 2na, i.e., if the circumferential 
distance between any two adjacent elements, 2nalN, is sufficiently less than k. In 
that case the pattern varies with sin# according to the /<,(•) function and in- 
dependent of 0, as shown in Fig. 17a, where |/ 0 ( )| is plotted. When the above 




6 ° 90 120 150 180 210 240 270 300 330 360 
b ANGLE— DEGREES 

Fig. 17. Patterns of uniformly excited circular and elliptical arrays, (a) Pattern of a circular 
array with radius a and small element spacing, (b) Pattern of a cophasal elliptical array with 
major axis 2a = 2(tt, axial ratio r = 3, and main beam at 0 O = 0°. (c) Same as (b) but with 
0o = 30°. (d) Same as (b) but with <p 0 = 60°. (e) Same as (b) but with <p 0 = 90°. (After Lo and 
Hsuan [66], © 1965 IEEE) 
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Fig. 17, continued. 



condition is not satisfied, higher-order terms become significant and the pattern 
varies with 0. Using the transform discussed earlier in this section, under 
'Transformation between Circular and Elliptical Arrays," one can readily find the 
patterns of a uniformly excited cophasal elliptical array with major axis 2a = 20A, 
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axial ratio = x = 3, and main beam in <p 0 = 0°, 30°, 60°, and 90° directions as shown 
in Figs. 17b to 17e. 

Cophasal Uniform Circular Arrays 

For an array cophasal in the (0 o >0o) direction the nth-element excitation is 



l n — £/2»r«-uo 

where Uq = xsin0 o cos0 o + ysin0 o sin0 o - Then 



™ /i=i 

Using (114) and the geometry in Fig. .18, one finds that 

r„-(u - u 0 ) = a\u xy - u 0 |cos(£ - <p n ) 

where 

u xy = u (xx + yy) = projection of u on the xy plane 

x-(u - Up) 



£ = the azimuthal angle of (u xy - uq) = cos 



\ u xy ~ "ol 



(120) 



(121) 



(122) 



— cos 



-if sin 0 cos <p — sin 6 0 cos <p 0 ____ 1 

l[(sin<9cos0 - sin <9 0 cos 0 O ) 2 + (sin 0 sin <j> - sin 0 O sin 0 O ) 2 ] 1/2 J 



(123) 

Inserting (122) in (121) and comparing it with (116), nothing is really changed 
except that \u xy - u 0 | replaces sin (9, and f replaces <p. Therefore 




Fig. 18. Geometrical relation for cophasal circular array formulas (123)-(125). 
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F(0,4>) = 2 J mN (2na\u xy - Uo|) e*""<» n -* > 

m= — oo 

= / 0 (2jra|u^ - u 0 |), if 2nalN 1 (124) 
where £ is given by (123) and 

Wxy — uol = [(sin 0 cos 0 — sin0 o cos0 o ) 2 

+ (sin0sin0 - sin 0 o sin <po) 2 ] l/2 (125) 

Nonuniformly Excited Circular Arrays 

A nonuniformly excited circular array can be analyzed in terms of uniformly 
excited circular arrays by applying a linear transformation on excitation. For 
example let {/„} be any given excitation. Now applying the transformation 

T = X l l or I = AT (126) 

where 



A = 



p jAnlN p j87i/N e j4n{N-l)/N 



I e 'j1nNIN e j4jzN/N e j2jt{N-\)N!N 

Then, similar to (105) through (109), 



= i{ F x {e 9 <p) + UF 2 (e, <t>) + • • + r N F N {6, <p) (127) 



where 



1 n 

Fi(0,0) = V'Ax = 4 Y e /2*asin0cos(0-0„) 
N n = l 

. = S JmN&na sin (9) e jmN{nt2 -^ = / 0 (2w« sin (9) (128) 

m=— oo 

1 * 

F 2 (0,<P) = V'A 2 = — S e y2^[flsin0cos(0-0 n ) + (n/A^)] 

= E / m A^(2^sin0)e'< mA ' +1 X Jl/2+ *> 

m = -ao 

= Ji(2na sin 0) (129) 
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N 




F 3 (0,0) = V'A 3 = — 2 e j2jz{asinecos ^~ M+ ^ 2n/N)] 

CO 

= 2 J m N+2{2jtasme)e'< mN * 2 K* /2+ +>e>*" M 

m= — oo 

s/ 2 (2jrflsin(9)e /2(5r/2+ * , > 

oo 

m= — a> 

= / A ,_ 1 (27rasin(9)^ (yv - 1)(jr/2+ ^ 



(130) 



As before, all the approximate solutions are valid only if 2nalN <sc 1. Similar to the 
linear array in (105), the nonuniform excitation is now expressed in terms of the 
uniform excitation given by (126). This transformation is known as the method of 
symmetrical components in power engineering for analyzing an unbalanced 
polyphase system in terms of the balanced ones and also multiple-arm spiral 
antennas [122]. 

Elliptical Arrays With Nonuniform Excitations 

By applying the linear transformations (95) and (96) to each of the {F n (0,<p)} 
of (127) one can then analyze an elliptical array with nonuniform excitation in 
terms of that with uniformly excited circular arrays. This case serves as an 
interesting example for applying simultaneously both transformations, one for 
the geometry and the other for the excitations. If the minor axis of the ellipse 
approaches zero, the transformation will give a closed-form solution for an 
unequally spaced nonuniformly excited linear array. 

5. Planar Arrays 

When a planar array has a separable excitation, say in x and y, an analysis can 
be made simply by regarding each row (or column) subarray as a single element and 
then considering all rows (or columns) to form a "linear" column (or row) array. In 
so doing, the theory for linear arrays applies. For example, the pattern function of a 
uniform rectangular array cophasal in the (0 O » <p 0 ) direction is given by 



F(e = J_ sin(Af» x /2) 1_ sin(Aty y /2) 
K ,9) M sin(V*/2) N sin(^/2) 



(131) 



where M and N are the number of elements along the x and y axes, respectively, 
and 

xp x = 27zd x (s'm0cos<p - sin0 o c os0 o ) 
rp y = 2jr^(sin^sin0 - sin0 o sin0 o ) 

and d x and d y are interelement spacings (in wavelengths) along the x and y axes, 
respectively. 
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A three-dimensional pattern for a 5 x 5 element array with d x = d y = x /i and 6 0 
= 0° is shown in Fig. 19. The first side lobe level in the 0 = 0° and 90° planes is 
approximately -12 dB (as compared with -13.2 dB for a uniformly excited linear 
aperture) while that in the <p = 45° and 135° planes is -24 dB. Fig. 20 shows the 
pattern for the same array but with d x = d y = 1. In this case four grating lobes 
appear at <p = 0°, 90°, 180°, and 270° in the 0 = 90° plane. 

For nonseparable excitations the pattern function in general cannot be 
expressed in terms of a polynomial, and the pattern may have to be evaluated 
numerically. 

Two-Dimensional Dolph-Chebyshev Arrays 

One of the interesting problems is how to design a planar array which will have 
side lobes of equal level in the three-dimensional pattern. Evidently this cannot be 
achieved with two separable Dolph-Chebyshev excitations along the x and y 
directions as in the method discussed above, because in any plane other than 0 = 0° 
and 90°, the side lobes will. not have the same level. Baklanov [123] and Tseng 
and Cheng [107] have given a simple but interesting solution to this problem. 
In essence, they introduced a transformation which generates from a linear 
Dolph-Chebyshev array a planar array with a pattern having equal side lobe levels 



i RELATIVE 
MAGNITUDE 
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Fig. 19. Three-dimensional antenna pattern of a uniform planar array of isotropic elements 
with spacing d x = d y = A/2. (After Balanis (4], © 1982, Harper & Row, Publishers, Inc.; 
reprinted by permission of the publisher) 
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Fig. 20. Three-dimensional antenna pattern of a uniform planar array of isotropic elements 
with spacing d x = d y = A. (After Balanis [4f, © 1982, Harper & Row, Publishers, Inc.; 
reprinted by permission of the publisher) 



in every cut of the 0 = constant plane. Because of the nature of the transformation, 
however, the side lobe peaks do not occur at the same polar angle 6 in all cuts, thus 
forming the so-called ringlike side lobes (i.e., not in concentric circles) in the 
three-dimensional patterns [28]. This, as will be seen later, is simply a result of the 
distortion introduced by the transformation in the u plane. 

First, for simplicity, consider a square array in the xy plane with 2N x IN 
elements and interelement spacing d (in wavelengths) along both x and y 
directions. (If the unit cell is not a square, i.e., d x d y , the pattern can be deduced 
from that of the square one simply by changing the scale of one of the u axes, not 
the magnitude of the pattern function as discussed in Section 4.) Let the center of 
the array be the origin and assume the excitation to be symmetrical with respect 
to both the x and y axes. Further let the excitation of the element at x = md and 
y = nd be /„„„ for m, n = —N, ...,N. Then 

I'nn ~ 1—m.n ~ ^m,—n = I—m.-n (132) 

and the pattern function 
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(133) 

(134) 
(135) 



N 

F(d,4>)= 2 / m „cos[(2m - l)cos-'a]cos[(2n - l)cos /?] 

m % n= 1 
m % n=\ 

where 

cos~ L a = u x = ltd sin 0 cos 0 

cos -1 /? = w 2 = Jrdsin0sin0 
r m (0 = the Chebyshev polynomial of degree m 

^Equation 133 states that F(0, 0) is a polynomial in a and 0; thus one can write 
F(0,0)= 2 A^a 2 — 1 ^-' . (136) 
If / mM can be chosen such that 

A mn = <3 m „i4 mm (137) 

i.e., all A mn = 0 if m =h n, then 



TV 



(138) 



which is a polynomial of degree IN - 1 in a/3. Let us equate this polynomial to the 
Chebyshev polynomial 



N 



F{6,4>) = 2 Am m {*P) 2m - 1 = T 2N - X (w 0 afi) 



with 



(139) 



(140) 



Then, for every plane cut <p = constant, afi is a function of 6 only; thus F(0,<p) 
follows a Chebyshev pattern in 0. As 0 = 0, a/3 = 1, and, therefore, 



F(O,0) = r 2A ,-i(H> 0 ) = R 



(141) 



.which is the main-beam magnitude with the side lobe level being 1. To recapitulate, 
the key point in this method is to reduce (136) to (139) by imposing (137). The 
former is a general planar array pattern while the latter is that of a linear array. 
One may thus consider this process as one which generates a two-dimensional 
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Dolph-Chebyshev pattern from a one-dimensional one, T 2n _ x (z), by using the 
transformation 

z = w 0 ap = wocoswicos^ (142) 

Beam Scanning — From the discussion for the one-dimensional case, if the main 
beam is scanned to (0 O , <Po), it is sufficient only to replace the definitions of w, and 
u 2 of (134) and (135) in the above analysis by 

cos" l a = u x - u 01 = nd (sin 0 cos <p - sin0 o cos0 o ) 
cos" 1 ^ = u 2 - u Q1 = jzd(sinOsm<p - sin0 o cos0 o ) 

Odd Number of Elements — From the basic principle given above, it is also evident 
that the method can also be applied to an array with (2N + 1) X (2N + 1) elements. 

Symmetry — As a result of (137) one will find an additional symmetry of the 
excitation to those shown in (132): 

L = Inm (143) 

Thus for such an array one needs to determine only N(N + l)/2 excitation currents 
for an array with 2N x 2N elements and (N + 1)(N -f 2)/2 excitation currents for an 
array with (2N + 1) X (2N + 1) elements. 

A Few Major Results* 

(a) For an array with L x L elements, the excitation for the mnth element as 
determined from (133), (138), and (139) can be reduced to the following form: 

Imn = (£) ^("OCOS/, - |f COS ^ - \fj 

(2n l i\ /2jt 1 i\ 
x cos^— m - -p - -Jcos^— n-^q--), forL = 2N < 144 ) 



and 



(2 \ 2 W+l AM-t 
7 E I fp^^-if^oCosKp - 1)jt/L]cos[(<7 " 1)^/L]} 

X cos [T (m " ~ X) ] cos Pr ( " ~ " 2) ] ' for L = 2N + 1 



(145) 



"These are taken from Tseng and Cheng [107]. 
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where w 0 = cosh cos ^ * 

(b) Beamwidth A0 C at level c/R 9 or 20 logi 0 (K/c) dB below the main-beam 
maximum at (0 o ,0o)- Let 0 C be the solution to the equation 

COsh (zr^T C ° Sh_lc ) = Wc = W 0COS«i c COSM2c 

where 

Uic = Jtd (sin 0 C — sin 0 O ) cos 0 O 
u 2c = Jtd(smO c — sin0 o )sin0 o 

Because of the rionlinearity in transformation (i.e., nonlinear distortion from the u 
plane to the 00 plane) the beamwidth at level c/R, as determined by 0 C in the above 
equations, varies with 0 O . In particular, if 0 O = 0, 

A 0c = sin-'[sin eo + ^cos->(^)] 

- sin" 1 sin 0 O 1 cos'M— ) 

L jtd cos 6 0 \hvJ 

= 2 sin" 1 — , 1 - cos" 1 ( — ) , when L is large (146) 
Ljr<icos0o \wo/J 

If 0 O = jr/4, 

A0 C = sin-{sin0 o + gcos" 1 ^)] - sin-{sin0 o - ^/os" 1 ^)] 

= 2sin" 1 (— ^— "jcos" 1 ^), whenLislarge (147) 
\jtd cos 6 0 / \wo/ 

(c) Minimum number of elements. This is determined by the maximum 
permissible spacing d for a given array area so that no grating lobe will appear in a 
given scanning range. As discussed in Section 4, under "Beam and Pattern 
Distortion Due to Scanning," since there is no distortion in azimuthal angles in the 
transformation from the (0,0) plane to the u plane, one may expect that the 
maximum value of d depends only on the maximum scan angle of 0 O , designated by 
6 M . Then 

^ 1 - (I/tQcos-^IAvq) ( . 

l + sn^yv, V } 



(d) Some numerical results for (c). Figs. 21 and 22 show the largest beamwidth 
(A0 C ) M at the 30-dB level below the main beam for maximum scanning angles 6 M = 



Antenna Theory 



o 



\\ 

\ V 




V 










\ 

-A 


-S 

\ 

V \ 

\ \ 


CONX 
D 


'ENTIO 
ESIGN 


NAL 




\ \ 




\ 










\ 


L S 

V N 










V V 


V> 






c 


PTIMU 
DES1G^ 


f 































10 20 30 ~ 40 



Fig. 21. Beamwidth versus minimum element number L m on each side of a square array 
(cIR = 0.03, 30-dB side lobe level). (After Tseng and Cheng [107], © 1968 IEEE) 
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„ and 45- and an array ^^-^^^^^^^ 
^dB n X;ir S Sn B b S Sn^beanr n.axil.n.A.so Shown for 
Prison is the beamwidth (in dashed curves) under the same condition but 
^aXn tne conventional separable product of two Dolph-Chebyshev linear array 

• a ^rmU^ihle versus L for various scanning ranges 0 M -45,6U, ana /d 
32 ^ToX^lobXe. Directivity of this design may be higher or lower 
than that of the conventional design. 

^e^fr^rre^ 

the patterns in four different planes 0 - u , ->u , ou , 

obes have equal levels of -20 dB but are displaced along the 6 axis. Since for this 
examole d \ d the displacements are different in these planes In fact the 
example a x =f a y , mc p 0 = 0° plane because 

beamwidth is narrower in the 0-90 plane tnan mai ^ : H pntir*l and the 

<T> If d x = ^, the patterns in these two planes would be identical and tne 
beamwidth would become the widest in -the <t> = 45° plane. 



0.60 



0.55 



0.50 



0.45 











4b° 










V 


,60° 




) 
















5 

0. . 






1 







Tseng a/id C/ieng [107], © 1»« /£££) 



Antenna Theory 



Table 3. Current Distributions for 10 x 10 Array to Give 20-dB Tseng-Cheng 
Pattern [28] 





20-dB 




Tseng-Cheng 




0.773 


h\ — hi 


0.569 


h\ — I\3 


0.796 


U\ — /|4 


0.029 


hi = /is 


1.000 


hi 


0.946 


hi = ^23 


0.119 


^42 = ^24 


0.618 


As2 — ^25 


0.667 


/33 


0.486 


^43 = ^34 


0.777 


^53 = A*5 


0.286 


^44 


0.387 


/?>4 = h5 


0.071 


/55 


0.008 




0— DEGREES 0— DEGREES 

C d 

Fig. 24. Patterns in four <p cuts for a 10 x 10 rectangular Baklanov-Tseng-Cheng array with 
d x = 0.5A, d y - 0.75A, and side lobe level of 20 dB. (a) For <f> = 0°. (b) For <j> = 30°. (c) For 
<p = 60°. (d) For <p ■= 90°. (After Tseng and Cheng, Radio Science, vol. 12, pp. 653-57, © 
American Geophysical Union) 
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General Discussion of the Transformation 

To see the distortion introduced by the transformation (142), a set of universal 
contour lines defined by 

cos U\ cos u 2 = c (constant) 

for various values of c from 0.01 to 1.00 are plotted in Fig. 25, with u Y and 
u 2 denned by (134) and (135). Along the u x axis (i.e., <p = 0) the pattern, as 
given by (139), is exactly that of a linear Dolph-Chebyshev array T 2N -i(w 0 a) 
with a = cos(jr^sin^). Along the u 2 axis the pattern is T 2N -i(^oP) with Z 3 = 
cos(7zd y sin0). They are identical if d x = d y . (If d x * d y , only a linear change 
of the scale in u is needed.) For any <p = constant plane, the pattern is 
given by T 2N -i{^oCOsu^cosu 2 ), which is again the same as that of a linear 
Dolph-Chebyshev array except that the scale in sin 6 is changed, depending on 



2.00 



1.67- 



1.33- 



1.00 



0.67- 



0.33- 




Fig. 25. Plots of cosu,cosu 2 = c in the u x u 2 plane for various values of c. (Prepared by 
Michael L. Oberhart) 



Antenna Theory 

the value of 0. Fig. 25 shows exactly the dependence of this scale change on 6 
(Note that the polar angle of any point (u u u 2 ) in the plane is simply <j> ) L 
shown, the scale stretches to the largest extent at </> = 45°. To find how This chanee 
is reflected in the 6<p scale, one needs only to place an overlay on this figure as 
shown in Fig. 14. & b 

As discussed earlier, a polynomial P(z) can always be factorized in terms of its 
roots Zfci 

k 

The pattern magnitude is thus proportional to the product of all the phasor 
magnitudes \z - z k \. When z passes through a certain z k to z k+l one obtains either 
a main beam or a side lobe. In the latter case the locations of z k and z k+t will 
generally have a major influence on the height of that side lobe level, since all other 
roots are presumably farther away from them. Using this fact Elliott [28] is able to 
perturb certain roots of a Chebyshev polynomial for achieving a certain side lobe 
topology. For an array with an even number of elements, if the excitations of any 
two symmetrically located elements are equal in magnitude and opposite in phase 
one obtains a sharp null, instead of a main beam, in the broadside direction' 
Optimum designs for nearly equal side lobes, except for the first two next to the 
broadside null of the so-called difference pattern, have been considered in great 
detail by Elliott [28] and Bayliss [6]. S 



6. Optimization of Directivity (D) and Signal-to-Noise Ratio (SNR) 

When an array is used for transmitting, the maximization of D is of interest 
and when an array is used for reception, the maximization of SNR is of interest' 
these two problems can be solved in the same manner. In fact, the problem of 
jamming or interference can be treated similarly. 

Formulation and Solution 

Consider an arbitrary array with N elements. Let its nth element be located at 
*n - (x n ,y„,z„) all measured in wavelengths and be excited with current 

/„=/„*-'*« -o (149) 

where 

r„-u 0 = 2jz(x„ sin 0 0 cos <p 0 + y n sin 6 0 sin <p 0 + z „ cos $ 0 ) (150) 

(0 0 , 0o) = angular direction in which D is to be maximized, or from which the 
signal is to be received 

In (149), {/„} can be complex and will be determined. If {J n \ is real f/ ) will be 
cophasal excitation. W ' 1 



(151) 



(152) 
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For convenience, we shall use bra-ket notation as denned below: 
(/ = a row vector = (J\,h, ■ ■ Jn) 

(V = a row vector = (exp[/(t/;? - Vi)l. «p[/(V»g - V2)], - • •> 
exp[;(VN- 

J) and V) are transposes of (/ and (V, respectively, and are therefore column 
vectors 

where 

V* = 2*:(x, 1 sin0cos0 + y„sin0sintf> + z„cos0) 

Then the pattern function is given by 

F(0,0) = i/„exp[;(^ - *S>] = </V> (155) 
;The power density, or the received signal in the direction (* 0 ,*o), is proportional 

(156) 



(153) 
(154) 



to 



\F{d,<p)\ 2 = (JVt){ViJ*) = (JCJ*) 



where 



Vi) = V)\ e =e 0 ,<t>=<p a 
C = a dyad, or a special N x N matrix: 



C = vr)<v, = v){v\ 0=Oo ,^ a = 



1 1 
1 1 

1 1 



(157) 



If the array is in a noisy environment with temperature distribution T(0,0), the 
total received noise power is proportional to 

. P n = (JAJ*) ( 158 > 
where A is an N x N matrix given by 

A = -M v*)(vne,<p)da 



(159) 
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Therefore the signal-to-noise ratio is proportional to 
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SNR = -t~— r 

Similarly, the average of total radiated power is proportional to 

P *v = ^l 4n < JV *)(W*)dQ= (JBJ*) (i6i) 
where B is an TV X Af matrix given by 

B = iS 4 J* ){VdQ = A ^ (162) 
Therefore the directivity is given by 

D ~ JmF) (163) 

The objective is to maximize D for directivity, or to maximize the SNR for 
reception in the given noise environment T(0,<p), with the N degrees of freedom 
Ji,J 2 , ■ ■ .,J N . Before proceeding, it may be noted that 

SNR = JmF) I \mF) - DIT - (164) 

where 

r av = </(l/4w) [ V*)(VT(6,<p)dQJ*)/(J(l/47i)( V*)(VdQJ*) 

= temperature of the received noise power if it were distributed 
uniformly in space 

= equivalent uniform temperature distribution for the same 

noise power received by the array (165) 

. " ™? y a ' S °. be noted that for interference, or jamming signal, with power 
density distribution, I(d,<p), uncorrected in space, the signal-to-interference -.(S/I) 
ratio is also given by (160) with T(6, <j>) replaced by 1(6, <p). 

Therefore (a) the problem of maximizing D/T av is exactly the same as that of 
maximizing the SNR, (b) the problem of maximizing D is the same as that of 
maximizing the SNR with T = 1, i.e., uniform temperature distribution in space, 
and (c) the problem of maximizing S/I is the same as that of maximizing the SNR 
cT,o Ce : 6 P roblems > ° ne needs only to consider the maximization of the 

SNR; but the optimum solution for {/„} depends on the matrix A, or B, or both 
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Solutions to all these problems may lead to unrealistic results which are 
generally referred to as the "supergain," "superactivity," "ill-conditioned," or 
"improperly posed" problems [9,65,120]. To make the solutions more physically 
meaningful, a constraint may be imposed on the so-called array Q factor 

0 = < /7 *> (166) 
Q (TV/*) V 

which follows from Taylor's definition of supergain ratio for an aperture antenna 
[100]. Except for a constant and the quality factor of a single element, the above 
definition of the array Q factor has the usual meaning of 2jt times the total stored 
energy divided by the energy radiated per cycle if the mutual impedance effect can 
be neglected. 

The most general optimization problem can thus be stated as lollows: 
Given: Array geometry, direction of desired signal (0 o ,0o)> T(0,<p), and 
constraint on the Q factor. 

To find: (J (or (/) such that the SNR is maximized. 

Solution: Using the fact that matrices A, B, and C are Hermitian, the solutions 
can be found for various cases as summarized in Table 4 [65]. The optimum (J as 
listed in the last row in Table 4 is for maximum SNR with a prescribed Q factor. 
When there is a constraint on the Q factor, one needs first to solve for p in the 
following eigenvalue equation: 

tet{V x ),W 2 ) 9 ...,W N )) = 0 (167) 

where 

I = identity matrix 
V,) = (1,1,... ,1)' 

W n ) = p 2 (QB - I)V*„> + 2pAV*„) + A(QB - I^AV*), 

for n = 2,3, . . .,N 
V 2 ) = (-1, 1,0,0,... ,0)' 



v N ) = (-1,0,0 ly 

In words, V„), forn = 2, ...,N, is a column vector with -1 as its first element, +1 
as its nth element, and 0 for all other elements. Once p is found, one can compute 
the matrix 

K = A + p«2B - I) (168) 
and the optimum J) as shown in the last row in Table 4: 



J) = K-'^V,) 



(169) 
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Table 4. Formulas for Optimum Gain and SNR of an Arbitrary Array 





Current 


D 


SNR 


Q Factor 


Definition 


j) 


K"?>l 2 

</BT> 


\(JVt)\ 2 
(JAJ*) 


(JBJ*) 


Uniform 
tui i cm 

excitation 


\/*\ 


N 2 


N 2 


N 


(V/,BVr) 


(V t AVt) 


(V t BVT) 


Optimum 
D without 


B*-'Kf) 




1/1/ n — 1 I/* \ 12 


/ \ f n — 2i \ 

(K|B Kf) 


constraint 
on Q 


(K.B-'AB-'Kf) 


(^B-Vf) " 


Optimum 
D with a 
prescribed Q 


F*-'Kf> 


K^F-'vr)! 2 


K^F-'i/f)! 2 


A given constant 


(K.F-'BF-'Vf) 


(^F-'AF-'Vf) 


Optimum 
SNR without 


a*:'v7> 


|<l/,A-'l/r)| 2 


(^a-vd 




constraint 
on Q 


(K.A-'BA-'Vf) 


( V r 1 A~ l BA~ l K*) 


Optimum 
SNR with a 
prescribed Q 


K*-'Kf> 


Kl/.K-V/f)! 2 


K^K-Kr)! 2 


A given constant 


(^K-'BR-'Vf) 


(^K-^K-Vi) 


Symbolism 


Actual current in the nth element = J n e~ }Xt '" 

<j = (y.,/ 2> - - Jn), <v, = (i,i, --.i) 

ip„= 27i(x n sin0cos<p + y„sin0sin0 + z„cos0) 

K = A + p(QB - I), F = K\ A = B 
A = (V4jz)S 4 „V*)(VT(0,</>)dQ, B = A| r=1 



(After Lo, Lee, and Lee [65], © 1966 IEEE) 

From (168) one can compute its associated directivity 

1<k,k-'k;>p 

(KiK-'BK-'Vf) 



and its associated SNR 



SNR i(v,K-v:>i 2 

{V.K-'AK-'l/f) 



(170) 



(171) 



One of the eigenvalues p of (167) which gives the largest value of SNR is the 
optimum solution. Since the solution J) is determined for maximum SNR, D as 
computed from (170) using that /) is not necessarily maximum. 
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• For maximum SNR without constraint on Q the solution is given in row 5 of 
Table 4. For this case, p = 0 and no eigenvalue needs to be computed. Therefore 
from (168) K = A and 



(172) 



• For maximum D with and without constraint on the Q factor, the solutions are 
listed in rows 4 and 3 of Table 4, respectively. The solutions are exactly the same as 
those for maximum SNR except that T(0, 0) = 1 and A = B. The corresponding K 
matrix is denoted by 

F = B + p(QB - I), for a constraint on the Q factor (173) 

F = B, for no constraint (174) 

• Since V x ) = (1, 1, . . . , 1)', the optimum solution for/,, is simply the sum of all the 
elements in the nth row of B*~ l , F~ u , A" 1 *, and K~ 1 *, respectively, for each case. 
The actual current for the nth element, by definition, is given by (149). 

Planar Array with Isotropic Elements or Vertical Dipoles in the (x, y) Plane 

Referring to Fig. 26, the elements of matrix B for this array can be integrated in 
closed form: 



h = h* = e~ Jtpn " 



sin 2tzq 



27lQ mn 

for n< m 



nm cos 2 7tQ nm sin 2ng n 

+ 9— ~ <?" 



(27tg nm y 



(2jiQ nm y 



(175) 



b nn = l-q/3 



(176) 



where 




Fig. 26. A planar array with elements (vertical dipoles or isotropic) in the xy plane. 
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Qnm 



®*nm 



2ng nm sin 0 o cos(0 o - a nm ) 

[(*„ - x m f + (y, - y m ) 2 ] 1/2 

distance between the nth and mth elements 

coordinates of the nth element 
tan" *[(>;„ - y m )\(x„ - x, n )], where 0 ^ a nm 
for isotropic elements 
for vertical dipoles 



< 71 



From the above a few interesting results can be obtained: 

(a) In particular for a linear array, say along the x axis, with N isotropic 
elements, 



b = b* = e'^"" Sin27CQnm n<m 

u nm u mn e 0 , n <^ m 

L7XQ mn 



(177) 

(178) 



where 



Qnm X n %m 

tpnm = 27r^ m/1 sin(9ocos0o 
For uniform interelement spacing equal to A/2 or its multiples, 



f 0 for n ^ 
1 1 for n = 



m 
m 



Thus 



B = I = identity matrix 
0=1, independent of J) 
max D = N (179) 

and 

optimum </= (1,1,..., 1) ( 180 ) 

In other words, if d = mil (a multiple of A/2), the cophasal uniform array is 
optimum. This conclusion is approximately true for dipole arrays since, for d = 
mil, the diagonal elements of B dominate over all others, and B is approximately I. 

(b) For broadside planar array #JJ m = 0. Thus the B matrix is real and the 
optimum excitation is real. In other words, for broadside arrays optimum 
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excitations are either in phase or antiphase. A few examples are shown in Figs. 27 
through 31. In Figs. 30 and 31 the term "cophasal" implies that only the excitation 
^amplitudes are optimized while the phases are kept cophasal in the end-fire 
direction. 

(c) For planar arrays with large interelement spacings, say much greater than a 
.wavelength, B = I. The uniform cophasal excitation is nearly optimum, max D = N 
and Q = i. Some workers have sought optimum spacings and excitations for a 
thinned array; this result shows that the uniform cophasal excitation is the solution 
no matter what element spacings are as long as they are sufficiently large as in a 
thinned array. 

(d) From the definition of the array Q factor, the value of HQ is bounded 
between the smallest and the largest eigenvalue of the B matrix. For equally spaced 
linear arrays with isotropic elements, Q = 1 as d = ra/2, m = 1, 2, . . . , and Q = 1 as 
d > 1, no matter what (J is. 

(e) From the example to be discussed next, it will be seen that the optimum 
excitation for a linear end-fire array with uniform spacings is nearly antiphase for 
d ^.1/2 and nearly cophasal for d ^ 1/2. 

(/) Gilbert and Morgan [124] showed that the average of maximum directivity 
over all directions is equal to N, the number of isotropic elements, i.e., 



f max D(0 O , <Po) dQ = N 



(181) 



Thus if max D is greater than N in some direction, it must be smaller than N in 
some other direction. 

* (g) In general, ohmic losses in most antennas with low Q are of little 
importance in antenna efficiency. However, for antennas with strong local fields 
and large circulating currents, such as in superdirective arrays, the efficiency for 
radiation in (0 o >0o) mav ^ e defined as 



radiated power density in (0o,'(po) 

11 ~ radiated power density in (0 O , <Po) + ohmic power loss 



1 + rS 



(182) 



where 



r = ohmic resistance of each element, 



{jj*) 



(183) 



D (JCJ*) 



The S parameter, called the sensitivity factor [109], is a measure of the mean-square 
variation of the maximum field with respect to the mean-square deviation of the 
excitation. Thus large Q results in not only low efficiency but also high sensitivity, 
as will be seen in the following example, Section 7, and [8,9,53, 120]. 

A Typical Example for M aximum Directivity 

Consider an equally spaced linear end-fire array with 10 isotropic elements along 
the x axis. Using the results in row 3 of Table 4 the maximum directivity can be 
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ELEMENT SPACING (d/X)- WAVELENGTHS 



2.0 



Fig. 27. Maximum directivity D of a linear broadside array of N isotropic elements versus 
element spacing d in wavelengths, (a) For N = 3 through 6. (6) For N = 1 through 11. 
(Courtesy C. T. Tai) 
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Rig. 28. Maximum directivity of a linear broadside array oi IN parallel dipoles versus 
element spacing d (in wavelengths) for N = 4, 6, 8, and 10. (Courtov C. T. T«) 

computed for various values of spacing d as shown by the curve D(O) ir, , Fig^ As 
expected max D = /V = 10 at d = m/2, m = 1 , 2, . . . - As d decreases below l*. D 
fncreases'rapidly and approaches N 2 = 100 as d approaches zero. For comparison a 
few other cases are also shown in the figure: 

n(nr\ - maximum directivity with only the excitation magnitudes subject to 
D( Q " opZzaTion and wuh the phases confined to the cophasal cond.t.on 

in the end-fire direction 
D(U) = directivity for a uniform cophasal excitation 
D(HW) = directivity for the Hansen-Woodyard (HW) excitation (see Section 3, 

under "Uniform Arrays With N Elements") 



Fig. 33 shows the Q factor versus d for all the cases just stated. From these two 
figures the following remarks can be made: mn derate 
(a) D(O) is considerably higher than D(U) only when d ^ 0.4. A moderate 
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05 1.0" 

ELEMENT SPACING (d/X) — WAVELENGTHS 

superdirecdve array is more a fanrasy ihar, reality "a"*™"!"- Therefore a 
(c) Z)(U) 1 as d -» 0, and D(U) = TV as d = mil ™ - 1 o 
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antenna. So are some other small antennas whose largest dimensions are smaller 
than a few thousandths of a wavelength. 

For academic interest the optimum excitation magnitude and phase for the 
above example are shown in Figs. 34 and 35. In both figures the curves for d = 0.2A 
should not be taken seriously, and in Fig. 35 the phases of the excitations of 
elements 9 and 10 are omitted for brevity, but they can be obtained by 
extrapolation from the curves shown. From these two figures the following remarks 

c can be made: , 

(a) The optimum excitation for small spacing is highly tapered toward the ends 
of the array and approximately uniform for spacing equal to or larger than Mj^ 1 * 
is consistent with the directivity characteristics stated above, namely, for d = 1/2 
the maximum directivity is nearly that of a uniform array. 

(b) The optimum phase is nearly cophasal for d 1/2, again in agreement with 
the directivity characteristics stated above. However, for d < 1/2 the optimum 
phase distribution is nearly antiphase, about 170°, which results in large local field, 

low efficiency, etc. ... u 

(c) For d = 0.4 wavelength, where the strong superdirectivity begins to show 
[D(O) - £>(U) a 3.5 dB], the optimum pattern is shown in Fig. 36a. For com- 
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ELEMENT SPACING (d/X) — WAVELENGTHS 

Fig. 31. Maximum directivity of a linear cophasal end-fire array of N parallel dipoles versus 
element spacing d (in wavelengths) for N = 4, 6, 8, and 10. (Courtesy C. r. 7a/) 

parison, the pattern for the same array but with Hansen- Woodyard excitation is 
shown in Fig. 36b. It is seen that. the latter has a much broader beam. 

(d) Fig. 37 shows how the maximum D varies with the angle for which D is 
maximized for two different cases: D(O) with both excitation magnitudes and 
phases subject to optimization and D(OC) with only the magnitudes subject to 
optimization and cophasal phase distribution. It is seen that for both cases D is 
larger than N, namely 10 here, for small angles (i.e., near end-fire) and smaller 
than N, namely 10, in some other directions, as expected from (181). 

An Example for Maximum SNR 

Superdirective arrays are impractical as stated above. However, for reception, 
it is the SNR, not £>, that is of concern. In particular, one is interested in finding out 
whether a significant improvement of SNR over that of a uniform array is possible 
without paying a high price on the Q factor. To show that this is possible a simple 
semicircular array, consisting of nine uniformly distributed isotropic elements in 
the xz plane is considered. Let the signal come from the z axis and T(0 y <f>) = 
constant for z < 0 and 0 for z > 0 as shown in Fig. 38. Using the formulas in Table 4 
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ELEMENT SPACING (d/X)— WAVELENGTHS 

Fig. 32. Directivities of a linear end-fire array of 10 isotropic elements with various 
excitations. {After Lo, Lee, and Lee [65J, © 1966 IEEE) 
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0.6 0.7 0.8 0.9 
ELEMENT SPACING (d/X)— WAVELENGTHS 



1.0 



1.1 1.2 



Fig. 33. Array Q factor for the array with the various excitations shown in Fig 32 (After 
Lo, Lee, and Lee (65J, © 1966 IEEE) K 1 



various results are computed as shown in Table 5 for the circle radius equal to X and 
made- r3d ' US t0 M ' theSC thC fol,owin 8 remarks can be 

(a) From Table 5 the highest SNR of 81.6 with Q '= 1.14 is obtained as 
compared with 35.5 with Q = 0.916 for a uniform excitation. Thus an improvement 

fh\ ' S obtained with out paying a high price on the Q factor 

(b) From Table 6 where the elements are closely spaced, the highest SNR of 
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Fig. 34. Relative amplitudes of the optimum excitations for D(O) in Fig. 32 for various 
element spacings d. (After Lo, Lee, and Lee [65], © 1966 IEEE) 



47.1 is obtained at the price of Q = 3.26 x 10 3 . But with a prescribed value of 20 for 
the Q factor, SNR = 21.8, which is about 5.2 dB higher than that of a uniform 
excitation. 

(c) If D, rather than the SNR, is optimized for the array to receive a signal from 





ELEMENT NUMBER ELEMENT NUMBER 



Fig. 34, continued. 

the z axis in a noise environment as stated above, one would obtain a significantly 
lower SNR. Therefore, the criterion of maximum SNR may not be substituted with 
that of maximum D. 

(d) In general, large Q is always associated with antiphase distribution. 
Extensions 

The theory and technique developed above can also be applied to the problem 
of maximizing the beam efficiency where the power radiated in a solid angle Q 0 
about the direction (6 0 ,<p 0 ) for a given total radiated power, rather than £>, is 
maximized. For this case, only the C matrix need be redefined as 

C = f^V*)(VdQ (184) 

This solution is given by solving the eigenvalue problem (C - AB)(7) = 0. The 
optimization of an aperture antenna can also be solved in a similar manner 
except that a set of basis functions, or modal functions, over the aperture, instead 
of elements, should be considered [65]. 

The technique can also be applied for pattern synthesis. In that case the 
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Fig. 35. Relative phases of the optimum excitations for D(O) in Fig. 32 for various 
spacings d, where only the phases for the first eight elements are shown. 
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180< 




60° 



N=10 d = 0.4X 



-Jdl- 

ISOTROPIC END-FIRE 
OPTIMUM EXCITATION 



270° 



Fig. 36. Radiat.on patterns for end-fire isotropic array, (a) For the array in Fig 32 with 
optimum exatations shown in Figs. 34 and 35 for d = 0.4*. (b) For the array in (a) but with 
Hansen-Woodyard s increased directivity excitation. (After Lo, Lee, and Lee [65], © 1966 



mean-square difference between the array pattern and the desired pattern is 
minimized, as discussed in the next section. 

7. Pattern Synthesis in the Probabilistic Sense 

In the last section an array Q factor was defined to indicate the degree of 
superdirectivity. It was then shown that a moderate improvement in directivity over 
the uniform excitation can be obtained only at the price of an astronomically large 
Q factor. To make the design practical a constraint on the Q factor should be 
imposed. However, the question of how large a value of the Q factor can be 
considered practical is left unanswered. One possible approach to this problem is to 
take the parametric uncertainty into consideration. To illustrate this a pattern 
synthesis problem is discussed. Let 
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ISOTROPIC END-FIRE 

HANSEN & WOODY ARD 

" " 270°" 



b 

Fig. 36, continued. 



f d (6,<p) = desired pattern function 

f(0,<t>) = actually realizable pattern of the array = (JV*) 



(185) 



where 

(/ = a row vector = (/i,^2> • • -^aO 
J n = excitation current for the nth element 
V) = a column vector = (Vu Vi> • • • » VnY 
V* = pattern function of the nth element 

Then, for least-square optimization, the following norm in the L 2 space is to be 
minimized: 
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Fig. 37. The directivities D(0) and D(OC) versus scan angle <p Q in which the directivity is 
maximized for a linear array with N = 10 isotropic elements along the x axis and element 
spacing d = 0.4/1. D(0): with both excitation magnitudes and phases optimized. D(OC): 
with only the excitation magnitudes optimized while the phases are kept cophasal in the 
0 O direction. (After Lo, Lee, and Lee [65], © 1966 IEEE) 



SIGNAL 




Fig. 38. Geometry of a semicircular array above a noisy ground to receive a signal from the 
z axis. (After Lo, Lee, and Lee [65], © 1966 IEEE) 
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Table 5. Optimum Semicircular Array (r = A) of Nine Cophasally Excited Isotropic 





Current 


D 


SNR 


Q Factor 


Uniform excitation 


j x = j 2 = y 3 = y 4 = J 5 = 


8.24 


35.5 


0.916 


Optimum D 

without constraint 
on Q factor 


J x = 7 9 - 1.123 | 
j 2 = / 8 = 1.29 
7 3 = J 7 = 0.881 
/ 4 = -fc - 0.757 
y 5 = 0.600 


8.71 


55.0 


1.03 


Optimum D 

with a prescribed 
Q factor 


j { = j 9 = 1.082 
y 2 = y 8 = 1.218 
y 8 = J 7 = 0.898 
7 4 = / 6 = 0.816 
J 5 = 0.659 


8.67 




1 0 

(prescribed) 


Optimum SNR 
without constraint 
on Q factor 


/ = J 9 =r 11.436 
J 2 = J 8 = 15.396 
y 3 = y 7 = 10.446 
7 4 = ^ = 3-746 
J 5 = -0.421 


7.76 


81.6 


1.14 


Optimum SNR 
with a prescribed 
Q factor 


J T = / 9 - 5.835 
/ 2 = J 8 = 7.719 
y 3 = j 7 = 7.451 
/ 4 = / 6 = 5.223 
J 5 = 2.664 


8.44 


55.1 


1.0 

(prescribed) 



Element positions 
(in wavelengths): 



x 2 = 

*4 = 
*5 = 



-jc 9 = 1.000 
-jt 8 = 0.924 
-x 7 = 0.707 
-x 6 = 0.383 
0.0 



Main beam: 0 O = 0 , 
Thermal noise distribution: T(0,<p) = | Q 



zi = z 9 = 0.0 
z 2 = 2 8 = 0.383 
z 3 = z 7 = 0.707 

2 4 = *6 = 0.924 

2 5 = 1.0 

for */2 < 0 ^ * 
otherwise 



(After Lo, Lee, and Lee [65], © 1966 IEEE) 



£ = 



J 4ji 

= ||/ d || 2 +f |/| 2 wdQ-2Re{f//5H'dQ} 

= || / rf || 2 + <-/ f V*)(V d wdQJ*) -2Kc[(j\ V*)r d wdQj 

J Ajz 

= ||/ d || 2 +</G/*>-2Re{<7C>} 



(186) 



where 
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Table 6. Optimum Semicircular Array (r = 0.25A) of Nine Cophasally Excited 
Isotropic Elements 





Current 


D 


SNR 


£> Factor 


Uniform excitation 


7l=7 2 = 7 3 = 7 4 :=7 5 = 
7 6 = 7 7 = 7 8 = 7 9 = 1 


2.19 


6.63 


0.244 


Optimum D 

without constraint 
on Q factor 


J x = 7 9 = 5.23 

7 2 = 7 8 = -15.74 

7 3 = 7 7 = 34.81 

7 4 = 7 6 = -55.83 

7 5 = 66.69 


3.63 


37.8 


3.76 x 10 3 


Optimum D 

with a prescribed 
Q factor 


7, = 7 9 = 2.24 
7 2 = 7 8 = -2.92 
7, = 7 7 = 3.35 

7 4 = 7 6 = -2.23 

7 5 = 2.37 


3.25 


20.2 


20.0 
(prescribed) 


Optimum SNR 
without constraint 
on Q factor 


7, = 7 9 = 58.86 

7 2 = 7 8 = -179.6 

7 3 = 7 7 = 412.72 

7 4 = 7 6 = -686.83 

7 5 = 836.80 


3.52 


47.1 


3.26 x 10 3 


Optimum SNR 
with a prescribed 
Q factor 


7, = 7 9 = 12.80 

7 2 = 7 8 = -15.58 

7 3 = 7 7 = 19.70 

7 4 = 7 6 = -18.96 

7 5 = 25.87 


3.19 


21.8 


20.0 
(prescribed) 


Element positions a:, = —xg = r z, = z 9 = 0 
(in wavelengths): x 2 = -x 8 = 0.9239r z 2 = z 8 - 0.3827 
x 3 = -x 7 = 0.7071 r z 3 = z 7 = 0.7071 
*4 = ~x 6 = 0.3827r z 4 = z 6 = 0.9239 
x 5 = 0 z 5 = r 

Main beam: 0 0 = 0 

Thermal noise distribution: 7Y<9, 0) = (* ior nl2 < e = * 

v t° otherwise 


r 
r 
r 





(After Lo, Lee, and Lee [65], © 1966 IEEE) 



w = a possible weighting function that stresses a closer approximation 
of f to f d for some angular regions 

G = I V* ) ( V w dQ (a positive-definite Hermitian matrix) (187) 

C = J K*>/3ivrfQ (i 8 8) 



Using the variational method, the solution of 7) which minimizes £ is found to 

be 
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/ 0 > = (G- ! C»* = Wdiag[(A,)- , ,(A 2 )- | ,...,(A Af r l ]£^C*> (189) 

where 

Ai,A 2 , . . . ,Ayv = the eigenvalues, in descent order, of G* 
U = a unitary matrix which diagonalizes G* 
U 1 " = the complex conjugate transpose of U 

Since G depends on the array geometry, its largest to smallest eigenvalue ratio, 
X x lk N , can increase very rapidly to an extremely large value as the array element 
spacing decreases. This finally leads to an ill-conditioned G and a very unstable 
solution J 0 ). Mathematically, this phenomenon is identical with the super- 
directivity. Such a solution is not only impractical, but is also difficult to compute 
accurately. Therefore, the so-called optimum solution (189) in such a case should 
not be taken seriously. 

Because of the physical limitation, instrumental error, environmental 
variation, etc., the excitation J) can only be adjusted in practice within an 
uncertain random error, say <57). Therefore for a more practically meaningful 
design, this error should be taken into consideration. Assume that the error <5/) is, 
as in most practical cases, only relative to /): 

6J) = A/> (190) 

where A is a matrix with stochastic elements, which may result from, for example, 
some uncertainties in the feeding network. Thus the pattern function due to the 
actual current /) + &/) will be a random function, 

/(0,0) = <(/ + <5/), V*(6,<p)) (191) 

and so must be the difference between /(0,0) and fd(0 y <p). Following (186), let 

e= II/WII 2 (192) 

Then for a given J) and a given realization of the random error SJ) , there is a 
realization of / and also e. Hence, for the totality of all these realizations there is a 
probability distribution F(e;J)) which defines the probability for i < e for the given 
J). With this distribution function one can define the probability mean of a quantity 
in the following formula: 

E{) = I ()dF(e;J)) (193) 

J entire prob. 

^- space 

With this preparation one can define the optimization problem in many 
different ways. Among them we may state three theoretically possible situations as 
shown in Fig. 39, each giving an optimum solution different from the others, 
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.s the optimum. (After Richards and Lo 180], © 1975 IEEE) ° PUmZaUOn ° f J ^ 



Array Theory 



11-83 



depending on the sense of optimization. The first scenario shown in Fig. 39a, which 
may be called the vertical optimization, illustrates that for a given tolerable error e, 
j) is to be determined under the condition F(e;J)) is the maximum, i.e., the largest 
probability for having error less than the given tolerance s. Comparing the three 
possible distribution curves, /,) is apparently the best solution since it gives the 
largest value of F(£,J)) for the given c. 

The second possible optimization, which may be called the horizontal 
optimization, is defined by seeking J) such that for a given probability, say p, the 
error e is the minimum as shown in Fig. 39b. It is seen that for this scenario J 2 ) is 
the best solution. The third possible optimization is to seek J) which minimizes the 
mean value of e, namely e = E{e}. As can be seen from Fig. 39c, J 3 ) is the best 
solution. As stated, these three distribution curves are hypothetical and whether 
they would occur in a certain problem is not clear. For simplicity, in what follows 
the last sense of optimization is considered and it is found later that the solution so 
obtained also leads to approximately the optimum solutions in the other two 
senses. 

Without loss of generality one may assume that 

E{dJ)} = 0 (194) 

Since now the excitation is J) + dJ), similar to (186), the random error between 
the realized pattern / and desired pattern f d is simply 

g = \\f d \\ 2 + ((J + dJ) G(J + d/)*> - 2Re{<(/ + 6J) C)} (195) 



Since <5/) = AJ) , 

e = E{e} = \\f d \\ 2 + <JGJ*) - 2Re{(7C)} + E{(dJG6J*)} (196) 

where 

E{<o7Gd/*>} = </K 2 /*> and K 2 = E{A'GA*} (197) 
The mnth element of matrix K 2 is given by 

(K 2 ) mn = 2a y £{>i,>,^} ( 198 > 

where G„ is the ijth element of G, and E{A jm A%} is the covariance (or joint 
moment) of elements (jm) and {in) of A. Using (196)-(198) the optimum solution 
of J) which minimizes e for a given probabilistic property of SJ (or A) is given by 

/) = [(G + K 2 )- l C>]* (199) 

For a typical simple case where all array elements are identical, dJ) has 
uncorrected elements and identical variance a 2 , the matrix K 2 becomes diagonal: 
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(200) 



where l is an identity matrix and a is a scalar equal to a 2 G„. Therefore, following 
(189), the optimum solution for this case is simply 

J) = UDiag[(A, + a)-',(A 2 + a)" 1 , . . .,(A„ + a)~ l ]V f C*) (201) 

7^ X} i ,Y a '£ N arC ' 3S before ' the ei g enval "es of G. It is interesting to compare 
(201) with (189) and note that the two solutions are identical except for the constant 
a Now even if X u . . . , X N march off to zero as the element spacing decreases the 
solution J) is no longer unstable and dominated by those small A„s. Tihonov [1251 
introduced the so-called regularization method for ill-conditioned problems such 
as the one in (189). Cabayan's group [126], in making use of that method for the 
pattern synthesis problem, proposed to minimize || f d - f \\ * + a (JJ*), instead of 
II Jd - / || - It is clear, however, that a must assume a proper value because if too 
large the minimization will be applied mainly for (JJ*) and, if too small the 
solution may be again unstable. For a given probability distribution of'Sj'f 
Cabayan used the Monte Carlo method to determine the proper value of a 
numerically. The above analysis shows that the proper value is simply o 2 G n . 

An Example-Richards and Lo [80] considered a planar array with 10 concentric 
rings as shown in Fig. 40. The radius of the kth ring is 



k = 1,2,. ..,10 



A total of 200 vertical dipoles are placed over the intersecting points between the 
rings and 20 rays from the origin uniformly spaced in angles over 360° as illustrated 
in the figure. The objective is to determine the optimum excitation which will 
produce a pattern "closest" to a secant pattern: 



M0) 



sec 6 for 0 < 8 S 70° 
sec 70° for 70° ^ # § 90° 



The solid curve in Fig. 41a is the nominal elevation pattern for a = 0 using the 
solution given by (189) for no tolerance. The solid curve in Fig. 41b is the nominal 
pattern for a = 5 percent using the solution given by (201). It is seen that the former 
is closer than the latter to the desired pattern f d which is also shown in both figures. 
However, if the actual error dJ) is added to J) , the results are completely different. 
Using the Monte Carlo method, five sets of sample errors of 6J) with zero mean 
and 5 percent standard deviation are generated. From these five sets five sample 
patterns are computed for both cases, shown as the dotted curves in Fig 41a and 
dots only in Fig. 41b. It is clearly seen that in the former case, where the 
unavoidable error is ignored in the optimization, none of the five realizations even 
remotely resembles the desired, or the nominal, pattern. As for the latter case, 
although the nominal pattern is less close to f d than that of the first case, with all 
five sets of real errors included, the five realizations of the pattern are so close to 
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RAY 3 



RAY 5 




RAY 2 



Fig. 40. Geometry of a planar array of Vertical dipoles (or monopoles above the ground). 
(After Richards and Lo [80], © 1975 IEEE) 

showed the validity of ^^tSlSS'solution for one 
simulation with a computer. They also vermeu For the 

value of a while using Monte Carlo simulates for a wide range of a values ,bor t 
example studied, the sample distribute curves ^'lon^ZTot 6J 
very close to each other, indicating that a precise inf ° t rmat ^ n 1 Another 
may not be very important for — ^^if^jL^ 

solution for the former, in agreement with previous discussion for maximum u. 
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Fig. 41. Synthesis for a desired pattern function: f d = sec 6 for 0° < 0 ^ 70° and sec 70° 
for 70° ^ 0 ^ 90°. (a) Nominal pattern (solid curve), in polar plot, corresponding to the 
deterministic optimum solution with zero tolerance and five actual sample patterns (dotted) 
for 5% standard deviation of the tolerance, generated by the Monte Carlo method. 
(b) Nominal pattern (solid curve), in polar plot, corresponding to the probabilistic optimum 
with the 5% tolerance taken into consideration and five actual sample patterns (dots only), 
generated as in (a) by the Monte Carlo method. (After Richards and Lo [801, © 1975 IEEE) 
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1. Introduction 

Most scanning array antennas are composed of rows and columns of period- 
ically spaced antenna elements. Periodic arrays can be designed to provide 
extremely low side lobes and high gain when element spacing is kept relatively 
small and they are chosen in {preference to arrays with aperiodic lattices for many 
radar' and communications applications. In addition, when hundreds or thousands 
of closely spaced elements are required, it is also simpler and cheaper to construct 
periodic than aperiodic arrays. Aperiodic arrays, treated in the next chapter have 
advantages in high-resolution thinned configurations, and when used to achieve 
equivalent amplitude taper Without the use of a complex feed network. 

Chapter 11 deals with a number of theoretical aspects of phased arrays and 
establishes a basis in mathematics by which one can compute or synthesize detailed 
radiation patterns. This chapter will provide some background in theory to increase 
comprehension, but is intended mainly to present fundamental engineering data to 
aid in antenna design and evaluation. 

Although phase-scanned arrays are the main topic of the chapter, some con- 
sideration is given to time-delay scanned arrays. There are discussions of pattern 
distortions resulting from grating lobes and array errors and a brief treatment of 
mutual coupling effects. Pattern synthesis is covered in more detail in Chapter 11, 
so the treatment in this chapter is restricted to giving engineering data and some 
examples of the effects of discreting line source data. The results of organizing an 
array into subarrays are presented and several approaches described that achieve 
wide instantaneous bandwidth. 

The discussion of specific devices for arrays is restricted to passive components 
(phase shifters, power dividers, array elements, etc.) and does not include ampli- 
fiers or any of a wide variety of array control systems, mixer steering, or signal 
processing means of pattern control. 
Pattern and Excitation 

The most general form of radiation pattern used in this section is given below. 
Each element at position (*„>„*,) of Fig. 1 is excited by a complex weighting a, and 
radiates with a vector element pattern f so that the total far-field radiated 
field is given by 



„— ik.Ro , 

E(r) = ^2«,f,(0,0)e + ^ 

i 



(1) 



where k = 2jt/A, the vectors r, define the locations of array elements relative to the 
element with index zero, and the unit vector q is the position vector locating the 
observation point P a distance R 0 from the origin at the zeroth element: 
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P(x.y,z) 




Fig. 1. Generalized array geometry. 



q = xu + yv + zcosfl 

r, = xxi + yyi + zz f - (2) 
Ro = k - r 0 \ = Vx 2 + / + z 2 

The direction cosines w and v are 

u = sin 0 cos 0 
v = sin 6 sin 0 

with w 2 + v 2 = 1 . 

In this generalized form the weighting a, is the applied excitation, an incident 
mode amplitude for a transmission-line or waveguide-fed array, or an applied 
voltage for an array of wire elements. The feeding sources are assumed matched to 
their characteristic impedance. The variables f,(0,0) are the radiation patterns of 
each /th element, in the presence of all other elements, and so are called element 
patterns (sometimes termed "active element patterns"). The vector element 
patterns f, are in general different, even in an array of like elements. The difference 
results from the interaction between individual elements and proximity to the array 
edge. In the formal treatment of antenna radiation the element patterns are 
unknowns, obtained by solving an electromagnetic boundary value problem. 

Before leaving the topic of interpreting (1), it should be noted that an alter- 
native but fully as general formalism considers the a t to be the actual (unknown) 
currents for wire elements, or electric fields for slots or apertures. From this 
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perspective, when mutual coupling is considered, the aJ^O,^) are replaced by the 
radiation pattern of the unknown distribution of current or field on the ith element: 
a distribution that is found from the solution of a boundary value problem, and will 
not, in general, be directly proportional to the applied excitations. In the absence 
of mutual coupling, however, the two formalisms are identical. 

Throughout this section the a, will be the applied excitation, as in the element 
pattern formalism described earlier. Furthermore, throughout Sections 2, 3, and 5, 
the element patterns will be assumed equal and isotropic over the hemisphere 
2 = 0, but element pattern distortion will be described in Section 4, in connection 
with array mutual coupling. In addition, it is assumed that all expressions relate to 
the axis of principal polarization, and so the patterns are written as scalar functions. 

The usual purpose of an array is to form a beam at some specific angle in space 
(0o>0o)- 1° the absence of mutual coupling this can be done at all frequencies by 
choosing the excitation 

a t = \ai\e- Jkri '& = \a\e~^ (3) 



with g 0 given by (2) using 0 o and 0 O in the direction cosine expressions. At such a 
point the fully collimated beam field strength is a simple vector summation of the 
element patterns weighted by the amplitudes \a t \ 

E 0 (Ro) = 2 Wo, 0o)kl (4) 

and if the element patterns f, are equal and isotropic, (|f f -| = 1); this is the largest 
possible value of the field E(r) for any given R 0 in the far field. Selection of the 
excitations of (3) is understood intuitively by considering that the projected 
distance to the observer at (R 0 , 0 0 , 0o) is different for each array element by the 
length €; in Fig. 1. Removal of this path length difference will cause the 
contributions from each element to add in phase in the far field. The envelope of 
coefficients \a t \ is the array illumination and is the primary determinant of the 
radiation side lobe levels, just as it is for aperture antennas. 

Time Delay and Phase Steering 

Applying signals of the form of (3) is called time-delay steering because the 
phase of the excitation signals exactly compensates for the time delay of a signal 

: traveling in the projected distances €,-. Time-delay steering results in a fully 
collimated beam at all frequencies, but is extremely expensive, bulky, and lossy 
since it depends on switching relatively long delay lines. For this reason true time 

i delay is not often used at the array element level but more commonly incorporated 
into the feed circuits of arrays divided into subarrays. Examples of subarray 
excitation are described in Section 3. 

\. Alternatively, at some fixed frequency f Q , with wavelength A 0 and wave number 
= 2jt/A 0 , phase weighting can be substituted for the time-delay steering. In such 
a case the weighting factors a t are 

a g = \ ai \e- Jkori '& (5) 
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Eo(r) = e - w - 2fi(e.*)We +/M **-* , * ,) 

which represents exact collimation only at fixed frequencies A = A 0 and is called 
p/iase steering. Most arrays are phase steered, but when wide operating bandwidths 
are required it may be necessary to investigate options for time delay. Section 3 
describes several broadbanding approaches. 

Examples of Array Collimation 

Several examples of array collimation are given below for the arrays of Fig. 2. 
Note m and n are half-integers, ±V£, . . . , to ±{N y - l)/2 or ±{N X - l)/2 for arrays 
with even numbers of elements, or integers, 0, ±1, . . . , (N y - l)/2, etc. 

Periodic Column Array in One Plane 

r m = xx m = xmd xy u 0 = cos 0 0 (6) 



Steering excitation: 



Radiation pattern: 



a m = \a m \e-i k ™ d *«* 



p -jkR 0 



E(r) = ^—2^(^,0)1^1^ 

Periodic Two-Dimensional Array (Rectangular Lattice) 
r,n„ = *md x + yn^, « 0 = sin0 o cos0 o > Vo = sin0 o sin0 o 
Steering excitation: 

a mn = \a mn \e'^ d ^ nd ^ (7) 

Radiation pattern: 

E(r) = ^— 2 f™(0, 0)|a m Je^^"-^> + ^(^- too )] 

Circular Array Section 

The circular array section of Fig. 2c is another characteristic array shape that 
requires a simple regular excitation vector to form a beam in the principal plane 
(0,0): 
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Fig. 2. Common array orientations, (a) One-dimensional array. (6) Two-dimensional 
tangular grid array, (c) Sector of circular array. 



rec- 



r m = xacos0 m + yasin0 m , 0 = xcos0 + ysinfl 
Steering excitation: 

a m = | fl J e -/*o«cos(ft>-* M ) 5 fl = mA 



(8) 
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Radiation pattern: 

E (r) = S ^St-W|fl«l^*^" fc) " faeC ^ ft, " ft,,), 

In each of the above cases the phase steering beam collimation is changed to time- 
delayed collimation by substituting k = 2jzIX for the phase steered term k 0 = 2jz/A 0 . 

Quality of the Array Beam 

The quality of the beam formed by an array is measured by a number of 
factors. Chief among these are the directivity, beamwidth, and side lobe level of the 
array pattern, and the bandwidth over which satisfactory radiation characteristics 
can be obtained. 

The directivity is the ratio of power density at the peak of the main beam 
(r = r 0 ) to the average power density, or in terms of (1): 

D = E(r 0 ) E*(r 0 ) j (47r)" 2 J J * E(r) E*(r) sin 6 d0 d<p (9) 

The integral over 6 is often carried only to nil for most planar arrays with a ground 
screen, as it is assumed that radiation is negligible for 6 > jt/2, which is consistent 
with the assumption of hemispherical element patterns. 

Equation 9 can be reduced to much simpler forms for linear and planar arrays. 

Elliott [1] gives convenient formulas for the directivity of linear dipole arrays 
and derives an especially simple form for arrays of isotropic elements with half- 
wave spacing and currents a m as in (6). 

D = (2 a-)'/ 2 *m 2 (10) 

The directivity is increased by the factor 2 for hemispherical element patterns. This 
expression shows the directivity of a linear array to be independent of scan angle. 
As pointed out by Elliott, this behavior is peculiar to the linear array and results 
from the broad pattern perpendicular to the array axis. As the array is scanned 
toward end-fire the area of this conical shape is reduced and the effect offsets the 
beam broadening in the plane of scan that tends to reduce gain. 

Fig. 3 shows the broadside directivity (dashed curve) of a linear array of eight 
isotropic elements with uniform excitation for various array element spacings [2]. It 
indicates that directivity is a severe function of element spacing. The solid curve 
shown in the figure is the maximum directivity for the array, as derived by Tai, and 
serves to indicate that the directivity of a broadside array is very nearly optimum 
except in the supergain region (dll < 0.5). The reduced directivity occurring near 
dIX - 1 results directly from the radiation of an additional set of primary lobes, 
called grating lobes, which will be discussed in detail later. Since the presence of 
grating lobes is unacceptable for most applications, the directivity of a uniformaliy 
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illuminated roadside array is well approximated by the following expression 
throughout the linear (useful) portion of the curve shown in Fig. 3: 



D = INdIX 



(ID 



™ d ! re ^ tivit y of an ideal P^nar array (one that is perfectly matched and has 
costf hemispherical element patterns) is given approximately by 



D = 32400/B 

where B is the 3-dB beamwidth product for scan angle 6 



B = d x 6 y sec 6 



(12) 



(13) 



with beamwidths given in degrees. 
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2. Patterns of Periodic Arrays 

Array antennas, with their numerous closely spaced elements, provide a 
degree of pattern control not achievable with reflector or lens apertures. Most early 
developments in this area emphasized electronic scanning, but more recently there 
has been substantial effort devoted to producing low side lobe and adaptively 
controlled patterns. 

Characteristics of an Array Scanned in One Plane 

The array illumination determines the pattern beamwidth, side lobes, and 
directivity. In general, the beamwidth is proportional to the inverse of the 
normalized array length, or 

AO = KXIL (14) 

with AO in radians, K a constant, and L denned to be Nd, for N elements in the 0 
plane. This equation gives the half-power beamwidth of this radiation pattern for a 
linear array or in the principal planes of a rectangular array at broadside. Uniform 
illumination (|a f -| = 1), with K = 0.886, produces the highest directivity and 
narrowest beam of any illumination (except for certain special "superdirective" 
illuminations associated with rapid phase fluctuations and closely spaced elements), 
but this illumination produces relatively high side lobe patterns (about -13 dB). 
Selection of various tapered illuminations can result in much lower side lobes, 
accompanied by wider beamwidths and lower directivity. As the array is scanned 
from broadside the beamwidth widens, again like sec0 o except near end-fire. A 
more general formula and a plot of beamwidth versus scan angle are given later, 
but it is important to note that the array beamwidth does increase with scan when 
observed in the (0,0) space. The solid-line curves of Fig. 4 show the radiation 
pattern of an eight-element, one-dimensional array at broadside and scanned to 45° 
(u = 0.7071). The element spacing is 0.5A. The comparison shows that the array 
pattern is invariant in the parameter (dlk)(u - u () ), so that no beam broadening 
or other pattern change is evident when plotted in direction cosine space. The 
observed sec 6 beam broadening factor for large arrays is thus the result of map- 
ping the uniform beamwidth in u space onto the 0 plane. The advantage of plotting 
antenna patterns in u (sin 6) space is that as far as the pattern function is con- 
cerned, there is no need to recompute patterns for any other scan angle. Later we 
shall see that mutual coupling introduces angle-dependent effects that can 
drastically alter the radiation characteristics. 

Similarly, the form of the pattern is not dependent on the spacing dlk, except 
that its scale in u — u 0 space expands or contracts with the choice of spacing d/X. 
This subject is addressed in the next sections. 

Array Lattice Spacings and Comparison With Continuous Line Source — The 0.5A 
spacing used in the array of Fig. 4 was chosen to minimize the effects of periodicity 
and makes that array pattern very little different from that of a continuous 
aperture. Normalized broadside radiation patterns for an N-element array [of 
actual length (N - l)d x ] and a line source of length L are given as follows: 
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Fig. 4. Patterns of uniformly illuminated array and line source- 



Linear array: 



= sm(Njid x uiX) 
/w N sin nd x uik 



(15) 



Line source: 



_ sm{L7tulX) 
m " LnulX 



(16) 



. The radiation patterns for a continuous line source of length 4A and an eight- 
element array of A/2 spaced elements with uniform excitation are shown in Fig. 4. 
The line source pattern differs very little from the array pattern up to the second 
side lobe, and the null positions are unchanged, since these are determined from 
the numerators of the two expressions in (15) and (16). The similarity of these 
expressions makes it convenient to define the length parameter L = Nd for arrays. 

Fig. 5 shows the pattern (solid) of an eight-element array with 4A spacings, as 
compared with the (dashed) pattern of a continuous line source with L = 32A. 
Here the dramatic difference is the occurrence of lobes in the periodic array pattern 
* at the zeroes of the denominator of (15). These lobes, which are called grating 
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Fig. 5. Patterns of uniformly illuminated 64-element array with 0.5A spacing, 32A line 
source, and 8-element array with 0.5A spacing. 



lobes, have the same peak value as the main beam and are located at distances 
pkld x from the main beam in u space, for all integers p that define angles in real 
space (|w| ^ 1). Grating lobes are a direct consequence of the periodicity and 
occur independently of any chosen amplitude distribution across the array. When 
the array is scanned to u 0 they occur at angles 

"p = "o + P forp = ±1,±2, (17) 

subject to -1 ^ u p ^ +1. 

The array factor is thus completely periodic in u space (for \u\ ^ 1), with 
period equal to grating lobe separation {Md x ). The region |w| ^ 1 is called real 
space because sin 6 has a geometric interpretation in this regime. Before leaving 
the comparison of continuous apertures and discrete arrays it should be noted that 
the similarity is maintained almost halfway between the main beam and the 
nearest grating lobe, because it is on this scale that the pattern of the periodic array 
is repeated. Fig. 5 also shows (solid) the side lobe peaks of the 64-element array 
with 0.5A spacing. 

Fig. 6 further emphasizes the pattern invariance in the scale parameters 
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Fig. 6. Patterns of eight-element arrays with -30-dB Chebyshev illuminations: 0.5A spacing, 
and 4A spacing. 



dJu - u 0 )a by showing the patterns of two eight-element arrays with one of 
the low side lobe excitations that will be described in a later section, a -30-dB 
Chebyshev taper. The two patterns are for arrays with d x = 0.5A and 4A. Increasing 
d x shrinks the scale of the pattern and so brings additional grating lobes into real 
space but produces no other change in the pattern. 

Scanning in Two Planes 

Equation 7 gives the pattern of a rectangular planar array like that of Fig. 7a 
scanned in two planes. The occurrence of grating lobes in rectangular-grid two- 
dimensional arrays is directly apparent from (7), where the substitutions 



u p = « 0 + P7- 



Va = v 0 + q -r 



(18) 



leave these expressions unchanged. Not all values of q and p correspond to allowed 
angles of radiation, however, for the direction 6 of radiation measured from the 
array normal is given by 

(19) 



cos 8pq = /l - u p 2 - 
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Fig. 7. Rectangular and triangular grid planar arrays and their grating lobe lattices. 
(a) Grating lobe lattice for rectangular grid, (b) Grating lobe lattice for triangular grid. 

and so real angles of radiation 6 pq require that the allowed values of u p and v q are 
constrained by the condition 

u p 2 + v q 2 <.l (20) 

These points are shown in (u, v) space as a regularly spaced grating lobe lattice 
about the main beam location (u 0 , v 0 ) in Fig. 7a. The circle with unity radius 
represents the bounds of the above inequality; all grating lobes within the circle 
represent those radiating into real space, and those outside do not radiate. 

Fig. 7b shows a triangular array lattice and pertinent grating lobe locations for 
that lattice. In this case, (5) is still valid and there are still grating lobes, but the 
nearest lobes in the azimuth scan plane are removed. The grating lobe locations 
shown in Fig. 7b are given by 
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Fig. 7, continued. 



" P = "o + P J- 



v 0 + q-r 



v 0 



for p = 0, ±2, • • 



(21) 



Pattern Shape and Beam Broadening 

In the previous section it was pointed out that for a periodic array the pattern 
#hape does not change with scan angle if it is plotted in u space, and changes in 
|rray spacing alter only the scale (width) of the pattern. The actual shape of the 
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pattern, its relative width, side lobes, and slope values depend only on the applied 
amplitude and phase illumination. Fig. 8 indicates that one of the major results of 
reducing the side lobes for a given size array is to broaden the beamwidth The 
figure shows three different Chebyshev patterns, with -20-, -30-, and -40-dB side 
lobe levels, and indicates beam broadening factors B = K/0 886 of 1 12 1 29 and 
1.43 relative to the pattern of the array with uniform illumination. In general, then 
side lobes can be lowered by employing tapered array illuminations, but this is 
achieved at the expense of broadening the beamwidth and reducing the array gain 
Fig. 9 gives the beamwidth in degrees for a scanned array with arbitrary taper as a 
function of the array length and beam broadening factor. By using the relationship 



AO = sin-^wo + 0A43BX o /L) 



sin-^o - 0.443 BX 0 /L) 



(22) 



which is valid to within a beamwidth of end-fire. The curves are not plotted beyond 
that point, because the array factor is symmetric about 6 = 90° Here F(0) = 
F(180° - 6) and the pattern for 6 < 90° coalesces with the pattern for 0 > 90° 
to form a broader beamwidth. Elliott [1] gives the expression below for the 
beamwidth at end-fire. Further narrowing of the beam can be obtained using slow- 
wave excitation [3]: a 
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Fig. 9. Beamwidth versus .normalized broadside beamwidth for a scanned array. 

A<9 = 2cos" l (l - 0.443 Bk 0 IL) (23) 

Phased Array Bandwidth 

As indicated in Section 1, most arrays are designed using phase shifters, not 
time-delay units. A phase-steered array establishes a progressive phase front to 
match a wave at a single frequency. At a different frequency the progressive phase 
front corresponds to a wave at a different angle. This effect is shown schematically 
in Fig. 10. 

Equations 3 and 5 give array excitation coefficients for time-delay and phase- 
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Fig. 10. Beam squint for a phase-scanned array, (a) Wavefronts. (b) Beam-pointing 
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steered arrays. Scanning with phase shifters causes the peak gain angle of a 
phase-steered beam to not occur at the established (0o>0o) position except at 
X = A 0 . For example, at center frequency / 0 the interelement phase shift <p Q is given 
by 



<po = -*-d x s\n0 o 4 (24) 

but the interelement phase required for this scan angle at some other frequency is 

0 = ^4, sin 0 O (25) 



The net effect, a beam-pointing error referred to as beam squint, is that the 
beam scans away from the desired 0 O to an angle with sin0 = (A/A 0 )sin 0 O ; this is 
the most significant bandwidth limiting effect in array antennas. 

Assuming an approximate half-power beamwidth KXIL (note K = 0.886 for 
uniform illumination) one can solve for the array bandwidth under the assumption 
that the gain at each frequency limit is reduced to half-power (that the squint is 
equal to a half-beamwidth at each limit). The resulting fractional bandwidth is 
given by 



^f- = 0.886B 
Jo 

and for small scan angles 

f'i (27) 
Jo Kb 

where n B is the number of beamwidths scanned. 

Fig. 11 shows how the 3-dB beamwidth varies with array length and scan angle 
for arrays with arbitrary side lobe levels. 

For very large arrays it is necessary to divide the array into subarrays in order 
that some time-delay correction can be applied for each subarray. This is discussed 
in more detail in Section 3. 

Antenna Pattern Synthesis 

One of the primary advantages of the use of a phased array is the flexibility to 
form desired antenna patterns and so to match the radiation pattern to the technical 
requirement. The theory of antenna pattern synthesis is addressed in more detail in 
Chapter 2, hence the treatment that follows is restricted to remarks about several 
generalized procedures and a listing of relevant formulas and engineering data for 
the special case of low side lobe methods. 
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Fig. 11. Bandwidth scan product versus normalized broadside beamwidth for a scanned 
array. 

General Procedures 

Schelkunoff 's method [4], introduced in Chapter 3, is based on the manipula- 
tion of zeros of the pattern function in the complex plane. The procedure is very 
useful of itself, and in addition is the foundation of computer-based methods with 
great power and flexibility. Elliott [5,6] has described a generalized method based 
on a null perturbation approach to modify the side lobe structure of Taylor and 
Bayliss line source patterns. The procedure develops simultaneous linear equations 
solved by matrix inversion for a perturbed pattern and is repeated iteratively to 
converge to the desired result. 

Fourier series methods can be readily applied to array synthesis problems by 
recognizing that the pattern function 



(A*-l)/2 

E(u) = 2 a m e> kmud < 

m=-(M-l)/2 



m 



= f±V4,±%,..., 
i0,±l,..., 



for M even 
for M odd 



(28) 



is a finite Fourier series and is periodic in u space with the interval of the grating 
lobe distance XI d x . Thus, given a desired field distribution E(u), one can obtain an 
expression for the currents from orthogonality, with 



a - d *[ md ' 
* J -xnd. 



e -H2*/X)ud,m £ ( u ) du 



(29) 



Stutzman and Thiele [7] show the application of this procedure to synthesis of a 
sector pattern. The method provides the least mean squared error approximation 
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to the desired pattern as long as the element spacing d x ^ 0.5/L For closer spacing 
the domain of integration exceeds the visible region, and definition of a pattern 
function is ambiguous. The method provides a convenient test of required array 
size for synthesizing a given pattern, because one can vary the number of terms in 
the Fourier series and observe pattern convergence. 

Synthesis with Orthogonal Beams 

One of the most insightful methods, this approach is particularly useful for the 
synthesis of generalized sector coverage patterns, patterns without nulls, and cer- 
tain low side lobe patterns. The method is due to Woodward [8] and Woodward 
and Lawson [9] and is referenced in several texts, so it will not be described in 
detail here. Although usually carried out for line source excitations, the method is 
very appropriate for array synthesis. It consists of using the multiple orthogonal 
beams of the periodic array as a basis for expanding the desired radiation field. 

If the aperture length of an /V-element array is defined to be Nd x = L,N beams 
will fill a sector of width (N — l)X/L in u space, as shown in Fig. 12. The desired 
shaped pattern can then be matched at N points by selecting the amplitude of each 
beam. The specific patterns shown in Fig. 12 are for N = 8. 

To excite the ith beam the elements are excited by progressive phase 
distribution 

where 



u t = (klL)i = (UN){kld x )i and /, n = ±V4, • ■ ■ , ±{N - l)/2 
The ith beam is given by 

(N-l)/2 
n — — (N— 1 )/2 



= f sin[(^/A)(u-u f .)l l 

LA^sin[(jr^/A)( W - n f )]J W 



The set of beams g,(u) is also orthogonal and occupies the beam positions 
shown in Fig. 12 (the example was done for N = 8). Fig. 12b shows two of the 
normalized orthogonal beams (i = -7/2 and i = +1/2) and clearly indicates that the 
domain of pattern synthesis must be restricted to \Nd x s\n6\ ^ 0.5(/V - 1), for 
beyond that the grating lobes of the outermost beams present an ambiguity that 
leads to significant pattern distortion. One of the most significant results of 
synthesis with orthogonal beams is that the resultant feed networks can be lossless, 
since the progressive phase sequences can be formed by lossless Butler matrices or 
orthogonal beam lenses. 

Section 3 shows an example of the use of orthogonal beams in a subarraying 
feed. configuration to synthesize a pulse-type subarray pattern. . 
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Fig. 12. Orthogonal beams for an /V-element array, {a) Complete set of beams (plotted to 
fir!t zeros). (6) Two orthogonal beams (plotted over domain of orthogonal.ty) with « - 1/2 
(solid) and i = -7/2 (dashed). 



Low Side Lobe Solutions: Basic Formulas and Engineering Data 

Among the most important and useful synthesis procedures ^re those that 
result in minimum beamwidth consistent with very low side lobes. From this c ass 
of methods three of the most important are Chebyshev and Taylor l.ne source 
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methods for symmetric patterns and Bayliss line source synthesis for antisymmetric 
difference patterns. The basic formulas for these three methods follow. 

Dolph-Chebyshev Synthesis 

Based on equating the array polynomial expression to a given Chebyshev 
polynomial, the method [10] synthesizes patterns for an TV-element array (N any 
integer) with the narrowest beamwidth subject to a given side lobe level. A 
characteristic of the patterns is that all side lobes are of equal amplitude. 

The synthesized pattern is given by the expression below for an array of M + 1 
elements, spaced d apart: 

F(z) = T M (z) (32) 

where T M (z) is the Chebyshev polynomial of order M and is defined by 

T M (z) = cosCMcos^z) for |z| ^ 1 

= cosr^Mcosh^z) for |z| ^ 1 (33) 

The parameter z is given by 

z ==' z 0 cos[(jtd/X) sin 0] ' (34) 

where 

z 0 = cosh(A/~ 1 cosh" 1 /?) 

for voltage side lobe level R (SL dB = 201og 10 /?). 

The original formulation of this problem is attributable to Dolph, who derived 
results for A/2-spaced elements. Later Riblett [11] extended the analysis to 
elements greater than A/2. Barbiere [12] derived the expression for z 0 above, and 
derived convenient relations for the currents. Stegen [13] derived the most widely 
used exact expressions for the required current distribution, and extensive 
tabulations of his results are given by Brown and Scharp [14], who also include gain 
and beamwidth values for arrays of up to 40 elements. 

Stegen also gives a formula for Chebyshev array beamwidth, valid for large 
arrays. The following equation, derived by Drane [15], gives the beamwidth (here 
converted to degrees) for an array of length L with side lobe level |SL|(dB) 

BW - ^)(10.314)(|SL| + 4.52) 1/2 (35) 

Fig. 13 shows the normalized beamwidth parameter (L/A)BW (in degrees) as 
a function of side lobe level R as computed from the above equation. Drane also 
gives an equation for directivity for array spacings greater or less than a half- 
wavelength. For spacings greater than A/2 the directivity D is [15] 
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2,R. 2 

° ~ 1 + (X/L)R 2 V^T^ (36) 

This result is in close agreement with the equation of Elliott [1]. For large arrays 
this directivity reaches the maximum value 2R 2 , or 3 dB greater than the specific 
side lobe level. 

Chebyshev patterns have been used for purposes of illustration throughout this 
chapter, and so no additional patterns will be shown here. 

Taylor Line Source Synthesis 

The classic paper by Taylor [16] investigated the synthesis of equal side lobe 
patterns with continuous line source excitations and satisfying the same criteria as 
do the Chebyshev linear array patterns. He showed that the idealized pattern is the 
solution to this problem is not physically realizable but could be approximated 
arbitrarily closely by a function of two parameters, A and n. The family of patterns 
derived by Taylor has the first n side lobes at the desired level, and all side lobes 
beyond the nth fall off as (sin nz)lnz (for z = Lulk) for a line source of length L. 
" The synthesized pattern, normalized to unity, is given by 

n*.A,n)- — (37) 



for z = (L/A)w. 

The zeros of the function are at 
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±oVA 2 + (n - W) 2 for 1 ^ n g « 

(38) 

for /i = ai < 00 

where 



P yU 2 + (n = 

The parameter A is defined so that cosh (jt,4) is the voltage side lobe ratio, or 

A = -i-cosh" 1 /? (39) 
An approximation for the beamwidth is given by 

^^- ^Ttf (40) 

where 

£ 0 = (2/jr)/(cosh~ 1 /?) 2 - (cosh" 1 /?/^) 2 

The current or aperture field distribution necessary to produce this pattern 
family is 

*-\ 

g(x) = F(0,A,n) + 2 X F(m,A,n)cos(2mjix/L) 

m=l for -L/2 ^ x ^ L/2 (41) 

where the coefficients F(z,A,n) are the pattern values of (37) at the integers 
(z = m S n). In abbreviated form these are 

IY/T — 1V1 2 77 ~ 1 

F(m 9 A,n) = ; K — J ' } 11 (1 " rn 2 lz n 2 ) (42) 

\ . (n - 1 + m)\{n - I - m)\ „=\ v ' v / 

These coefficients F(m,A,n) are tabulated in Hansen [17] for various n for side 
lobe levels between —30 and —40 dB in 5-dB increments. 

Fig. 14 shows two Taylor patterns. The solid one is the line source pattern 
computed from (37), while the dashed curve is the radiation pattern of the g(x) 
distribution sampled at the points: (L/N)i for ±i = V^, . . . , (N— l)/2 for an array 
of N elements using the tabulated values of F. The patterns are for a — 30-dB Taylor 
distribution with n = 4 and N = 16. The figure indicates that the sampled line 
source distribution is a very good approximation of the line source pattern, even for 
an array with only 16 elements. 

The practical selection of the n parameter is discussed by Taylor. This- 
parameter must be large enough or the beam will be broader than necessary; n 
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Fig. 14. Taylor n = 4 line source patterns: continuous line source and discrete array pattern 
(N = 16) using sampled Taylor illumination. 

should be at least 3 for -25-dB side lobes, and at least 6 for -40 dB Increasing n 
further narrows the main beam, but supergaining results if it is made too large. 

Bayliss Line Source Synthesis 

E T Bayliss [18] has developed a method of synthesizing line source 
difference patterns that parallel the essential features of Taylor line source 
patterns. The difference pattern is fully described by '^P— 
which completely control the side lobe level and decay behavior. Bayliss method 
results in a pattern of the following, form: 

F( 2 ) = nz cosnz jf [1 - {zloz n f\ / JJ {1 - [*/(« + l / 2 )]} ( 43 > 



where 



z = {LIX)u 
n + Vi 

° = ~1T 

Zh = (A 2 + n 2 )" 2 

Here as in the Taylor method, the first few side lobes are at the design level, 
and Syond about z « \ the s.de lobes decay as . Unlike the Taylor line ^ource 
method, the z A terms are not available in closed form but are given in terms of the 
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coefficients of fourth-order polynomials relating the null positions and side lobe 
levels. The null positions are given by: 

'0 for n = 0 

az n = < ±o£ n for n = 1,2,3,4 (44) 

^±o(A 2 + n 2 ) xri for* = 5, 6, ... 

Bayliss computed and A by iterative methods but presented coefficients 
of fourth-order polynomials to evaluate these constants and the location of the 
difference peak P 0 using Table 1 and the expression 

4 

; polynomial name = 2) c n (SL) n (45) 

«=o 

where SL is the side lobe level in decibels. 

Elliott [19] gives a convenient table of A and for patterns with SL = -15 
through —40 dB in increments of 5 dB. The table is given here as Table 2. 

The line source excitation required to produce this pattern is given by 



g(x) = S B n sin[(2nx/L)(n + V4)], -LI2 ^ x ^ L/2 (46) 
with Fourier coefficients 



Table 1. Polynomial Coefficients 



Polynomial 



Name 




C\ 


c 2 


c 3 


c 4 


A 
Si 

& 
Pi) 


0.303 875 30 
0.985 83020 
2.003 37487 
3.00636321 
4.005 18423 
0.47972120 


-0.05042922 
-0.033 38850 
-0.01141548 
-0.00683394 
-0.00501795 
-0.01456692 


-0.00027989 
0.000 14064 
0.00041590 
0.00029281 
0.00021735 

-0.000187 39 


-0.00000343 
0.00000190 
0.000003 73 
0.00000161 
0.00000088 

-0.00000218 


-0.00000002 
0.00000001 
0.00000001 
0.00000000 
0.00000000 

-0.00000001 



Table 2. Values of A and 



Polynomial 






Side Lobe Level (dB) 






Name 


15 


20 


25 


30 


35 


40 


A 


1.0079 


1.2247 


1.4355 


1.6413 


1.8431 


2.0415 




1.5124 


1.6962 


1.8826 


2.0708 


2.2602 


2.4504 


£2 


2.2561 


2.3698 


2.4943 


-2.6275 


2.7675 


2.9123 


' S3 


3.1693 


3.2473 


3.3351 


3.4314 


3.5352 


3.6452 


$4 


4.1264 


4.1854 


4.2527 


4.3276 


4.4093 


4.4973 
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Bm = ^-xrim + k) 2 n u - K m + 1/2 > /a2 



„] 2 } / 



n {i - [( m + ^) ; ( n + i/2) j } 



(47) 



n=0 
n=tm. 



form = 0,1, Also - 

B m = 0, for m S n 

Fie 15 shows two Bayliss patterns. The solid one is computed directly from 
(43)^ LtheTne source pattin, while the dashed on eis the.diat.on pattern of 
he g(x) distribution sampled at the points (LINi) for ±« - A, A, . . • , ly 
Patterns are for a -30-dB illumination with n = 4 and N - lo. 
AuS* the d scretized pattern is a good approximation to the line source 

patterns. 




Fig. 15. 
pattern 



Bayliss n = 10 line source patterns: continuous line source and discrete array 
(N = 16) using sampled Bayliss illumination. 
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3. Array Organization: Subarrays and Broadband Feeds 

Often it is convenient to treat a large array as an array of smaller arrays This 
is done to simplify power distribution networks, to incorporate low-power light- 
weight, or compact circuitry that may have high losses, to integrate amplifier'stages 
into the feed network, or to introduce time-delay networks to improve the 
broadband properties of the array. 

Grouping the array into subarrays may be quite advantageous, but for several 
reasons it tends to increase the array side lobe level. In Section 4 it is shown that 
random errors in subarray excitation result in larger side lobes than errors at the 
array elements because there are so few subarrays. Furthermore, the periodic 
phase errors that occur in arrays of equal-size time-delayed subarrays produce 
grating lobes in the array factor. Techniques for producing wide-band behavior 
with an array of phase-steered elements are described in this section. 
Aperture I Humiliation Control at Subarray Input Ports 

One example of an application of subarrays is shown in Fig. 16. An array of 
m x M elements is divided into m arrays of M elements each. For simplicity the 
identical M-way power dividers provide in-phase, equal-amplitude output signals 
The m-way beamformer provides feed coefficients a t applied at the subarray ports 
Since the subarrays are formed by equal-amplitude power dividers the array 
illumination has a staircase appearance shown in the figure, with steps at the a t 
level. The normalized radiation pattern at center frequency, unscanned, is 
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Fig. 16. An array of contiguous uniformly illuminated subarrays with -30-dB and -40-dB 
Chebyshev array illuminations. \a) Array illumination (-30-dB case) for eight subarrays 
with eight elements each, (b) Subarray pattern and array factor (for -30-dB case) (c) Total 
array pattern for -30-dB case (-40-dB case shown partially). 
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b,\r) = - ^ — a > np j'(2jt/A)uD x rAO>i 

m Ms\ n \nu{d x IX)] i= _^ l)n a ' e ( 4 «) 

Fig. 16 shows the pattern for a 64-element array with M = m = 8 and with the 
coefficients a t shown in Fig. 16a selected to produce a -30-dB Chebyshev array 
factor The final pattern, shown in Fig. 16c, is the product of the array factor 16b 
(solid) with low side lobes but large grating lobes and the subarray pattern 16b 
(dashed), and exhibits characteristic split grating lobe peaks that occur because of 
the broadened beamwidth of the low side lobe array factor. If the a, coefficients 
were chosen for still lower near side lobes, the main beam and grating lobes in the 
array factor would broaden further and the subarray pattern nulls would be much 
narrower than the width of each grating lobe, thus leading to increased values of 
the split-peak grating lobes. Sample values corresponding to the -40-dB Cheby- 
shev results are indicated dashed on the figure. 

The above grating lobes could be lowered by using more and therefore smaller 
subarrays. The end result would be to broaden the subarray pattern nulls and so 
reduce the product of subarray pattern times array factor in the vicinity of the 
grating lobes. 

In all ' of the cases treated in this section the (grating lobe peaks can be 
suppressed by using unequally spaced subarrays. This modification leaves higher 
average side lobes than the array would have without subarraying, but is often the 
method selected for introducing time delay in a large array. 

Wideband Characteristics of Time-Delayed Subarrays 

The bandwidth limitations implied by (26) are often reasonable for small arrays 
but are usually too restrictive for large arrays. For this reason it is common practice 
to combine phase and time-delay steering by organizing the array into a relatively 
small number of subarrays and to use time-delay devices at the subarray input ports 
and phase steering at all the array elements. The resulting array bandwidth is a 
compromise between the cost of providing time-delay devices for a large number of 
subarrays and the pattern deterioration and bandwidth limitations of dividing the 
array into too few subarrays. 

Contiguous Subarrays of Discrete Time-Delay Devices 

The array of contiguous subarrays (Fig. 17) is conceptually simpler than other 
subarray approaches, and uses separate distribution networks to feed adjacent 
sections of the array. Phase shifters control the subarray pattern to produce a beam 
tilt, and the time-delay devices produce true time delay between the subarray 
centers. Fully equivalent is an array with time-delay devices behind each element 
but with only a fixed number of discrete time-delay bits. The situations are 
mathematically equivalent if the number of available time-delay steps is made 
equal to the number of subarrays. In this case, for equal-size subarrays the 
following results give peak grating lobe levels. 

To consider an example, assume a one-dimensional array of elements spaced 
d apart, with element pattern e(u, v). The elements are grouped into subarrays 
of M elements: The entire array has m equally spaced subarrays. Each of the 
subarrays has a subarray pattern that is the same as the middle term in (48) and 
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*b u = sin e 



Fig. 17. Broadband characteristics of an array with time delay at subarray level, and 
contiguous phase-steered subarrays. (a) Array geometry, showing wavefront at center 
and off-center frequencies, (b) Patterns of 64-element array with phase shift steering, 
(c) Patterns of array organized with eight time-delayed subarrays. 
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Fig. 17, continued. 



when these subarrays are arrayed with time delay appropriate for beam collimation 
the complete field pattern is given by the expression 



E(r) = e(u J s ™W*d x (ulX - u 0 IX 0 )} } f sin[(mjzD x a)(u - u„)] ] 
[M sin[jTd x (u/X - u 0 IX^)j\msm[{nDJX){u - u 0 )]\ 



(49) 



where D x = Md x is the subarray size. 

This expression shows the total field as the product of element pattern phase- 
steered subarray pattern, and time-delayed array factor. If the array were purely 
phase controlled, with M x M elements each spaced d x apart, its bandwidth given 
by (26) would be 



A/ 



Kk 0 



Mmd x sm 6 0 



(50) 



In its present subarrayed form, however, the time-delayed array factor exactly 
colhmates the subarray contributions at all frequencies, and the system bandwidth 
is essentially the same as the subarray bandwidth: 



41 

fo ' 



KX 0 



Md x sm6 Q 



(51) 



For example, an array of ten subarrays of ten elements each has approximately ten 
times the bandwidth of the phase-steered array of one hundred elements. 
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The above description emphasizes bandwidth based on gain, but in fact 
subarraying can introduce severe pattern degradation in the form of grating lobes 
that arise as frequency is changed. Grating lobes exist in this case, even though the 
subarray phase centers are appropriately delayed to form a beam at 0 O - This is 
because each subarray has a phase squint that causes the peak of the subarray 
pattern to move off the position 0 0 and the subarray pattern nulls to move so that 
they do not suppress the array pattern grating lobes. Fig. 17 shows the pattern of a 
uniformally illuminated array of 64 elements, arranged in subarrays of 8 elements, 
with each element 0.5A apart. The array is scanned to 45°. In Fig. 17b, the array is 
steered by phase controls alone, and its main beam squints from the desired 45° to 
40° for /// 0 = 1.10. Fig. 17c shows that the same array with time delay at the sub- 
array input ports exhibits no beam squint, but that large grating lobes (about 8 dB 
below the main beam) seriously distort the pattern and cause a loss of gain at 
•///o = 1.1. Grating lobes at f/f 0 = 1.05 and 1.025 are shown dashed and dotted, 
respectively. Clearly, the use of contiguous time-delayed subarrays leads to 
intolerable pattern deterioration for all but extremely small fractional bandwidths. 

Overlapped Subarrays 

A technique for implementing time-delay steering at the subarray level without 
the occurrence of large grating lobes involves the synthesis of subarray illumina- 
tions that are not merely contiguous but actually overlap. By using an aperture 
illumination wider than the intersubarray period it is possible to produce subarray 
patterns that have flat tops and are narrow enough to suppress the array pattern 
grating lobes [22]. This synthesis is achieved using two back-to-back transform 
networks in order to form a number of flat-topped subarray patterns, using the 
orthogonal beams as in a Woodward-type synthesis. The transform networks could 
be Butler matrices, as described here, or confocal lenses (Fig. 18), or reflectors, or 
some combination of these. 

Fig. 18a shows the basic configuration of two Butler matrixes back to back used 
to excite an array that has phase shifters at each array element. The phase shifters 
are controlled in accordance with (24). A signal applied to the ith input port of the 
matrix at right (the M x M matrix) produces a progressive set of phases at the N 
array elements and radiates with the pattern 



a (u) = Nf e (u) ^H{NndJ^){fulf 0 Z "/)] (52) 
where f e (u) is the array element pattern (assumed equal for all elements) and 

Ui = ij^ + u 0 (53) 



Each of the orthogonal beams is displaced from the angle of its peak radiation 
with all phase shifters set to zero by the amount u 0 . When the matrix at left is used 
to provide the signals at the input to the M x N matrix at right, each input J m 
excites a whole set of signals /„„, given by 
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Fig. 18. Constrained and space-fed systems for overlapped subarray formation, (a) Con- 
strained network, (b) Space-fed network. 



/ — m „j2jz{m/M) 



(54) 



The aperture illumination (phase scanned to u 0 ) corresponding to the mth 
subarray is, for each nth element of the /V-element array, 

1 (M-l)K 

;(") = p -K2jrUo)uo V / --/2jt(«//V)i 

K/V /= -(Af-i)/2 



= yvy m e^< 2jrM °)^sinAf7r[(mA/ - nM)/MN] 
]fNM M sin n[(mN - nM)/MN] 



(55) 
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This illumination has a maximum at the element with index n = m(AVM), 
and overlaps all the elements of the array. An example of one such subarray 
illumination is the dashed curve of Fig. 19a for the subarray (m = 4) of an array of 
64 elements (N = 64) with 111 separation. The array has eight subarrays (M = 8). 

The radiated subarray patterns are given by 

fm(u) = 2 IimgiW 
i 

= NJ m r(u) < M y 1)/2 ^^( sin[(NndM(fu/f 0 - Ui )] \ 
>■ VMN i—fc-w \Nsin[(7td x a 0 )(fu/f 0 - Ui )]J 

This expression is a sum of M orthogonal pencil beams arranged to fill the sector, 
and taken together to form a flat-topped pattern for the mth subarray, which is 
shifted in angle so that its center is at Uq at center frequency. 

Fig. 19b shows two subarray patterns at center frequency for the same 64- 
element array. The selected subarrays are an edge (m = —7/2) and one of the two 
central subarrays (m = 1/2). The edge subarray has higher side lobes and a highly 
rippled pass region because its illumination is truncated at the array edge. 
*' The array excitation with all subarrays excited is 

(Af-l)/2 

; •?„= 2 J m & m) (57) 

w=-(Af-l)/2 

where the are giveri in (55). An example of such a composite excitation is 
shown in the solid curve of Fig. 19a, for all subarrays weighted with a -30-dB 
Chebyshev illumination. This excitation is much smoother than the illumination 
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Fig. 19. Broadband characteristics of an array with time delay at the subarray level and 
completely overlapped phase-steered subarrays. (a) Typical subarray illumination at 
radiating aperture and total illumination from eight subarrays with -30-dB Chebyshev 
weighting, (b) Radiated subarray patterns near array edge and array center, (c) Array 
^radiation pattern at broadside and 45° scan (/ = / 0 ) and 45° scan (/ = M/ 0 ). 
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shown in Fig. 16a, which shows the same weightings applied to an array of con- 
tiguous subarrays. So it can be expected that the side lobes would be lower for the 
overlapped subarray case. 

The radiated array pattern is given by 

(M-l)/2 

F(U) = X JmfmW (58) 

To scan the array beam to w 0 with time delay, one applies the signals 

J m = \JJe-tQ"* i >?* f '*- iyu * (59) 

where D x = {NIM)d x is the distance between subarray centers at the array face. 

The absolute values of the input signals \J m \ are weighted directly to provide 
the appropriate near side lobe distribution. 

Figs. 19c and 19d show several array patterns for the array with the -30-dB 
illumination. As shown in the figures the side lobe levels exceed —30 dB because of 
the rippled subarray patterns. At center frequency (f/fo = 1) the pattern scanned 
to u = 0.707 (45°) has the same form as the broadside pattern, and even at 10 
percent above center frequency (f/fo = 1.1) the main beam is not altered in 
location or gain, though the side lobe structure is. 

The bandwidth of such a subarraying is on the order of 

A£ a (M-DA-J- (60) 
f 0 N d x sm0 0 

Overlapped subarray systems have been implemented using multiple-beam 
lens systems [22,23,24] and Butler matrix [25] networks. With the emergence of 
digital beam-forming technology it is likely that it will be convenient to form sub- 
arrayed patterns digitally for future system applications. 

The networks described above produce completely overlapped subarrays; each 
subarray extends over the whole array. However, convenient networks have also 
been developed to overlap small groups of elements. Such techniques form 
approximations of the ideal flat-topped pattern and are useful for limited scan 
applications [26,27]. 

Broadband Array Feeds with Time-Delayed Offset Beams 

Equation 26 gives the fractional bandwidth of a phase-steered array as a 
function of its beamwidth and the maximum scan angle 0 0 . The bandwidth can be 
relatively large if the array scan remains small, so that the product (L/A o )sin0 o 
does not become a large number. Similarly, if an array is fed by a system that 
produces a time-delayed beam at some angle 0 r , and the beam is phase steered to 
an angle 0 0 by phase shifters, then the bandwidth is given by 

Af = 0.866ffAo 
/o L|sin0 r - sin0 o | 
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fixed^£Jt q ? ati °S f OW f u h3t by USing 3 feed svstem that P rov ides a number of 
™!l tIme ; dela y ed beams it is possible to scan those beams over the Tm.ted 
angular reg,ons between the beams, and so operate over substantially in™ ^ 
mstantaneous bandwidth. One such implementation, sZ^X roZ^Z" 

IZnt l 1 ] n " md T e , d i0 Rg - 2 ° 3 ' Which shows an a ^ve lenswith four feed 
horns equally spaced along the focal arc of a two-dimensional microwave-co ns 
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Fig. 20. Wideband scanning using phase shifter and fixed time-delayed beams (a) Micro- 
wave lens configuration, (b) True time-delay matrix. W 
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trained lens. Energy from a transmitter can be directed to any one of the horns by 
means of the switching tree. Each horn, in turn, will form a beam in a different 
azimuth direction for the zero phase shifter setting. A typical beam for the Mth 
horn is sketched as the solid curve (Mth beam). As the phase of the lens 
illumination is changed by the phase shifters the beam scans to either side of its 
no-phase-shift position. This effect is illustrated by the dotted curve (phase-scanned 
Mth beam). The bandwidth limitation imposed by this phase scanning is given by 
the following equation, with 0 0 the maximum scan angle and N the number of beam 
positions (4 for the example in the figure). The system bandwidth, given below and 
readily derived from (26), is wide because of the limited scan angle: 

A/ _ 0.886BN 

fo " (L/A o )sin0 o (62 > 

e Other means for achieving fixed offset beams include the use of constrained 
multiple-beam systems, such as the true time-delay matrix of Fig. 20b, or precut 
switched time delays at each array element. In addition to providing wideband 
gain, systems that use offset beams have no phase discontinuities and therefore no 
grating lobes. In principle they can have very low side lobes. 

4. Practical Arrays 

The previous sections on periodic arrays treat the array in an idealized case, 
with perfectly regular lattices, prescribed exact phase controls, half-space isotropic 
element patterns, and, most importantly, with all element patterns equal. 

This section deals with a number of problems that confront array designers. 
Array mutual coupling leads to unequal element patterns and to a need to solve 
coupled integral equations before applying any of the synthesis methods mentioned 
earlier. Conformal nonplanar arrays have lattices that are, at most, periodic in one 
plane, and so present special problems in synthesis and pattern control. Finally, 
the section addresses array component errors of several types, and it reviews 
components used to distribute power and scan the beam of a phased array. 
M utual Coupling and Element Patterns 

One of the most important and complex aspects of modern array design is that 
element excitation coefficients are not proportional to applied sources (voltages 
or currents) and that the element patterns are nonisotropic and not equal to the 
pattern of an isolated element. These phenomena occur because each of the 
elements couples through radiation to all of the others, and hence the relationship 
between applied sources and element excitation must be expressed in terms of a 
complex matrix. This phenomenon is called mutual coupling. 

A detailed treatment of mutual coupling is beyond the scope or intent of this 
chapter. The solution of wire antenna problems, such as the dipole array of Fig. 
21a, is carried out by satisfying a boundary condition (usually that the tangential 
electric field is zero) at the surface of the wire and equal but opposite to the applied 
field at the source point. For the dipole array of Fig. 21a, with dipole axes along the 
y direction and their centers located at (x m ,y m ,c/2) with and without a ground 
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= f I m (y')G(r,r')dy' 



(63)' 



where 



G(r,r') = 



-/^oIr-r w | 



r - r, 



k - r„,| = ]/( x - Xm ) 2 + - 7p + ( 2 I c/2 )2 
for the array without a ground plane, , and 

G(r,r') = ■ . 

Ir - rj |r - r£>| 

k " r£>| = ]/{x - x m ) 2 + (y - yf + ( 2 _ c/2) 2 



for the array with ground plane at z = 0. 

The second expression accounts for the image dipole at z = -c/2 

HinJ. ° f integra ' ec * uations equating the tangential E field to zero at each 
dipole radius is written at the nth dipole » 

E y (x n ,y,cl2) = -V^6(y - y n) = -y§[^ + ^Ay], 

for -all g y-y n s a / 2 (64) 

^urne^t"! h^ e H P n te r tia ' ^ the SOUrCe 3t the mh antenna The source is 
dSTtnd th/ P 61 3 fUnCt '°" ° f thC C,eCtric fie,d loca * d at the <*nter of each 
field ai this po t " S6tS ' fi£ld £qUal t0 the negative ° f the SOurce 



Periodic Arrays 



13-43 



In this form the integral equation is often called Pocklington's equation and 
is frequently chosen for digital computer solution of dipole and wire antenna 
problems. In this procedure each dipole is considered as made up of a number, 
of connected segments, with each segment radiating and coupling to all other 
segments in all of the radiators. For detailed descriptions of this procedure the 
reader is referred to [29] and [30]. 

. Another traditional form of equation for dipole arrays is obtained by 
constructing a solution to the above differential form to obtain a generalized form 
of Hallen's equation [31]: 



A y (x n ,y,z n ) = 4->coB^ + cp>sin*y-y^^sinfcy, 0^y-y n ^a/2 
= #>cos ky + c^sin ky + ; y ^ sin ky , -all ^y-y„^0 



(65) 



The potential A y on the left side of the equation is evaluated at the center line 
of each dipole (using |r - r,„| = [e 2 + (y - y') 2 ] l/2 for n = m). The evaluation of the 
potential function in this manner is valid for thin dipoles (with e much less all other 
dimensions, including wavelength) and assumes the potential outside of and even at 
the surface of the dipole is the same as if there were a filament of current at the 
dipole axis. 

v The constant c 4 is equal to c 2 . 

The above is a set of M integral equations, written along each dipole, and 
consisting of M unknown current functions and 3Af constants (c\ n \ c?\ c 3 n ) that 
arose from the integration of the integrodifferential equations. The solution of the 
abbve equations is necessarily approximate and there have been numerous forms 
of published solutions, each with different degrees of validity and complexity. The 
simplest approximation is one that assumes that the form of the current distribution 
isfthe same on all dipoles, 



I m (y) = I(m)f(y) 



(66) 



This approach is most appropriate for resonant dipoles with their source points 
all in the same plane (y n = 0). Examples of this sort of solution exist in the 
literature and have been carried out by assuming a form f(y) and solving the 
resulting simultaneous equations. 

The end result after elimination of constants is an impedance matrix 



V = ZI 



(67) 



with column vectors I and V and square impedance matrix Z that one can use for 
computation of currents, given applied voltages, or, in the case of synthesizing 
j required antenna patterns, can be used to compute the required voltages to provide 
" desired current terms. Commonly used single-mode impedance formulas are given 
by Brown and King [32], Carter [33], and Tai [34]. 

King and his colleagues have employed several higher-order solutions that are 
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more realistic for computing near-field effects or coupling between column arrays 
of dipoles with parallel axes. The most comprehensive of these is the five-term 
theory [35,36] that includes asymmetric current terms for evaluation of the 
radiation properties of arrays scanned in two dimensions. 

Of these two basic methods, the expansion of the current by a finite number of 
functions that span the entire dipole or by a piecewise approximation in sections 
across the dipole, solutions based on higher-order current expansions have to date 
seen far wider application to large arrays than the multisegment solutions, because 
the former involve the inversion of much smaller matrices. 

Finite waveguide arrays can be treated in a similar manner. In this case there 
are no electric current sources in the half-space z ^ 0, and the only sources are the 
magnetic current sources as represented by the tangential aperture fields. In this 
case there is no single vector component that serves to completely represent the 
fields except for special two-dimensional cases. In general, however, for a finite 
waveguide aperture the solution is vector and is formulated by expanding the 
aperture field in a set of functions and matching fields in the waveguides and free 
space. For open-ended waveguides it is convenient to choose as basis functions the 
waveguide normal-mode fields, and for unloaded rectangular waveguides one can 
choose the orthogonally polarized transverse electric fields. The transverse electric 
field for the waveguide at the origin of the coordinate system of Fig. 21 is 

E r = e 0 (jt,y)e-^< 0 > 2 + 2 Vne n (x,y)e+ ik ' in)z (68) 

where the e n (x,y) are the transverse-mode functions for the two possible 
polarizations, the k z (n) are the modal propagation constants, and V n are undeter- 
mined modal amplitude coefficients. This expression represents a single incident 
mode in the waveguide and an infinite series of reflected modes. Typically all but 
the k z (0) propagation constants are imaginary, indicating that those are beyond, 
waveguide cutoff, but they enter into the solution to match boundary conditions. 
The solution proceeds by expanding the transverse magnetic waveguide fields in 
terms of these and writing the half-space fields (z > 0) as the aperture field. Con- 
struction of the free-space Green's function ensures that the tangential E field is 
continuous, and imposed continuity of the magnetic field components results in a 
vector integrodifferential equation 

z x B(z = 0")= z x B(z=0 + ) 

= j2(oez x X?V^')-(z x E)ds' (69) 

where the free-space dyadic Green's function is given by ^ f 

* * * 

f °(r.r') - (u + pw)c(r.r') 

where 
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e -jk\r-r'\ 

G(r,r') = 47r!r _ r ,, 
• r - r' = V(x - x'f +(y- 77 + ** 

is the scalar Green's function. The unit dyad U is denned in rectangular coordinates 
as 

U = xi + yy + 

i. . 

The magnetic field B for z = 0 can be obtained from the expansion (68) using 
waveguide modal admittances. By following Galerkin's procedure the above can 
then be reduced to a matrix equation and solved for aperture fields. The details of 
this procedure will not be carried further, but are described in a number of 
available references [37,38]. . 
i Waveguide array solutions using single-mode approximations in each aperture 
have much more limited applicability than the simple theories for dipole arrays. 
Single-mode waveguide coupling solutions fail to predict blindness effects (see next 
section) but can be used successfully for small arrays and for relatively closely 
spaced elements at scan angles far from the grating lobe onset. Single-mode 
solutions have also been used by Golden [39], Steyskal [40], and others for 
elements conformal to curved surfaces. 

. . Fig 22 [41] shows several of the most significant effects due to mutual coupling. 
Fig 22a shows the element pattern of the central element in an array of N parallel 
plane elements with the incident waveguide fields in the plane of scan. The 
presence of multiple ripples in the element pattern is due to reflections from the 
array edge, as indicated by the higher angular frequency for increased N. The 
infinite array results, also shown in the figure, demonstrate element pattern 
narrowing due to mutual coupling that forces the pattern to be zero at the horizon^ 
Fig 22b shows the associated reflection coefficient for the central element and 
again evidences the rippling effect for finite arrays and the unity reflection 
' cbefficient for the infinite array model at end-fire (about V = 140°) and throughout 
the slow- wave region rp > 140°. 

I Array Blindness 

• In certain circumstances it is possible to have mutual coupling effects that 
actually create a null in the array element patterns so that the array cannot transmit 
i energy in given directions. . 

Fig 23 shows the basic phenomena as described by Farrell and Kuhn [42, 43] in 
'the first published analytical work on the subject. The figure shows a measured 
deep null in an element pattern of a waveguide array and compares the data with 
results computed using a single-mode grating lobe series for an infinite array and a 
full modal array solution. The null is due to the cumulative effects of mutual 
coupling and can be related to surface wave type behavior at the array face. In 
many cases the existence of the null is understood as a cancellation process 
involving waveguide higher-order modes, and this is why the single-mode grating 
lobe solution bears little correlation to the data in Fig. 23. In the years since this 
rnitiai discovery these blindnesses have been found in most waveguide array 
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Fig. 22. Element patterns P(0) arid reflection coefficients /? of center elements in unloaded 
waveguide array (b/X = alk = 0.4). (a) Radiation patterns, (b) Reflection coefficients. (After 
Wu 141 J, © 1970 IEEE) 



Periodic Arrays 



13-47 




0 0.1 0.2. 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

H- PLANE sin 6 



Fig. 23. Array element power, pattern showing array blindness. {After Farrell and Kuhn 
,142, 43), © 1968 IEEE) 

configurations and in some dipole and stripline arrays [44]. The problem can 
usually be reduced or eliminated by keeping the element lattice dimensions d x and 
% small enough so that grating lobes are well beyond the maximum scan angle 
|iroughout the operating frequency range [45]. 
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Reported blindnesses in dipole arrays seem to be related to the presence of 
dipole supports. Analytical studies of infinitedipole arrays [46] without supports 
do not exhibit array blindness. Mayer and Hessel [47] analyze a stripline dipole 
structure and show that for practical spacings the balanced stripline dipole feed 
structure supports a propagating TM mode in addition to two TEM modes. The 
TEM mode propagation constant is scan dependent, and for certain parameter 
selections it occurs before the onset of the grating lobe. It is conjectured that this 
mode might be the cause of blindness in dipole arrays. 

Experience with array blindness has led to the practice of performing infinite- 
array studies, measuring the array element in simulator, or fabricating a small array 
for element pattern tests before embarking on the construction of a large array. 
Multimodal infinite array solutions are far simpler to obtain than multimode 
solutions for large arrays and such solutions have been obtained for many array 
types. Fig. 24 shows a few of the basic array configurations for which infinite array 
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Fig. 24. Several configurations with existing infinite array solutions, (a) Rectangular wave- 
guide array, (b) Circular waveguide array, (c) Ridge loaded waveguide array, (d) Protruding 
dielectric waveguide array, (e) Dual-frequency array. 
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solutions are published. Included in the figure are flush mounted arrays of 
rectangular [48] and circular [49] elements, ridge loaded elements [50,51,52], 
protruding dielectric (TEM solution) [53], and a dual-frequency dielectric loaded 
configuration [54]. Among other published solutions are numerous interlaced 
multiple-frequency configurations [55], examples of dielectric loading [56], iris 
loading [57] and fence [58], and corrugated plate [59] loadings for impedance 
match, as well as several very wide band configurations for waveguide [60] and 
stripline [61]. In addition there have been a number of infinite dipole array 
solutions published [62]. 

Conformal Arrays 

The need for conformal or low profile arrays for aircraft and missile applica- 
tions, and for ground-based arrays with 360° azimuth coverage or hemispherical 
coverage, has grown continually with requirements that emphasize maximum 
utilization of available space and minimum cost. The earliest and continuing 
stimulus for cylindrical and circular array development is the need for inexpensive 
systems with mechanical or electronic scanning with constant gain throughout the 
360° coverage sector. There are also a number of spacecraft and aircraft applica- 
tions requiring low profile or conformal arrays. Fig. 25 shows a possible con- 
figuration of an airborne array for satellite communication. 

Array elements on curved bodies point in different directions, and so it is 
usually necessary to turn off those elements that radiate primarily away from the 
desired direction of radiation. For this reason also, one cannot factor an element 
pattern out of the total radiation pattern and therefore conformal array synthesis 
is very difficult. In addition, mutual coupling problems can be severe and difficult 




Fig. 25. Conformal array geometry for 2A arc array on cylinder. 
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Fig^26. Patterns of slots and arrays on cylinders, (a) Patterns of a thin axial slot in a 
perfectly conducting cylinder. (After Pathak and Kouyoumjian [63], © 1974 IEEE) 
(b) Element patterns for dipole arrays on a cylinder. (After Herper et al. /68J, © 1980 IEEE) 



to analyze because of the extreme asymmetry of structures like cones and because 
of multiple coupling paths between elements (for example, the clockwise and 
counterclockwise paths between two elements on a cylinder). Cross-polarization 
effects arise because of the different pointing directions for elements on curved 
surfaces causing the polarization vector projections to be nonaligned. There is also 
a need to use different collimating phase shifts in the azimuth plane of a cylindrical 
array scanned in elevation due to the fact that steering in azimuth and elevation 
planes is not separate. Another phenomenon related to mutual coupling is the 
evidence of ripples on the element patterns of cylindrical arrays. This phenomenon 
can be explained in terms of creeping-wave contributions. 

The behavior of slot and dipole elements is altered by the presence of the 
curved surface. Pathak and Kouyoumjian [63] give a very convenient extension of 
the geometrical theory of diffraction (GTD) for apertures in curved surfaces. Fig. 
26a shows the patterns of an axial slot element in .perfectly conducting circular 
cylinders of various radii, as computed by Pathak and Kouyoumjian. The pattern 
compares the exact solution with that obtained using the appropriate GTD 
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Fig. 26, continued. 



expressions in several regions of space, and shows the GTD formalism to be highly 
accurate, even for relatively small cylinders. The figure also emphasizes the way in 
which the finite cylinder alters slot element patterns, for a similar slot in a flat 
' ground plane would have a constant radiation pattern from 0 = 0° to 180°. A 
number of other references give the radiation patterns of slots and dipole elements 
on a variety of generalized surfaces [64,65,66]. 

Arrays of slots or dipoles on curved surfaces also behave differently from those 
on plane surfaces, and often have highly rippled element patterns [67] that make 
Jow side lobe synthesis impossible. Fig. 26b, however, shows that the rippled 
element pattern characteristic shown for a dipole array over a cylinder does not 
occur if the element spacing is restricted to about a half-wavelength [67]. The 
unwelcome rippled effect shown for larger spacings has been attributed [67] to 
interference between the grating lobe of the fast creeping wave and the direct ray. 
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At XI2 element spacing this grating lobe does not radiate, and the resulting element 1 
patterns are free from ripples. 

Cylindrical arrays can have low side lobe patterns, but it is important to 
maintain close element spacing and not to wrap the array too far around the 
cylinder. Fig. 27 shows the results attributable to Sureau and Hessel [67] that 
illustrate both of these effects. This figure shows that for the array with elements 
wrapped entirely around the cylinder, doubling the size of the excited sector of the 
array only increases the gain by 1 dB due to inefficient radiation of the edge 
elements. The narrowed array element patterns, also shown in the figure, 
emphasize the fact that edge elements are required to provide coverage at the outer 
limits of their active element patterns. 

Array Errors and Phase Quantization 

The ability of an array to create a desired antenna pattern in space is limited by 
diffraction effects resulting from finite antenna size, by element pattern ripple, and 
by random and correlated errors in the array illumination. ; 
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patterns used for given arc. (After .Sureau and Hessel [67J, © 1972 Artech House) i . 
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. In the case of an array with random phase and amplitude errors, and including 
randomly failed elements, the average side lobe level far from the beam peak is 
given by [69,70] 



a 2 = 



e 2 
P e Nrj 



f(l - P e ) + A 2 + P e 6 2 ] 
P.Nr, 



(70) 



where 

* A 2 = the amplitude error variance normalized to unity 

3 2 = the phase error variance 
/ e 2 = the error variance 

P e = the probability of survival for any element in the array 
' ' 7] — array efficiency 

N = total number of elements 



! This equation gives the normalized side lobe level relative to the average array 
gain. The failed elements in the array are assumed to be randomly located, and the 
average value of the phase and amplitude errors is assumed to be zero. The side 
lobe level above should be considered the average of a number of antenna patterns, 
not the average level of any one antenna. 

If the broadside, no-error gain of an array with elements A/2 apart is nP e Nr], 
the side lobe level is given from (70) as 



o 2 = Jte 2 IG 



(71) 



in terms of the gain G and the error variance. 

Peak side lobe levels are also given in the literature. A convenient result is 
'obtained when the errors are sufficiently large compared to side lobes or null 
depths that structured minor-lobe radiation is negligible and the statistics of the 
field intensity pattern are described by a Rayleigh density function. In this case the 
probability P{v > v 0 ) that a particular side lobe level v 0 2 is exceeded at any point is 
[70]' 



P(v > v 0 ) = e- v ° 2 '* 2 



(72) 



where a 2 is the average side lobe level of (70). 

.Starting with the expression above, valid at a particular point, Allen [69] 
^derives the following rule of thumb for the error I 2 allowable for an array with gain 
p, in terms of the far side lobe level 1/fi, assuming 99-percent probability that all 
side lobes are below the given level 



E 2 ^ 



1 G 
lOn R 



(73) 
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which results in an allowable phase error of about 10° when the side lobe level is 
numerically equal to the gain. This important relationship explains why it is no 
difficult to design arrays with side lobes at the isotropic level (G = R) but ° 
mamtain side lobes of 20 dB below the isotropic level would require 1° phase er or 
an extremely difficult goal and one barely within the present state of the art ' 
In this expression, and in all equations given in this section, when the 

STE TA 1S L" Umb n F ° f elementS in the arra y> the side lobe lev ^ are those 
d stnbuted throughout all real space; but when the errors are correlated in one 
plane as they wou d be for power divider or phase shifter errors in the plane of 
can for an array of columns, then N is the number of columns, and the side lobe 
level given by these equations is in the principal scan plane 

is e^a' tWj^ZV) t£l" M - SPaCCd e ' ememS,he Sai " ° f 3 



o 2 = 



fee 2 



(74) 



where G, is the column gain, e 2 is the error variance between columns, and 6 2 the 
average side lobe level in the plane perpendicular to the columns. For a square 
array this reduces to M 



a 2 = 



fee 2 



(75) 



where now G is the total array gain. 

chase 8 ,hS tT H Verage Sid£ ,0bC ,eVe1 ' f ° r a SC » Uare arra y with ™dom 
phase sh.ft errors, and a square array of columns (75) with errors completely 
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DIRECTIVITY— DECIBELS 

Fig. 28. Root-mean-square side lobe level versus directivity for square array with phase 
errors at elements (solid lines) or at columns (dashed lines, In p.an'e of arrayed columns) 
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.correlated in the plane of the columns, and the phase error between columns 
randomly distributed in the scan plane. This figure illustrates that extreme precision 
is required for arrays organized into columns when low principal-plane side lobes 
are required. 

The reduction in directivity due to these errors is given by 



_D 

D 0 



1 + A 2 + d 2 



(76) 



In the case of digitally controlled phase shifts, a p bit phase shifter has IP 
phase states separated by phase steps of 2nl(2 p ). Miller [71] has analyzed the 
resulting peak and rms side lobe levels for this staircase approximation to the 
desired linear phase progression and has shown that the loss in array gain due to 
the triangular error distribution is 



(77) 



which is on the order of 0.23 for a 3-bit phase shifter and 0.06 for a 4-bit phase 
shifter. More significant are the average side lobe levels which, based on an average 
array loss of 2 dB to account for illumination taper and scan degradation, are 



rms side lobes = 



N x 2 2p 



(78) 



where N is the number of elements in the array. For a one-dimensionally scanned 
array, N is the number of phase controls, and the rms side lobe level above is 
measured in. the plane of scan. The net result, as before, is to require extreme 
precision for unidimensional scanned arrays. Fig. 29 shows the side lobe level for 
various phase shifter bits p and N up to 10000 elements. For -50-dB rms side lobes 
an array of 1000 elements requires 5-bit phase shifters, but an array of 10000 
elements can maintain 50-dB side lobes with only 3 phase bits. 

Of greater significance to antenna design is that the phase errors have a 
periodic variation across the array and tend to collimate as individual side lobes, 
called phase-quantization side lobes, that are much larger than the rms levels. A 
detailed discussion of this phenomenon is given by Miller along with simple 
formulas for evaluating the resulting lobes. In the case of a perfectly triangular 
quantization error the quantization lobe level is 1/2 P , which gives —30 dB for 5-bit 
phase shifters. Cheston and Frank [72] show that for discrete phase shifters the 
error is not triangular and that the maximum quantization lobe can be substantially 
larger. 

One solution to the peak quantization lobe problem is to decorrelate the phase 
shifter errors. Decorrelation occurs naturally in space-fed arrays, where the phase 
shifters collimate the beam as well as steer it. In such arrays the phase error is 
distorted from the triangular shape and the quantization lobe is substantially 
reduced. Alternatively, in an array with in-phase power division one can introduce 
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NUMBER OF ANTENNA ELEMENTS (n) 

Fig. 29. Root-mean-square side lobes due to quantization, where N is the number of phase 
shifter bits. (After Miller (71 f) 

a phase error into each path and then program the phase shifter to remove the error 
in addition to steering the beam. Optimizing this error can reduce the peak side 
lobes very close to the rms side lobe level, but this is a consideration that must be 
carefully accounted for in the array design. 

An entirely different solution to the quantization lobe problem is often 
achieved at the system level by recycling all the phase shifters between consecutive 
radar pulses or between transmit and receive. This process, called beam dithering 
[73], consists of adding a fixed phase shift to the phase command and recomputing 
phase shifts. The net result is to change all the phase states so that the quantization 
is made differently for each pulse (or between transmit and receive). If * this 
procedure is compatible with other radar processing, one can use simple row- 
column steering but introduce randomness into the quantization steps to reduce the 
peak quantization lobes. 



Periodic Arrays 



13-57 



\Array Elements 

Array elements are usually some form of dipole or slot excited by a waveguide 
Jor other transmission line. Waveguide arrays, though heavy, tend to have low loss, 
'good bandwidth, and relatively graceful scan degradation. They also have been the 
subject of numerous design studies, and so their behavior is well documented and 
predictable. Early examples of specific waveguide element designs are the studies 
|of Y/heeler [74,75] in which matching networks were derived using waveguide 
transmission circuits like that shown in Fig. 30 consisting of dielectric slabs 
Amounted in and above the waveguide. McGill and Wheeler [76] introduced the use 
|bf a dielectric sheet, often called a WAIM (wide-angle impedance-matching) sheet, 
^produce a susceptance variation with scan angle that partially cancels the scan 
mismatch of the array face. A significant development in impedance matching of 
waveguide arrays is the synthesis of double-tuned response characteristics achieved 
fusing dielectric loading and a cutoff waveguide section [77], Fig. 31 shows a loaded 
"rectangular waveguide (phase shifter), a transformer to circular guide, two dielec- 
tric disks, and an unloaded section of guide that is below cutoff at the operating 
frequencies. 
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Fig. 30. Circular element for triangular grid array. (After Wheeler [74, 75 1, © 1968 IEEE) 
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Dipole arrays have also received substantial attention and have generallv 
graceful scan properties when properly designed. Fig. 32 shows several common 
var.et.es of stripline printed dipoles. One design, attributable to Wilkinson f78l 
uses metall.zat.on on two sides of a microstrip line to produce a complete dipole fed 
by a two-wire line in the plane of the dipoles. This dipole and printed circS 
distribution network is fabricated by two photographic exposures using a two-sided 
pnnted-circuit board, and so is an example of low-cost technology. The array was 
mounted a quarter wavelength above a ground plane and uniformally illuminated 
by a reactive power divider to form a pencil beam. Another convenient circuit for 
dipole design, shown in Fig. 32, is described in a report by Hanley and Perini \79] 
and is- a pr.nted-stripline folded dipole with a Schiffman balun. One maio 
advantage of this element is that it is printed in a single process, all on one side of a 
circuit board and so is relatively inexpensive to produce. 

f g ;. 33 ^ hows , one means of exciting flush-mounted stripline slot antennas' 
Most often these elements are isolated from the rest of the stripline medium by the 
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Fig. 33. Stripline slot radiator. 



use of plated through holes or rivets that form a cavity as shown in the figure, which 
also serves to suppress higher-order modes. 

Several very broadband elements have been described in the literature. Among 
these the broadest-band element is the flared-notch antenna (Fig. 34) studied by 
Lewis and others [61], which exhibits up to an octave band when used in an array, 
but needs careful design for any given array configuration because of the possibility 
.of^array blindness effects for critical frequencies and scan angles. 

^ The microstrip patch element and its variations are inexpensive and light- 
weight, and have found increasing use in a variety of array applications. The basic 
path element (Fig. 35) is narrow-band, with percentage bandwidth given approx- 
imately by 




!' g _^ Flared-notch array elements. {After Lewis, Kaplan, and Hanfling /77J, © 1974 
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Fig. 35. Useful microstrip radiator types, (a) Patch antenna elements, (b) Shorted patch. 
(c) Crossed slot of four shorted patches, (d) Circular disk. 



I00 7b 5 ' /0 (79) 

for a thickness t in centimeters for the air-loaded patch. A number of very creative 
microstrip elements have been developed. Fig. 35 shows a square patch design for 
radiating circular polarization, a shorted rectangular patch for producing a much 
wider element pattern in the scan plane, and a combination of shorted patches that 
radiates circular polarization and is the microstrip equivalent of crossed slot 
radiations [80]. Many other microstrip radiators have found practical application. 
Of these, the most significant is the circular disk radiator of Howell [81] (Fig. 35d), 
which can be excited by a microstrip line but which also is very suitably excited 
from below the ground plane, as shown in the figure. Still other transmission line 
media offer advantages for array use in a variety of applications. 

Passive Components for Arrays: Polarizers and Power Dividers 

The trends toward greater flexibility, more accurate pattern control, and light- 
weight, compact array structures are also having an impact on the type of com- 
ponents used in arrays. This section lists some of the passive components used to 
control radiated polarization and to provide power distribution networks for 
precise pattern synthesis. 

Waveguide polarizers using a probe or obstacle to excite both polarizations and 
some variation of a quarter-wave plate to produce the requisite ±90° delay for 
circular polarization have long been used as phased array components. 

Waveguide polarizers in current use include the tapered septum polarizer [82] 
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for converting linear to circular polarization, which operates over about a 2- to 
5-percent bandwidth, and the stepped-septum polarizer of Chen and Tsandoulas, 
a three-port device that allows polarization agility over at least 20-percent band- 
width, with isolation greater than 26 dB [83]. 

Often it is less expensive to insert a polarizer in front of the whole array. The 
earliest polarizer of that type is the use of a grid of quarter-wave plates, but a much 
more popular recent solution that is compatible with wide-angle electronic scanning 
is the use of meander line polarizers following the work of Young's group [84]. 

Power divider networks for array feeds need to be extremely precise to 
synthesize low side lobe radiation patterns. Other requirements often impose 
extreme high-power specifications and still others demand very lightweight or com- 
pact construction practices. Waveguide and coaxial-line corporate feed networks 
are most often used for high-power arrays but the increasing ease and quality of 
stripline construction has made that the medium of choice for many new array 
developments. Often it is convenient to produce hybrid combinations of wave- 
guide, coaxial line, and stripline to take advantage of inexpensive stripline network 
techniques for lower-power sections of the array while using waveguide or coaxial 
line at the high-power regions of the feed network. 

Precise feed synthesis requires both equal and unequal power dividers. Among 
the various developments in stripline components the most commonly used are 
reactive tee power dividers, branch line couplers, and parallel coupled line and in- 
line power dividers. Although they are most simple and inexpensive to construct, 
reactive tee power divider networks have no isolated port and hence offer serious 
mismatch and isolation problems when used to feed mismatched elements. 
Reactive corporate-feed networks are therefore useful mainly for fixed beam arrays 
or for power division in the unscanned plane of arrays with one plane of scan. 
Single-section [85] branch line couplers occupy an area approximately A/4 square 
and are-most useful for coupling ranges from 3 to 9 dB. These couplers are easily 
fabricated using a conventional stripline by machining or etching the center 
conductor. Parallel coupled stripline power dividers for loose coupling (greater 
than 10 dB) can also be designed from conventional stripline using side coupled 
parallel lines, but tighter coupling requires the use of three-layer stripline for 
broadside coupled lines (3 to 6 dB coupling) or variable overlap couplers for 
intermediate values. Single-section parallel coupled power dividers are A/4 long but 
occupy less area than branch line hybrids. Another likely choice for array feed 
networks is the Wilkinson [86] in-line power divider or its impedance-compensated 
derivative split-tee power dividers [87]. 

Single-section Wilkinson power dividers are A/4 long for equal power division 
and A/2 long for unequal power division. Split-tee power dividers have an extra 
stage of impedance matching and so are longer by approximately A/4, although they 
have the advantage of wider bandwidth. 

In either case the in-line power dividers have excellent broadband charac- 
teristics in comparison with branch and coupled line hybrids because the coupling 
ratio is determined by relative impedance ratios, not line length. Similarly, in-line 
hybrids are in-phase power dividers and so there is little phase error introduced 
with frequency change. The output ports of branch and coupled line hybrids have 
substantially different phases (jr/2 for equal power division) and, although this can 
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be compensated at center frequency, networks of these hybrids tend to be verv 
narrow band relative to in-line hybrids. Typical bandwidths for individual in-Hne 
hybnds can reach an octave. The selection of power division networks is critical to 
array design and the choice can vary substantially with the application. 
Array Phase Control 

A discussion of time-delay devices for arrays is omitted because the primarv 
components used to date are switched transmission lines and are governed by the 
same critical components' as phase shifters. . 

Phasing networks are most often implemented at the rf operating frequencv 
because this ,s usually the most efficient process. Notable exception? use phase 
shifters at intermediate frequencies and up-convert to rf with amplifiers to improve 
efficiency In addition, many ingenious intermediate-frequency phase scanning 
systems have used harmonically derived phased shifts or frequency displaced 
signals across an array to produce time-varying beam positions. Systems of this type 
are described m the literature and their operation is beyond the scope of mis 
chapter. In general, diode phase shifters dominate the frequency range below 2 
GHz, and ferntes are usually selected above 5 GHz for high-power applications 
Diode phase shifters are compact and very lightweight compared with ferrite 
devices and so are gaining popularity in lightweight array configurations through 40 
GHz, often in combination with low-cost monolithic microstrip antenna circuits 

S h ^T' ° f Solid " state am P' ifier modules for arrays also favors the 
use of diode phase shifters at all frequencies. 

th. hi 9 *?™ 1 ?! m ° St P ° PU,ar typeS ° f diode P hase shifter d es>gns for arrays are 
the hybrid coupled, switched-'line, and loaded-line phase shifters using pin diodes: 
These three fundamental networks are shown in Fig. 36. Hybrid and loaded-line 
(transmission) phase shifters require two diodes per bit, and switched-line phase 
tr r T re K, Ur P u bit - Switched -'ine hybrids also have- greater insertion loss 
,m«,Shu? eS, |" ab,e P h f? dependence with frequency that usually makes them 
unsuitable for low side lobe array control. They do possess distinct advantages in 
weight and compactness, however, and have been used successfully in monolithic 
microstrip antennas for many years. Hybrid and transmission phase shifters have 
lower loss and better bandwidth performance. An S-band stripline hybrid phase 
shifter ,s reported by White [88] to have an average phase loss of only 3° over 20 
percent bandwidth. This device had about 0.8 dB average loss from 3 0 to 3 5 GHz 
and was tested to high-power burnout at 4 kW peak with 0.1-ms pulses and 0.05 
duty cycle. Insertion loss for *-band and K„-band phase shifters was about 2 and 

S hifr!r r <: 0a h dband lo ^- si de- lob earray designs are possible using Schiffman phase 
shifters because this phase shifter produces a nearly constant phase shift over 

ratio of 227- 1* qUCnCy ra " geS - WhUe g ' VeS data for a 90 ° bit ove r a frequency 

A precise low-side-lobe array developed by Tsandoulas [89] used six-bit diode 
phase shifters wi th phase tolerance limits of less than 0.0° rms for the 90° and 180° 
bits 0.4 for 45°, 22.5°, and 11.25° bits, and 0.2° for the 5.625°. These remarkable 
results were achieved in a practical testbed array described in the reference 

Ferrite phase shifters have been built to operate up to 60 GHz and possess 
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Fig: 36. Diode phase shifter circuits, (a) Hybrid coupled reflection phase shifter. 
(6) ,# Swifched-line phase shifter, (c) Loaded-line phase shifter. 

excellent characteristics for many phased array applications. Several recent survey 
articles and an annotated bibliography [90,91,92] summarize progress in this field 
andTist numerous references to devices and to the fundamental theory of ferrite 
phasor operation. Nonreciprocal ferrite phase shifters include early twin-slab 
designs (Fig. 37) that require a transverse-switched external magnetic field and 
the well-known toroid designs that use a longitudinal wire to drive the ferrite 
magnetization to saturation as in a latching phase shifter, or to various points on the 
magnetization curve with flux drive circuitry. Typical digital latching phase shifters 
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Fig. 37. Dual-slab and toroid ferrite phase shifters, (a) Dual-slab, (b) Toroid. 
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can have bandwidths in excess of 10 percent and insertion losses between 0.5 and 
SO irw I t SUpP ° rted bv these devices ca " vary from 1 kW to as much as 
150 kW peak with average power levels to 400 W. Latching phase shifters ca n be 
switched ,„ about 1 us and have become standard throughout the ndus ry Flux 
dnve c.rcu.ts with toroidal phase shifters are analog devices and not restr cted to 

trTnsmitlT ^ di ^ a ^ is ^ "eed to reset them be ween 

transmit and receive functions for radar applications 

nh^K 8 T CraI T iet St° f reci P rocal ferrite Phase shifters the dual-mode 
phase shifters have replaced Reggia-Spencer phase shifters, which have been found 

7 V 65 Shift Per waveIe "8 t ". Dual-mode phasorsare Faraday 

rotation dev.ces in which a linearly polarized incident waveguide mode is converted 
to circularly polarized energy by a nonreciprocal ferrite quarter-wave elate 

toTlZ ^ Fa , r H day r0tati0 "' the " COnV£rted back to linear pola S 
.on. A signal from the opposite direction is converted to circular polarization of 
the opposite sense, but since the directions of propagation and polarization are 
both opposite it incurs the same, reciprocal phase shift. Dual-mode phase Sters 

1 f 5 e k V Wat7h Pet H ,Ve H With r Ph3Se Shift£rS 3nd h3Ve avera 8 £ P° w - 'eve s ™ 
X £Z \ > h 3 P !, ak P ° WerS l ° 150 kW - Insertion loss can 0.6 dB through 
^-band. Switching speed can be on the order of tens of microseconds for a latchS 
des.gn, depending on the application. The reference by Ince and Temme f901 
compares specific phasor examples for 5-band through ^-band 11 

shifted Bovd \Z° T tT, r ? Pr °?t PHaS K Shift6r " thC ana, °« r o^ry-field phase 
sh Iter of Boyd [93] This phase shifter is based on the principle of the commercial 
rotary-vane phase shifters after Fox [94] and uses a ferrite rod of circuTaT cros 
sec ion fitted with a slotted stator in which are wound two sets of coils each gen 
e a mg a four-pole field. In comparison with the well-known rotating haff wave 
tt ?h ft H C t FOX Phase u shifte '-. ^e stator windings produce a rotating four pSe 
field distribution with the orientation of the principal axes proportional to the co l 
d nvmg current values. The dc distribution in the ferrite serve? to rotate a S 
half-wave plate that is converted to a phase shift just as is the mechanical half 
wave plate rotation of the Fox phase shifter, This circuit has the ZT^ttzZ 

to Er r? 1 dri r power and having re,ativeiv ™«*&£sz S 

hJ^c^' l adva " ta f s for ma "y applications far outweigh these disadvantages 

dtlZ V , nearlv d ' SperSi0n,eSS Phase Shift that c an be maintained 2 
degree or two over substantial bandwidths, has insertion loss well under 1 dB and 

9^kW -aYT^ PCak aVCrage P ° Wer ,eVe,S " An 5 - band m « d e. operate at 
90 kW peak 3 kW average power, 0.5 dB insertion loss, and phase tracking within 
±1-5° over about 9 percent bandwidth. g 
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1. Introduction 



Arrays with uniformly spaced elements (often called uniformly spaced arrays) 
have been widely studied, mainly for two reasons: mathematical tractability in 
many cases and simplicity in fabrication. As discussed in Chapter 11, the pattern 
function of a uniformly spaced array, no matter how it is excited, is always periodic 
in the wave-vector k-space, or sometimes expressed in the so-called u-space. Thus 
a beam in the pattern function will repeat itself an infinite number of times. 
However, the visible region corresponds only to a finite region of this space. To 
ensure that only a single beam appears in the visible region (i.e., no grating lobes), 
adjacent element spacing must be kept sufficiently small, and as a result a large 
number of elements must be used to fill a given aperture, which is determined by 
the desired beamwidth and, sometimes, directivity also. 

In contrast, arrays with incommensurable element spacings have aperiodic 
pattern functions, and are thus called aperiodic arrays. In general, they have no 
grating, lobes, and, as a result, the required number of elements* is not directly 
related to the grating lobe condition. Some nonuniformly spaced arrays, even with 
commensurable element spacings, may have very large periods in the pattern func- 
tions as compared with that of a uniformly spaced array and thus exhibit eharac- 
teristics similar to those of aperiodic arrays. They may be regarded as pseudo- 
aperiodic arrays or, for all practical purposes, simply aperiodic arrays. This 
situation occurs actually in all practical arrays since all element spacings must be 
rounded up numerically to a finite number of the digits and are therefore divisible 
by a common unit. 

Aperiodic arrays may be used in many different ways, but the most interesting 
applications are in array thinning, beamwidth narrowing, and element-interaction 
reduction. In regard to directivity it is shown in Chapter 11 that for element spacing 
greater than a half-wavelength the directivity for a uniform excitation is nearly 
maximum, approximately equal to the number of elements. This conclusion can also 
be deduced from the fact that, in general, the mutual radiation resistance becomes 
less significant in comparison with the self-radiation impedance. As an example, for 
half-wavelength dipoles, as the element spacing increases beyond a half-wavelength 
the total power radiated depends mainly on the self-radiation resistance and thus 
reaches approximately a constant value. From this point of view one can expect 
that the same conclusion can be drawn even for nonuniformly spaced arrays, 
as most element spacings, if not all, are greater than A/2. On the other hand, 
if element spacings are allowed to assume any value, the result in Chapter 11 
shows that maximum directivity can be reached when element spacings become 
vanishingly small. However, this is the so-called superdirectivity and cannot be 
realized in practice. From this argument one can therefore conclude that the 
optimization of element spacings for maximum directivity is a problem of little 
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practical significance. Thus in this chapter we shall direct our attention to other 
aspects of the array. 

One of the interesting array synthesis problems is to find an optimum set of 
element spacings and excitations that would minimize the highest side lobe level in 
the entire visible region. Many attempts have been made, including some analytic 
methods (using the Poisson summation formula), numerical methods (using the 
quadrature approximation and the so-called dynamic programming), and statistical 
and probabilistic approaches [1-21]. It is shown [22] that none of these methods 
can yield a solution even close to the true optimum. The difficulty of this problem 
may be attributed to the fact that the side lobe level depends on the element 
spacings in a highly nonlinear manner, and that, in general, there is no known 
analytical method to determine the highest side lobe level, or the angular direction 
where the highest side lobe may occur, even with all element positions, given 
Except for small arrays a numerical search with a modern computer is considered 
impractical. The reason is that the highest side lobe position does not change 
continuously with the element positions; thus there is no simple way to keep track 
of the highest side lobe as the element position changes unless an entire three- 
dimensional pattern is computed. With this understanding it is not surprising to 
find that so far all the attempts are not successful. In the following we shall make a 
brief review of these works and finally focus our discussion on the probabilistic 
approach because, first, the theory is more complete, second, it has been supported 
by various experiments, and, last, it can provide a useful practical solution which 
though not optimum in the ordinary sense, is optimum in some probabilistic sense 
(see below). It will be seen that the array so obtained can have a performance much 
superior to that of conventional arrays in many respects. 



2. A Brief Review 

Unz [1] used the Fourier-Bessel expansion to relate the pattern function to the 
element positions. As pointed out by various authors it is difficult to make use of 
this expansion to yield useful numerical results. King, Packard, and Thomas [2] 
computed the pattern functions of a few sample arrays with preassigned spacings 
Their computed results reveal some interesting properties of nonuniformly spaced 
arrays. At about the same time, nonuniformly spaced arrays were studied at the 
University of Illinois in connection with the feed of a radio telescopeV[3] In that 
paper a certain optimization procedure and the method of relating tke element 
spacings to the excitation function were proposed and applied. Maffett [^indepen- 
dently proposed the same method of relating the element position function to the 
excitation function. Andreason [5] suggested a procedure for using a comWer to 
optimize the element positions such that the side lobe level in the visible region is 
minimized. This method has been independently applied by Lo [3], who also\tated 
that, at best, the solution so obtained is only optimum locally. For large array* this 
procedure becomes tedious and time consuming, if not completely impossible In 
his article Andreason gave an interesting lower bound of the side lobe level of 
widely spaced arrays by using the fact that the directivity of these arrays is pro- 
portional to the number of elements. 

Ishimaru [6], Yen and Chow [7], and Ishimaru and Chen [8], using the Poisson 
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summation formula, reduced the pattern function of a finite sum to an infinite sum. 
In general, this would make the computation more difficult; however, for small w, it 
is reasonable to assume that only the first term of the series is important. However, 
for large u or, equivalently, for very wide average element spacing, which, 
unfortunately, is the case of greater interest, other terms also become significant.' 
Ishimaru and Chen in particular considered a spacing function of the type x + 
(2Ax/ji) sinnx with A x < V2, which is a perturbed uniform spacing, particularly 
when A t is small. As A x = V2, this spacing function becomes identical with that 
considered earlier by Lo [3]. However, using this type of spacing function, Ishimaru 
expressed the pattern function in. terms of the Anger function, and, for 
convenience, he and his associate compiled a table for this function [9]. In 
principle, for a general spacing function one may need to consider more terms of 
this type as indicated in their paper, but it is doubtful that the numerical 
convenience could be retained. Ishimaru and others claimed that the choice of a 
single term with A x = Ve gave a pattern quite close to the optimum. As shown in 
[22], this is not so. 

Skolnik, Nemhauser, and Sherman [11] realized that a straightforward search 
for an optimum set of element spacings, using a high-speed computer, is next to 
impossible, even for a moderately large array. As a result they proposed a 
systematical method using the so-called dynamic programming technique. Unfor- 
tunately, this method does not lead to a truly optimal solution since, as noted by 
the authors, the "principle of optimality" (which is essential in the successful use of 
the dynamic programming) does not apply to this problem [11]. In particular, the 
assumption that the optimal position of the first element depends only on the 
position of the second elements or in general that the (n - l)st element depends on 
the nth element is not valid for large arrays. 

In addition, it is perhaps proper to cite the works of Harrington [14] and 
Baklanov, Pokroyshi, and Surdotovich [15], whose investigations are not con- 
cerned with reducing the number of elements but rather with achieving certain 
pattern characteristics by spacing weighting. Baklanov, Pokrovsrn, and Surdoto- 
vich, in particular, used some complicated numerical techniques in an attempt to 
derive a spacing-weighted array from the Dolph-Chebyshev counterpart. From a 
practical point of view this may appear to have some advantage since it is much 
easier to achieve spacing weighting than excitation weighting. In doing so, how- 
ever, some element spacings have to be smaller than usual, and the strong coup- 
ling effects between elements may offset this apparent advantage appreciably. 
Furthermore, the method seems to be too cumbersome to be applicable to large 
arrays. 

Finally, we may mention the probabilistic and statistical approaches to this 
problem. Rabinowitz and Kolar [16] analyzed the case that the placement of 
elements over a uniform grid system in an aperture is determined by the outcome of 
a random experiment. They obtained only the mean side lobe level which, for the 
example studied in their paper, is about 7 dB lower than what was computed 
actually. Later, Skolnik, Sherman, and Ogg [17] considered the same problem and 
made a very similar analysis. They too obtained only the mean side lobe level; 
likewise, their examples showed that the predicted level is about 7 to 8 dB lower 
than the actually computed result in what they called "principal" planes. 
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Maher and Cheng [18] studied the problem of random removal of elements in 
a uniformly spaced array. Their assumption that the removals of elements are 
statistically independent events may result in the removal of the same element 
many times. 

Starting with the probability distribution function of the elements in the 
aperture, Lo [12] obtained the distribution function of the antenna response at each 
observation angle, the half-power beamwidth, and the directivity, etc. He also 
obtained an approximate distribution of the side lobe level in any range of u. Later, 
these results have been verified by using the Monte Carlo simulation [13] and actual 
holey plate experiment [23]. Later Agrawal and Lo [24] refined the analysis, ex- 
tended the theory for small arrays, and included the effect of element interactions. 
Clearly this method does not lead to an optimum design in the true sense. 

The confusion of various theories finally prompted Lo and Lee [22] to conduct 
a comparison study with a few small arrays. They found that none of the theories 
yields the optimum solution; in fact, most are far from it. Similar to the so-called 
space-tapered arrays, some of these designs can control near-in side lobes only to 
some extent, and the far-out side lobe level not at all. 

3. Spaced-Tapered Arrays 

A spaced-tapered array is one in which the interelement spacing varies in some 
fashion across the array, usually increasing from the center to the edge of an array. 
This method is motivated by an attempt to remove the following two disadvantages 
of a conventional uniformly spaced, array [3]: 

(1) Inefficiency, in the sense that, in most low side lobe level designs, a large 
number of elements in the outer portion of the array serves only the purpose to 
cancel partially the high side lobes produced by the central portion of the array but 
contributes very little to the radiated power. 

(2) Feeding difficulty, in that the design may require the element excitation 
power to be level over a range of several orders of magnitude. 

As discussed in Chapter 11a discrete array could be regarded as a sampling of 
an aperture antenna with "continuous" illumination functions. When the sampling 
is uniform one obtains a uniformly spaced array with element excitation weighted 
according to the illumination function. If the sampling interval is small enough, one 
expects a close similarity between the pattern functions of the discrete and the con- 
tinuous array, such as sin(A/^/2)/sin(^/2) for the former against sin(Lxp/2)/(jp/2) 
for the latter in the case of a uniform excitation with aperture length L h Ndlk. On 
the other hand, if the sampling is made such that each interval contain! the same 
amount of excitation power, one obtains a space-tapered array with allrelements 
excited equally in power as illustrated in Fig. 1. \ 

Design Procedure for a Symmetrical Space-Tapered Array \ 

(a) Choose a proper illumination function f(x) (see comments below) A 

(b) Define and compute \ 



g (x) = r max 

J -an 



(1) 
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g(a/2) 



(2n/N)g(a/2) 




a/2 



Fig. 1. A graphical method for determining element location of a space-tapered array. 



where a = aperture dimension in wavelengths. 

(c) Let N be the number of elements, which is approximately equal to the array 
directivity. 

(d) Solve for x ny the nth element location, in 



n = 1,2,..., N/2 



(2) 



which could easily be solved graphically as illustrated in Fig. 1. 

Advantages — Usually a smaller number of elements are needed and all 
elements excited equally. 

Disadvantages — With the exception of the region near the main beam, the 
array pattern may differ greatly from that of the corresponding aperture antenna; 
usually the side lobe level increases with observation angle. 
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Comments — The design is useful if only a low near-in side lobe is desired, or 
directive elements are used. 

The set of element positions obtained above can be used as a starting set for an 
iteration procedure in which the element positions are moved one at a time in a 
direction where the side level is decreasing. Of course, the final set so determined is 
at best an optimum locally [3]. 

The extension of this method to two- or even three-dimensional arrays is 
obvious, since it needs only to divide the illumination function in equal power per 
area or volume where an element will be placed. 



4. Probabilistic Approach 

Since the pattern function is an analytic function it is theoretically impossible to 
have contributions from all elements completely canceled for all observation angles 
except for a single direction in which the main beam maximum is intended. 
Therefore all patterns (except for the trivial case of a very wide beam) have side 
lobes. Consequently the best design one could hope for in many applications would 
be one having all side lobes equal in level. When a large number of elements is used 
the uniformly spaced Chebyshev-Dolph array has already provided the solution. 
But for economic reasons one may ask whether or not a similar performance could 
be achieved with substantially fewer elements. As discussed in the review section, 
so far all attempts have failed. In view of this fact it is natural to resort to a 
probabilistic approach so that contributions from all elements would be as 
incoherent as possible for all observation angles except in the main beam maximum 
direction where all contributions should be completely coherent. This can be 
achieved by using random element positions (or spacings, but with progressive 
phase excitation in case of scan). It will be seen later that, in so doing, the 
probability for the pattern to exceed a certain level at any observation angle outside 
the main beam region can be made the same as at any otherVngle. In the language 
of information theory this is a state of maximum entropy. It isbnly in this sense that 
the probabilistic design is optimum; in other words, all side tobes are equal in a 
probability sense. Therefore this design is, in a sense, a probabilistic approach to 
the Chebyshev-Dolph array. \ 

For simplicity consider first a linear array, while the extenfcon to the planar 
array is straightforward as will be shown later. In the folding, all length 
dimensions are understood to be measured in wavelength A. Let g(V) = probability 
density function for placing an element at X, with \X\ ^ a/2 and \ 

r an. 

g(X)dX=l ( 3 ) 



If there are N equally excited elements each of which is to-be placed within the 
array aperture (-a/2, a/2) according to the same probability function g(X) but 
independently of each other, then for each set of random samples {X} : 
(X U X 2 , . . .,X N ) there is associated a sample pattern function 
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F(u) 




(4) 



where the last expression is a normalized pattern function with 

6 — any observation angle 
a = main beam angle 

x n = 2X n la = normalized element position 
u = aji(sind — sin a) 

As a result of the normalization in X, the aperture becomes (-1,1) and (3) can 
be rewritten as 



The ensemble of all sample sets {x} constitutes a corresponding ensemble of 
{F(w)}. Our objective is to study the probabilistic properties of F(u), in particular, 
those related to the array performance. For later discussion it is noted that the 
array dimension a appears only in the parameter u. Thus the pattern of an array 
with any value a can be obtained simply from that of a normalized array. In other 
words, if a is increased by a factor of, say, two, one needs only to extend the 
computation of F(u) for twice the range of u while F(u) in the first half range 
remains the same except that the scale of u changes by a factor of two. This scaling 
is not important if one is only interested in the highest side lobe level in the visible 
region. 

Theoretical Results 

Let £{•} be a probability average operator. A few important results are 
summarized below: 

(a) The mean of F(u) is 



which is simply the Fourier transform of g(x), or in probability theory the 
characteristic function of the random variable x, or in antenna theory the pattern 
function of a "continuous" aperture antenna with illumination function g(x). This 
implies that by choosing a proper at least the mean pattern <p(u) can behave in 
some desired manner. It may also be noted that since g(x) is an aperture-limited 
function, <p(u) is analytic. 

(b) For any given u, the joined probability density function of the real and 
imaginary parts of F(u), namely F^u) and F 2 (u), is asymptotically normal: 



0 for |*| > 1 




(5) 
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where the independent variable u has been suppressed, and for simplicity, is 
assumed to be even, implying 

lm{0(w)} = 0 

0\\u) = variance of F^u) = - (p(u)] 2 } 

= ^[l + 0(2u)]-^ 2 (u) (8) 

o 2 2 (u) = variance of F 2 (w) = E{F 2 2 (u)} 

= 2^[l-0(2«)] (9) 

(c) Let Pr{ } be the probability measure for the event in the curly braces; then 

Pr{|F(u)| < r) = if f(F u F 2 )dF l dF 2 (10) 

which is a generalized noncentral chi-square distribution with two degrees of 
freedom. Tables of percentiles in r for various values of the parameters are 
available [25]. When r is large compared with a ? and a 2 , an asymptotic solution is 
given by 

Yx{\F\ < r} = |erf(5r)[erf(r + m) + erf(r - m)\ 

+ 0(5" 4 r" 3 ) + 0[»/^exp(-s 2 A:V)]}) 




where m = <p/a u s = o x lo 2 , d = r — m, and 0 < k < 1. 

For the special case when o x = a 2 (i.e., s = 1) which occurs for w outside the 
main beam region, the above expansion reduces to that given by Rice [26], who 
utilized the asymptotic expansion of the Bessel function in his derivation. For large 
\u\, <p(u) = 0, and the distribution becomes simply Rayleigh. For the general case, 
however, it can approximately be computed by a method due to Patnaik [27] which 
approximates a noncentral chi-square distribution by a central one with different 
degrees of freedom. The latter can then be read from an incomplete gamma 
function table prepared by Pearson [28], which is shown as /(v,/?) in Fig. 2 with 

Pr{|F| < r) = I(v,p) (12) 



where 
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Fig. 2. Incomplete gamma function approximation for noncentral chi-square distribution. 
The curve for p = 0 is the Gausian distribution. {After Lo [13], © 1964 by the American 
Geophysical Union) 
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v = r 2 /\fe 

P = Al 2 /^2 - 1 

M\ = of + <J 2 2 + ^ 2 

A 2 = 2(a l 4 + a 2 4 + 20 2 a, 2 ) 

In general, except for u in the main beam region, of = o 2 2 = 1/2N, 0 = 0 and/? == 
0, and therefore the distribution becomes simply Rayleigh I(Nr 2 , 0) in Fig. 2 and 
independent of u. This implies that, although the pattern behavior in the main 
beam region is determined by g(x), outside the main beam region it is determined 
only by TV, the number of elements. Unless the near-in side lobe level is of interest 
it is advantageous to use the uniform density function for g(x) so that a narrow 
beam is obtained. 

As an example, consider 



8(x) 



fcos 2 (. 

~ to 



Tixll) for |x| ^ 1 
for |jc| > 1 



Fig. 3 shows the mean pattern <p(u) and variances o\(u) and o 2 (u) for each value of 
uln. It is seen that in the neighborhood of main beam maximum the variances 
are nearly zero, indicating that in this region the beam is <dmost deterministic. 
Outside the main beam the variances quickly reach a constant\alue 1/27V. Figs. 4 
through 6 show the level curve as well as the mean pattern |0(w)^for comparison, 
for N = 10 2 , 10 4 , and 10 5 , respectively. A p-percent level curve a plot of r p 
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Fig. 3. The mean <p(u) and variances a, 2 and a 2 2 of the real and imaginary parts of the 
random pattern function \F(u)\ as functions of w, for a cosine-square probability density 
function and uniform excitation. (After Lo [12], © 1964 IEEE) 
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Fig. 5. Level curves of \F(u)\ for cumulative probability equal to 99 percent, 80 percent, and 
50 percent with a cosine-square probability density function and uniform excitation, for 
N = 10 4 . (After Lo [12], © 1964 IEEE) 





Fig. 6. Level curves of \F(u)\ for cumulative probability equal to 99 percent with a cosine- 
square probability density function and uniform excitation, for N =NJ0 5 . (After Lo [121 
© 1964 IEEE) s 

versus u with Pr{|F(w)| < r p ) = p percent. For N g 10 4 , \F{u)\ is alnW equal to' 
\4>{u)\ with 99 percent probability. But it should be emphasized that thW curves 
are meaningful only for each value of u. In other words, the probability or\btain- 
ing the entire 99 percent level curve for all us in an interval is not 99 percent. In 
general, however, one is not interested in the exact pattern but rather the highest 
side lobe level. This is discussed next. 

(d) The probability for a side lobe level less than r for g(x) = 1/2, |jc| < 1, and u 
in the entire visible region (including the largest scan range) is 



Pr{|F( W )| < r, \u\ e (u f ,2jz)} = [1 - exp(-/W 2 )] 

x exp{[-4jzVNrexp(-Nr 2 )] 
x {a 2 ll2jt) m } 



(13) 



where u f '\s the first null (or the main beam null) of 0(«). Computer simulations [24] 
have shown that this formula gives accurate results even for an array with as few as 
eleven elements over an aperture of 5A to 1(U. For large numbers of elements the 
formula assumes a simpler form: 



Pr{|F(a)| < r ,\u\ e (u f ^2ji)} = [1 - 10 



-0.43437Vr 2 



][4aj 



(14) 



where [4a] is the integer part of 4a. This formula shows that the probability for 
achieving a certain side lobe level r is nearly zero as N is below a certain value and 
increases sharply as N increases to a certain critical value. After that the probability 
increases very slowly. Thus to ensure a good probability of success a sufficient 
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number of elements must be used for a desired side lobe level. For a 90 percent 
probability the required number N is plotted in Fig. 7 versus side lobe level in both 
ratio and decibel scale for various aperture dimensions a = lO^A. In this figure the 
graphs to the left of the dash-dot line are less accurate; here (13) should be used. It 
is of interest to see that for a 25-dB side lobe level the array needs about 4700 
elements over 10 5 A aperture with a half-power beamwidth of about 0.0005°, or (5 x 
10" 4 )°, and average element spacing of 20X. If these same elements (4700) are 
spread over an aperture ten times larger, i.e., 10 6 A, the side lobe level increases 
only by about 0.5 dB but the beamwidth will be reduced by a factor of 10, i.e., to 
0.00005°, or (5 x 10~ 5 )°. Now the average element spacing becomes 200A, and for 
this spacing an ordinary equally spaced array would have hundreds of grating lobes. 
Thus it is not necessary to use a large number of elements in order to achieve a 
narrow beam. In the case of a planar array the saving in the number of elements is 
even more dramatic. However, as will be seen later, this does not imply that the 
directivity can be increased in this manner. The common notion of associating a 
narrow beamwidth with high directivity is not always correct. 

(e) The random variable u 0 defined by the smallest positive root of the 
following equation determines the half-power beamwidth 26 0 : 

\F(u 0 )\ = IIV2 ■ (15) 

where F(u) is the random pattern function given by (4) and u 0 = raisin 0 O - sin a). 
Even for the deterministic problem the solution u 0 to the above problem cannot be 
obtained analytically. Since in practice one is interested only in large arrays with 
narrow beams an approximate distribution for u 0 can be found from the joint 
probability of F(u) and dF(u)ldu for u in the neighborhood of the mean pattern 
half-power value u u i.e., \<p{u x )\ = l/|/2. Details can be found in Lo [12], For 
example, when g(x) = cos 2 (tix/2) and N = 10 4 the half-power angle 0 O will fall in 
0.7244/fl < sin 0 O - sin a < 0.7377/a with 90 percent probability, where a is the scan 
angle. This implies that the half-power beamwidth deviates from its mean no more 
than ±0.91 percent with 90 percent probability; in other words, it is almost certain 
in practice that the half-power beamwidth is equal to that of the mean pattern. This 
conclusion is generally true for most functions g(x) of interest and, in fact, verified 
by Monte Carlo simulations and holey plate experiments to be discussed later. 
(/) 

Since the element locations are drawn from a collection of random 
numbers, for each sample set of these numbers there is associated a sample 
radiation pattern and thus a sample directivity. It is of interest to know how the 
directivity is distributed probabilistically for all possible sets of the element 
arrangement. Using the Karhunen and Loeve theorem for the expansion of a 
random function [29], one can obtain the following approximate distribution for the 
norm \\F(u) - <p(u)\\: 

*H\\P(u) - 0(u)|| < k u(u)\\} = ^[{(/c 2 !!^)!! 2 /^) - (16) 

where 




Fig. 7. Number of elements required as a function of the side lobe level for various values of 
a = lOH with a 90 percent probability. (After Lo [J2J, © 1964 IEEE) 
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||F(«) - 0( M )|| 2 



f \F(u) - <p(u)\ 2 du 



J visible 
region 



kMII 2 



jjg(x)\ 2 dx 



<&(•) 



•av 



k 



average element spacing = aIN 
a positive real number 

standardized normal distribution function (i.e., one with zero 
mean and unit variance) 



Because generally a is a very large number, if k 2 is slightly greater than </ a v/||g|| 2 , 
the above probability is nearly unity, while if k 2 is slightly less than d av /||g|| 2 , the 
above probability drops sharply to zero. From this result and the definition of 
directivity D associated with each sample pattern function, and the directivity D 0 
associated with the mean pattern function 0(u), one can conclude that with 
probability nearly one 



In other words, it is practically certain that D is lower than D 0 by a quantity no 
greater than 201og(l + V^Q||g||)dB, which for large average element spacing 
equals 20 logV^a7/||gW|| . The interpretation of this result can easily be understood 
if we consider two arrays of a different number of elements, say, N x and N 2 . Let 
their corresponding directivities be D x and D 2 , respectively; then the above results 
show that 



with a probability nearly equal to 1. In other words it is practically certain that the 
directivity D is proportional to N, the number of elements. This result is in 
agreement with that obtained in Chapter 11. The reason why the probability is not 
exactly 100 percent is that there exist particular element arrangements, but with 
very small probabilities, for which D is not exactly equal to N, such as 
superdirectivity, as shown in Chapter 11. 

(g) There is little difficulty in extending most of the above results to an array of 
higher dimensions. For example, consider a rectangular aperture of abl 2 in the xy 
plane with a probability density function g(x,y) for the element locations which 
would produce a mean pattern with sufficiently low side lobe level as before. Then 
the relation between the total number of elements and the side lobe level is still 
approximately given by (14), except that [4a] is replaced by [16ab]. Assuming that 
a = 10* and b = 10 p , this relation is again shown by Fig. 7 except that q should be 
replaced by (p + q), and 90 percent probability by 80 percent (approximately). 

To give an example, the Benelux Cross antenna [30] is considered. This 
antenna consists of two perpendicular linear arrays each having an aperture of 
roughly 7 x 10 3 A x 80A, or ab = 10 6 A 2 . From Fig. 7, with a -30-db side lobe level 



(D 0 - D)dB ^ 201og(l + ^/||g(*)||) 



(17) 



(D x - D 2 )dB = 101og(ArVN 2 ) 



(18) 
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and 90 percent chance of success, each arm requires only about 1.9 x 10 4 elements 
But according to Christiansen and Hogbem [30], each arm would require 2 x i<fi 
uniformly spaced dipoles. This is about 100 times larger than the former estimate 
Moreover, if elements were randomly spread over a square aperture 10 4 A x 1Q 4 X a 
total of only 2.3 x 10 4 elements would be needed to achieve a -30-dB side lobe 
level. This is very significant since the cross type telescope, being a multiplicative 
antenna system, will have a side lobe level of -15 dB in the two principal planes 
even if each arm is designed to have a -30-dB side lobe level. Of course as already 
noted before, the directive gain of the randomly spaced array is perhaps 10 or 15 dB 
lower than that of the uniformly spaced array. Since the former has uniform 
amplitude weighting function while a uniformly spaced array must have a strongly 
tapered illumination in order to achieve a -30-dB side lobe level then froin a 
practical point of view (considering the feeding system and the aperture efficiency) 
the loss in directive gain may not be as much as indicated above. 

Illustrative Examples 

Suppose that it is desired to design a linear array whose array pattern will have 
approximately a half-power beamwidth of 1 minute of arc W a side lobe level of 
-18 dB. If g(x) is chosen to be uniform, the near-in side lobddevel would likely be 
-13 dB. To ensure that it is below -18 dB, one may, althougn\not necessarily, let 

g(x) = cos 2 (rac/2) \ -( 19 ) 

For this function the half-power beamwidth in degrees is approximated 83/a and- 
therefore, a = 83 x 60 s 5 x 10 3 (A). From Fig. 7, N (the number oXelemehts 
needed for a 90 percent probability of success) is approximately 800. The next step 
is to generate 800 random numbers, between (0, 1) under the probability density 
function g(x) given above, and these numbers, after scaled by the factor a 
determine the actual element locations in the aperture. According to the theory this 
array when excited uniformly will have a 90 percent probability to yield a pattern 
with 1 minute of arc in half-power beamwidths and -18-dB side lobe level Of 
course, before an investment is made for constructing this array it is prudent to first 
compute the pattern with the.given set of element positions just found, since there 
is still a 10 percent chance of failure. In a sense the theory predicts that in about 
nine out of ten trials one should obtain the desired pattern. Hundreds of computer 
simulations have been made for many different arrays, and in almost all cases the 
desired properties as predicted by the theory were obtained in the very first trial. 
Since the same basic array theory is used for computing this pattern as for any 
conventional equally spaced array, there is no reason to doubt this array per- 
formance cannot be realized. In fact in this case, all elements being widely spaced, 
the mutual coupling will have a much less deleterious effect on the pattern. After 
the pattern properties are confirmed by the computations the array can then be 
constructed. From that step on, the array is as deterministic as any conventional 
array. This will be demonstrated in a holey plate experiment later. .: 
For simplicity in pattern computation a symmetrical array has been considered 
for the example stated above. In this case the required number of elements 
becomes about 1000, somewhat more than that shown in Fig. 7, since there are in 
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effect only 500 random numbers [13]. These numbers were taken directly from 
Owen's table [31]. Since these numbers are uniformly distributed, the probability 
integral transformation [32] is then used to convert the set of numbers into another 
set which obeys the cosine-square law prescribed in (19). This is done by solving the 
following equation for x n : 



where y n is the uniformly distributed random number between 0 and 1, and x„ is the 
g(x) distributed random number. This method is similar to that used to convert a 
set of uniform element spacings to a set of nonuniform element spacings in Fig. 1. 
With this transformation the distribution of the 500 random numbers taken from 
Owen's table is shown as dotted curves in Fig. 8. For comparison the exact 
cosine-square distribution is shown in solid line. The computed pattern for 0 ^ uln 
^ 19 is shown as the solid curve in Fig. 9. Also shown are three other cases with 
N = 100, 300, and 600. It is clear that all four cases have almost identical main 
beams, but the side lobe level, as expected, increases as N decreases even for the 
small region of angle of observation shown in the figure. It is impractical to show 
the pattern for the entire visible range. Instead, a statistical distribution of 
\F(Ui)/o\ 2 for roughly 4 x 10 4 values of u, uniformly spaced in the visible region is 
made for the case N = 1000 shown as the stepped sample curve in Fig. 10. The 
theory developed before predicts an x 2 distribution which is also shown in the figure 
in a normalized scale. The agreement is nearly perfect. This implies that the theory, 
although it cannot predict the exact shape of the pattern curve, can predict quite 
accurately the distribution of the nearly 4 x 10 4 numbers of actually 
computed. Unfortunately, a very accurate prediction of this distribution tells 
practically nothing about the side lobe level since if one of the numbers in the set 
{|F(w,-)|} is changed to a very large value, it will have no effect on the distribution 
yet it alone will determine a high side lobe level. It is seen once again that the 
determination of side lobe level is a much more difficult problem. Using the 
approximate theory given earlier, however, one can predict the side lobe level as 
the aperture size a or visible region increases. This is shown in Fig. 11 for the four 
different cases along with the actually computed values for the sample arrays. In 
this figure the side lobe level in decibels is plotted against both a in wavelengths and 
the half-power beamwidth in minutes of arc. It is seen that even with as few as 300 
uniformly excited elements one can obtain a half-power beamwidth of about 1 
minute with a side lobe level of —13 dB. If the conventional design with a 
half-wavelength spacing is used, it would require 10 4 elements to produce the same 
beamwidth and side lobe level. The reduction in the number of elements is at a 
ratio of 100:3; in other words, 97 percent of the elements are saved. The directivity, 
however, being roughly proportional to N, cannot be obtained without paying the 
correct price. On the other hand, for the same number of elements as required for 
the directivity one can achieve a much narrower beam and lower side lobe level 
with a simple uniform excitation. As will be seen below, there are other significant 
advantages (such as absence of blind angles and a smaller deleterious effect due to 
phase errors in a digitalized phase system) for using this type of array. 
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Fig. 8. Distribution of element positions {x n } for an assumed cosine-square density 
function. (After Lo [13], © 1964 by the American Geophysical Union) 

The M utual Coupling Effect and Blind Angles 

In general, the mutual coupling in a phased array with randomly spaced 
elements is not a serious problem since for such an array elements are commonly 
many wavelengths apart from each other. However, it may be shown that even if 
array thinning is not the objective and elements are not spaced far apart, random 
spacings can still be used advantageously in some applications. 

Rigorously speaking, the mutual coupling effect in a practical array is a difficult 
problem to analyze. The approximate methods commonly used, as discussed in 
other chapters, are two. The first is to consider a practical array as a truncated 
portion of a corresponding infinite array [33]. Only when the array is a periodic 
structure is this method applicable. For arrays with unequal or random element 
spacings one must resort to the second approach in which the mutual impedances 
between two elements at various spacings are determined first and their effect in an 
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Fig. 9. Sample pattern functions for 0 ^ m/jt ^ 19 of four symmetrical arrays with N = 100, 
300, 600, and 1000 elements, respectively. (After Lo [13], © 1964 by the American 
Geophysical Union) 



array is then studied with a circuit treatment. In this approach it is assumed that the 
current or aperture field distributions on the two elements remain unchanged 
whether or not all other elements are present. This seems generally to be a valid 
assumption for elements of many types at not too close a spacing. 

Let I n be the actual feed current of the nth element in an array and /£ 0) be the 
current when all mutual couplings are absent. Then by circuit analysis, 



In ~ W ~ 2 



=i^ii + Zo 



(21) 



where 



Z mn = mutual impedance between the /nth and nth elements 
Zu = self-impedance of the element at the feed terminals 
Z 0 = generator or the feed-line impedance 

For all the elements, (21) can be written as 

I = I<°> — CI or I = (E + C)- 1 ^ 

where 



( I = 



(22) 
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C is an N x N matrix with elements 
Z 



c = 
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For uniform cophasa. excitation & = exp(- y Vx„), the pattern function 
F ("^)=>7 2/ n exp0^) 



(23) 
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Fig. 11. Side lobe level for four sample symmetrical arrays with N = 100, 300, 600, and 1000 
elements as a function of the aperture dimension in wavelengths, or the half-power 
beamwidth in minutes of arc. (After Lo [13], © 1964 by the American Geophysical Union) 



where 



v = 2jrsina 
a = beam scan angle 
u — 2rr sin 6 
0 = observation angle 
x n = nth element position in wavelengths 



Except for the uninteresting case of close element spacing one may use the 
following approximation for (22), 



I = (E - C)I (0) 



(24) 



Then 
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= T7 E exp[y(« - v)*,,] - - 2 S C«« exp[y (ux„ - vx,„)] (25) 

/v /i=l /V »=1 m=l 

The first summation gives the pattern in the absence of mutual coupling and has 
been studied thus far, whereas the second, double summation is due to the 
coupling. The determination of Z m „, or C m „, is a boundary value problem 
depending on a particular type of antenna, which is not the subject matter of this 
chapter. At the present it is assumed that Z m/1 , as a function of spacing, is known 
either analytically or experimentally. Its effect on the side lobe level distribution 
can then be found approximately by formulating the problem in terms of a diffusion 
equation for the probabilitAfunction of the up-crossing of |f(w,v)| at any given 
level 7} for u in any given regron [24]. The equation is then solved numerically. To 
see the effect of mutual couplVig on the side lobe level distribution, use has been 
made of the coupling coefficient 

C " m = 0 22 \ ^jc | ex P(-j 2 - 227l \ x >»><\) ( 26 ) 



where x mn = x m — x, n as determined experimentally by Lechtreck for two horn 
elements [34]. 

Fig. 12 shows the side lobe distributions for an array of 50 such elements 
uniformly distributed at random with three different average spacings: d av = 0.5A, 
1.0A, and 2.5/1. When the coupling is considered, the distributions are shown in 
solid curves, and when ignored, in dashed curves. As expected the coupling results 
in a. higher side lobe level, but to a lesser degree for larger average spacing. Fig. 13 
shows more clearly how the increase in side lobe level depends on the average 
spacings. In this case, a = 500A and d av = 0.5A, 1.0A, 2.5A, 5. OA, and 10A are 
considered. It is seen that when d av ^ 2.5A the coupling may be ignored. It may be 
noted that for d av = 2.5A and N = 200, the increase in side lobe level is less than 
that shown in Fig. 12 for the same d av and for N = 50. Thus even for the same 
average spacing, the effect of mutual coupling on side lobe level becomes less as N 
increases. This is also expected as the double summation in (25), consist of terms in 
random phase, contributes less and less as N increases, for the same reason that 
the side lobe level decreases when /V increases even in the case of no coupling as 
shown in (14). 

If u = v in (25), one obtains the main beam maximum. For most antenna 
elements, if not spaced very closely, the phase of C mn is nearly linear in spacing as 
shown in (26). Let 

Cmn = l^/wil £Xp(//?|x /mi |), Xmn = x m x n 

Then the main beam magnitude as a function of scan angle a, or its corresponding 
value v, sometimes called the. array scan characteristics, is 
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Fig. 12. Distribution of side lobe level for random arrays of 50 elements and average spacing 
# av = 0.5A, 1.0A, and 2.5A with and without mutual coupling. (After Agrawal and Lo /24J, © 
1972 IEEE) 



l N r N 1 

*Tv,v) = - 2 1 ~ E |C,Jexp(-yv* m „ + jfi\x mn \) 
/V „ =1 |_ /l = i J 



(27) 



The quantity in the square brackets is exactly the pattern function of the nth 
element with all other elements terminated in the match load Z 0 . It may be called 
the array element pattern, namely, the pattern of an element in an array environ- 
ment, which can be vastly different from that of an isolated element. The scan 
characteristic is therefore the average of all array element patterns. It is interesting 
to see that if x n = nd (i.e., uniform spacing), and if 

(v ± $)d = 2jrp, p = 0,1,2, ... 

the terms in the second sum of (27) will add up in phase to cause a sharp decrease 
in F(v, v). For a very large array this sum could be as large as unity, thus resulting 
in the so-called blind angle phenomenon; namely, in that scan direction, v, the 
main beam maximum and therefore the total radiated power drop to nearly zero. 
In other words the array ceases to function as an antenna and all the power sent by 
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Fig. 13. Distribution of side lobe level. for a 500A aperture and 50 100 200 500 and innn 
elements with and without mutual coupling. (After A g ra W al and Lo/2^©%^f E m 

the exciting generator will be reflected, or the element impedance in the array be- 
come reactive Now ,f x „ * nd and {*„} is a set of random numbers, theTn phase 
condition for all the terms in the summation will be unlikely to occu . In acfthe 

m!ner ?he a d r ro y f T e ' ementS) ' the Sma " er wi " be the *™ and has tne 
smaller the drop of ma.n beam magnitude. This conclusion is in exact opposition to 
that of a uniformly spaced array, a very gratifying result indeed. ? 
H„t / P f° bab,,,t y distribution of the main beam magnitude F(v v) can be 
determined approximately once the coupling coefficient C mn for a given type of 
e emen to be used and the probability density function "^) for ptacinTthe 
elements are known. The readers may refer to Agrawal and lo [24 \ fol d Sis In 
the following only some typical results are given 

Let the fluctuation of the main beam magnitude be defined as 

r = max„ el o,2*jF(v,v) - min, e(0 . 2jI ,F(v, v) (28) 

- 5 e s7£ = 1 1 L°r H" 1 ° otherwise > is given by (26), N = 50, and Jtf 
:£ 5 i' P r ^ ab J ht y for ' < t versus | can be computed and is plotted in Fig 14 

us n??he W MonL e rT^Tf ! r £SU,t for 50 ™ d ° m —pie arrays Simula ed by 
using the Monte Carlo method. The close agreement between the- two results 
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Fig. 14. Distribution of main beam amplitude fluctuation r over the entire scanning range 
for 50 elements and average spacing 0.5A. (After Agrawal and Lo [24], © 1972 IEEE) 

provides some confidence in the approximate theory. Fig. 15 shows the theoretical 
results for the same array except that d av = 0.5, 1.0,2.5, 5, and 10A. As expected, 
the larger the average spacing d ay , the smaller the coupling effect and the smaller 
the fluctuation of main beam magnitude over the scanning range. 

The Holey Plate Experiment 

Side Lobe Level and Half-Power Beamwidth — A physical experiment for a large 
array is a rather costly enterprise. Fortunately, the holey plate method as described 
by Stone at optical frequency [35] and by Skolnik at microwave frequency [36] 
provides a simple modeling technique. In this method the array is modeled by a 
large conducting plate perforated with small circular holes, each simulating an 
antenna element. The "holey" plate is illuminated by an incident plane wave from 
one side, and the field is measured from the other side for all directions. The 
pattern so obtained would be nearly the same as that of the actual array. The sketch 
in Fig. 16 shows the major components used. The holey plate is placed against a 
microwave lens which converts a spherical wave emitted from a reduced open 
waveguide at the focus into a plane wave. The assembly of these components is 
enclosed in a box made of absorbing material, and placed over a turntable. 
In the actual setup the holey plate is used as a receiving array. Fig. 17 shows the 
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Fig. 16. Major components for the holey plate experiment. (After Lo and Simcoe [231, (© 
1967 IEEE) ' 

physical experimental setup at 4 mm. The paraboloidal reflector at the far right is 
the transmitting antenna. The incident wave is diffracted by the holey plate and 
then focused on an open-ended waveguide on the left by a polystyrene lens. The 
receiving assembly, consisting of the plate, lens, and the open-ended waveguide, is 
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4-mm WAVEGUIDES LENS HOLEY PLATE TX ANTENNA AT 4 mm 




Fig. 17. Experimental setup for 4-mm waves. (After Lo and Simcoe [23], © 1967 IEEE) 




Fig. 18. Photo of the holey plate sample array, where the coordinates of elements are 
obtained from a set of uniformly distributed random numbers. (After Lo and Simcoe [23], © 
1967 IEEE) 
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placed over a turntable. Except for the plate the assembly is enclosed with 
microwave-absorbing materials which are partially removed in order to show the 
details inside. In this picture the range has been reduced so that the transmitting 
antenna can also be shown. The holey plate contains 210 elements uniformly 
distributed at random over a circular aperture of about 56/1 in diameter as shown in 
Hg. 18. Each element is a hole of about A/4 in diameter. As is clear from this figure 
there exists no plane of symmetry and thus no principal plane. Therefore the 
measured patterns in a few planes cannot be used to infer the overall performance 
It would be desirable to meaVure a three-dimensional pattern, but in this 
experiment a total of 90 cuts was t&en (roughly twice as many as the highest spatial 
frequencies). A typical pattern witftexpanded main beam is shown in Fig 19 The 
measured beams in all cuts are almost identical, with a half-power beamwidth 
ranging from 0.9° to 1,25° and a statistical mean of 1.04°. The difference between 
this value and the theoretical mean o\ 1.05° is well within the experimental error' 
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Fig 19 A typical pattern in a plane cutting through the sample array as shown in Fie 18 
(After Lo and Simcoe [23], © 1967 IEEE) ' 
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-The 90 measured patterns are statistically "identical" in the sense that all have 
nearly the same beam and a few high side lobes, ranging approximately from -18 
dB to -13 dB. However, no two patterns are really identical in details. Fig. 20a 
shows the measured as well as the theoretically predicted distributions of the 
highest side lobe levels associated with the 90 patterns. The agreement is re- 
markable. To safeguard against the luck in this experiment, a second completely 
independently designed holey plate was also constructed and tested. The same 
I close agreement was obtained as shown in Fig. 20b. Finally, it is worth noting again 
that if a conventional array design (i.e. , using uniformly spaced elements) is used to 
produce the same beam and side lobe level, 10 4 elements would be required. This 
number is about 50 times what was used in the experiment. Obviously the 




SIDE LOBE LEVEL- DECIBELS b SIDE LOBE LEVEL- DECIBELS 



Fig. 20. Comparison of the theoretical and experimental distributions for the side lobe 
levels of linear arrays, (a) Experimental distribution obtained from a set of 90 pseudo- 
random linear arrays generated by the planar array 1. (b) Experimental distribution 
obtained from a set of 90 pseudo-random linear arrays generated by the planar array 2. 
(After Lo and Simcoe [23], © 1967 IEEE) 
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RECEIVING LENS GRATING TRANSMITTER 




GRATING NORMAL 



Fig. 21. Sketch of the experimental setup for measuring main beam magnitude fluctuation. 
(After Agrawal and Lo [37]) 



N-61 NUMBER OF SLITS 
T- 0.5 mm GRATING PLATE THICKNESS. 
W- 1.25 mm SLIT WIDTH 
X - 4. 17 mm WAVELENGTH 
~E'- PERPENDICULAR TO SLITS 




-90 -60 -30 0 30 60 90 
a— DEGREES 

Fig. 22. Measured transmitted power through uniform and random gratings versus 
orientation angle a (perpendicular polarization). (After Agrawal and Lo [37]) 

For many conformal arrays, such as cylindrical and spherical arrays, even if the 
elements are placed in a regular manner (for example, equiangular spacings), their 
pattern functions cannot be simply expressed in terms of polynomials as for linear 
arrays. Thus there is, in general, no analytic advantage to considering a particular 
element arrangement. Commonly the patterns are computed numerically, and 
clearly for large arrays this brute force method is very costly. However, the 
contributions from all elements to a pattern in a plane have phases proportional to 
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D 0— DEGREES 



Fig. 23. Measured main beam patterns, superimposed for various scan angles a (parallel 
polarization), (a) Uniform array with d = 0.6A, N = 45. (b) Random array with d av = Q 62. N 
= 45. (After Agrawal and Lo [37]) 

the projections of the element positions on that plane which are in general 
pseudo-random. For this reason a probabilistic approach to large cylindrical and 
spherical arrays has been studied [38]. 

With the advent of log-periodic antennas, extremely wide band antennas 
become a reality. This outstanding family of antennas, however, has its own 
limitations, namely, low directivity and wide beamwidth, since for each frequency 
only a limited portion of the antenna is active. To form an array with these 
elements for high directivity, one will be confronted with the difficulty that the 
physical element spacing increases with frequency, causing a serious grating lobe 
problem. To alleviate this difficulty random spacings of log-periodic elements, 
particularly for large arrays, should be used since such an array can tolerate large 
element spacings and is inherently frequency insensitive, as shown in this chapter. 
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Fig. 24. Computed single-slit pattern |F*(0)| when only the kth element of a uniformly 
spaced array with 21 elements is excited, where d = 0.6A, e r = 4.25, T = 0.5 mm, 
W = 1.25 m, A = 4.17 nim, and E is perpendicular to slit, (a) First-element pattern, (b) 
Sixth-element pattern, (c) Central-element pattern. (After Agrawal and Lo [37]) 




-90 0 90 -90 0 90 -90 0 90 
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a . b c 

Fig. 25. Same as for Fig. 24 except that the 21 elements are randomly spaced with 
<4v = 0.6A. (a) First-element pattern, (b) Sixth-element pattern, (c) Central-element 
pattern. (After Agrawal and Lo [37]) 
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1. Introduction 

The intent of this chapter is to provide the reader with a basic understanding of 
the practical aspects of phased array antenna design. The theory of phased arrays 
has been covered in the preceding chapters. In this chapter a treatment of the 
various design considerations and trade-offs is given, so that the antenna designer 
can arrive at an optimum antenna configuration in order to meet a given set of 
radar system requirements. The topics that will be covered are 

(a) design specifications and procedure for phased array antennas 

(b) selection criteria for array components 

(c) effects of component errors on array performance 

To establish a common basis of understanding, let us first define the basic 
components in a phased array antenna. As shown in Fig. 1, the phased array 
antenna consists of an array of radiating elements with each radiating element 
connected to a phase shifter. The phase shifters control the phase of the radiated 
signals at each element to form a beam at the desired direction 6 0 . A beam-forming 
network, commonly called a feed network, is used to distribute the output signal 
from the transmitter to the radiating elements and to provide the required aperture 
distribution for beam shape and side lobe control. Phase shifter drivers provide 
the required control/bias currents and voltages for each phase shifter for steering 
the beam to the desired scan angle 0 0 . The control signals (or phase words) for 
the drivers are calculated by the beam-steering computer and stored in the serial 
shift registers. When the beam is ready to be scanned, the beam-forming trigger 
signal causes the stored phase words in the serial shift registers to dump- into the 
parallel latching registers, which in turn set the drivers and phase shifter for the 
desired scan angle. Using this type of phased array the radar is capable of per- 
forming the following functions: 

Rapid and accurate beam scanning; typically the beam-switching time is 10 to 
40 us 

2. Search and automatic target tracking over a hemispherical scan coverage by 

using four planar array faces 
3>.. Perform multiple functions such as surveillance, multiple target tracking, tar- 

. get illumination and missile guidance, terrain following and avoidance, ground 

. mapping, etc. 

4. Pulse-to-pulse frequency and/or beam agility 

5. Beam shaping and/or polarization flexibility 

,6. , Low peak and average side lobe levels, typically -40 dB peak and -55 dB 
average 
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Fig. 1. Basic components of a phased array antenna. 

7. High power transmission with multiple distributed transmitters 

8. Electronic beam stabilization on moving platforms 

With this simplified description of the basic functions of a phased array 
antenna, let us now proceed to the discussion of the design specifications of phased 
arrays. 



2. Design Specification and Procedure of Phased Array Antennas 

The design specifications of a phased array antenna are usually determined by 
the overall radar system requirements. These requirements are given in terms of 
radar performance requirements, physical requirements, operating environmental 
requirements, producibility, maintainability, and reliability requirements. A de- 
tailed listing of all the requirements, showing the breakdown of each category, is 
given in Chart 1. 

The antenna engineers, working together with the system and mechanical 
design engineers, must perform a trade-off study of these requirements (as shown 
in Chart 1) in order to establish a set of antenna specifications that would satisfy all 
the radar system requirements at minimum cost. In other words, the antenna re- 
quirements must not be overspecified so that the cost would not be affordable. For 
example, the number of simultaneous beams, beam-switching speed, beamwidth, 
and total transmitted power can be traded against each other to simplify the 
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Chart 1. Design Requirements of Phased Array Antennas 

1. Performance Requirements 

spatial scan coverage 

tunable and instantaneous bandwidth 

beamwidth 

peak and average side lobe level 

antenna gain 

polarization 

peak and average power 
beam-switching speed 
prime power 

number of simultaneous beams 
beam shape 

2. Physical Requirements 

size 
,, : weight 

transportability 

mobility — setup time and march time 

■• 

3. Environmental Requirements 

operating temperature range 
* ' shock and vibration loads 

humidity, salt, fog, and fungus 
• overpressure 

" " 4. Prodiicibility, Maintainability, and Reliability 

■ ■ 

... 5. Cost (Affordability) 



hi ,j- ■ ■• 

-antenna requirements without sacrificing the required power aperture product for a 
given radar search mode. Once the antenna requirements are specified, the next 
step is to formulate and draw an overall antenna schematic diagram showing all the 
functional subassemblies of the antenna system. The subsequent step is to select 
the- array components for the various functional subassemblies that would best 
meet the system requirements in terms of performance and cost. Following the 
component selection, the next step is to perform an error analysis to determine 
the allowable tolerances of these components that would meet the antenna 
performance requirements. These tolerance requirements are then used as the 
performance and physical specifications for the design, development, fabrication, 
and acceptance testing of these components. Detailed discussions on the selection 
criteria of array components and error analysis follow in Sections 3 and 4. 

I*!! Selection Criteria of Array Components 

The three major components of a phased array antenna are the radiators, 
phase shifters, and beam-forming feed network. Some of the commonly used 
criteria in selecting these components for a given phased array application are 
shown in Chart 2. « 

The requirements in Chart 2 influence the selection of array components 
in different ways. For example, the selection of the type of radiator is mainly 
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Chart 2. Selection Criteria of Array Components 
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1 1 . Operating temperature range 

12. Beam-switching speed 
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determined by the requirements of items 3 through 10, whereas the selection of the 
type of phase shifter is mainly determined by the requirements of items 6 through 
13, and the selection of feed network is determined by items 1 through 10. As 
shown in Chart 2, some of the requirements are unique to only one of the com- 
ponents while the others affect two or all three components. For example, the 
requirements of beamrswitching speed, operating temperature range, and prime 
power affect only the phase shifter selection, whereas the frequency bandwidth, 
side lobe, and power level requirements affect all three components. In general, 
there are many combinations of antenna component specifications that can result 
in the same overall system performance. These nonunique component requirements 
allow the antenna designer to perform trade-offs in selecting the component to 
arrive at an optimum design in terms of meeting performance requirements at 
minimum cost.* A detailed discussion of the various trade-offs available in com- 
ponent selection is given in the following sections. 

Radiator Selection 

Types of Radiators — Before we begin the discussion on radiator selection, let us 
first review the various types of radiators that are commonly used in phased arrays. 
The basic types of phased array radiators are listed below: 

1. Open-ended waveguide radiators 

2. Dipole radiators 

3. Waveguide slot radiators 

4. Disk and patch radiators 

The open-ended waveguide radiator comes in two basic forms, namely, the 
rectangular and the circular waveguide radiators. The rectangular waveguide 
radiator is usually used for linear polarization applications, whereas the circular 
waveguide radiator is frequently used- for dual linear or circular polarization 
applications. The rectangular waveguide radiator can be packaged into very close 
spacing in the E-plane of. the waveguide (less than 0.5A) by using reduced height 
waveguide, thus allowing a very large scan coverage in the £"-plane. The //-plane, 
scan is restricted by the width of the guide as determined by the desired ratio of the 
operating frequency to the cutoff frequency. The rectangular waveguide radiator, 
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however, can be packaged into an equilateral triangular element lattice arrange- 
ment in order to provide conical scan coverage as in the case of the circular wave- 
guide radiators, thus allowing an increase in //-plane scan coverage. The various 
possible lattice arrangements for both the rectangular and circular waveguide 
radiators are shown in Fig. 2. The dimension d in Fig. 2 is usually in the order of 
one-half wavelength at the high end of the operating frequency band. For all cases 
of lattice arrangements the spacing between the elements can be reduced by 
dielectrically loading and/or ridge loading the waveguides. 

The two common types of dipole radiators are the microstrip dipole [1,2] and 
the coaxial dipole as shown in Fig. .3. In the case of the microstrip dipole the dipole 
wings are either etched or printed on a dielectric substrate, such as a copper-clad 
jeflon-fiberglass board, or on an alumina (A1 2 0 3 ) substrate. These dipole wings 
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Fig. 2. Lattice arrangements of waveguide radiators. 
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Fig. 3. Common types of dipole radiators, (a) Coaxial dipole. (b) Stripline dipole. 
(c) Microstrip dipole. 
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are excited by means of a microstrip balun. In the case of the coaxial dipole the 
dipole wings are excited by means of a slotted coaxial transmission line as shown in 
Fig. 3. These dipole radiators can be packaged in a large two-dimensional array just 
as in the case of the rectangular waveguide radiators. - 

There are many different types of slot radiators. In the case of slots excited by 
waveguide transmission lines, there are shunt slots [3]^which are cut along and 
parallel to the centerline of the brdadwall of the waveguide and series inclined [4] 
as well as noninclined slots [5] which are cut along the sidewall of the waveguide 
(see Fig. 4). The noninclined slot, which is* a magnetically coupled transverse slot 
[5], does not have cross polarization as in the case of the inclined slot. There are 
also slot radiators which are etched on the ground plane side of a microstrip 
transmission line. The operating bandwidth of the slot radiators, as in the case of 
the dipole radiators, is less than that of the open-ended waveguide radiators. 

The disk and patch radiators are not commonly used in ground-based or 
shipboard applications. These radiators are more commonly used in conformal 
arrays for airborne or missile applications where the depth of the array is of 
cardinal importance. The two common types are the microstrip excited-patch 
radiator [6,7] and the coaxial excited-disk radiator [8] as shown in Fig. 5. The 
coaxial excited-disk radiator has much larger bandwidth than that of the microstrip 
excited-patch radiator. 

Selection Considerations of Radiators — With the knowledge of the various types 
of available radiators, let us now proceed to a discussion on how to select a radiator 
for a given application. In general, the radiator must be selected on the basis of 
meeting all the antenna performance, physical packaging, and environmental re- 
quirements at minimum cost. Some of these requirements: and the corresponding 
selection considerations are given in Chart 3. 

The allowable area per element requirement is determined by choosing the 
proper element spacing and lattice to avoid the formation of grating lobes over the 
entire volumetric scan coverage. The element lattice is usually chosen to maximize 
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Fig. 4. Various types of slot radiators, (a) Broadwall shunt slots, (b) Inclined edge slots, 
(c) Magnetically coupled transverse slots. ' I 
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Fig. 5. Microstrip radiators, (a) Coaxial excited-disk radiator. (After Byron [8]; reprinted by 
permission, © 1972 Artech House, Inc.) (b) Microstrip excited-patch radiator. (After Carver 
and Mink llj, © I960 IEEE) 



the allowable area per element corresponding to the required scan coverage. For 
example, a triangular lattice should be used for a conical scan coverage and a 
rectangular lattice for a rectangular scan coverage. The grating lobe locations for a 
rectangular lattice are given by 



sin# cos0 — sin0 o cos0 o = 




. sin0 sin<£ — sin 6 0 sin0 o .= — 

where 

Oo,<Po = the scan direction of the main beam 
. d x ,d y — element spacing along the x and y axis 
p,q = 0,1,2, ... 
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Chart 3. Selection Considerations of Radiators 



Design Requirements 



Selection Considerations 



Allowable area per element 
element spacing lattice 
operating frequency 

Aperture impedance matching 
scan coverage 
frequency bandwidth 

Polarization 

linear or circular 
single or dual 

Power-handling capacity 
peak and average 

Environmental 

thermal, shock, vibration, 
etc. 

Cost, reliability, and 
producibility 



Dipoles, disk, and patch radiators for A'-band 

or lower. Waveguide and slot radiators for 

S-band or higher 
Dipoles and waveguides for 10- to 25-percent 

bandwidth. Waveguides for 10-percent to 

octave bandwidth 
Dipole and rectangular waveguide for linear. 

Cross dipole and circular waveguide for 

dual linear or dual circular 
Dipole and waveguide for 1 kW or less. 

Waveguide for 1 kW or more 
Dipole and waveguide for non-nuclear 

hardened. Waveguide for nuclear 

hardened 

Dipoles for integrated subarray modular 
construction 



For a triangular lattice the grating lobes are located at 

sin# cos0 — sin# 0 cos0 o = —^^[P (^a) 

sin 0 sin <p — sin 0 o sin 0 O = ± ^j- q (2b) 

where p + q is even. 

In order to prevent the grating lobe formation the maximum projected element 
spacing d along a given scan plane must satisfy the following formula: 



I - 1 + sin^ 



(3) 



For a conical scan coverage of a 60° half-angle cone the maximum allowable 
area per element is approximately 0.3A 2 as shown in Fig. 2. Once the area per 
element is established, a radiator must be selected to fit within that area. Since 
the element spacing is directly proportional to the wavelength of the operating 
frequency, the dipole radiators are usually used for A^band or lower frequencies 
and waveguide/slot radiators are used for S-band or higher frequencies. Another 
requirement for radiator selection is aperture impedance matching over the 
required scan coverage and operating frequency bandwidth. For a 60° half-angle 
cone coverage the dipole and waveguide radiators can be reasonably well matched 
over a 10-percent bandwidth, whereas waveguide radiators [9] can be matched over 
almost an octave bandwidth. In general, some of the other considerations in 
radiator selection for meeting the requirements of polarization, power-handling 
capacity, environment, cost, etc., are given in Chart 3. 
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Development Procedure of Phased Array Radiators— Once the radiator 
selection is made in accordance with the requirements of Chart 3, the usual step-by- 
step procedure to develop this radiator in a two-dimensional array environment 
is given below: 

Step 1 

Select an element spacing and lattice that does not formulate grating lobes or 
surface-wave resonances over the required scan coverage and the operating fre- 
quency band. 
Step 2 

Formulate an analytical model of the radiating aperture and optimize the 
performance by varying the design parameters, such as element dimensions. 
Step 3 

Perform aperture matching, such as by using an inductive iris or a dielectric 
plug in the opening of the waveguide radiator, metallic fences around dipole 
radiators, or using dielectric sheets in front of the radiating aperture. 
Step 4 

Using the analytical results from steps 2 and 3, fabricate waveguide simulators 
to measure and verify the radiation impedance at discrete scan angles. 
Step 5 

Fabricate a small test array (usually 9x9 elements) and measure the active 
element pattern of the central element over the required frequency band. This 
active element pattern is defined as the pattern of an element with all the neigh- 
boring elements terminated into matchedloads. It describes the variation in array 
gain G (including aperture mismatch) as a function of beam scan angle: 

C = ^%cos0(l-|r(0)| 2 ) (4) 

where 

A = area of element multiplied by the total number of elements in the array 
antenna 

rj = aperture efficiency corresponding to the amplitude distribution across 
the array aperture, with tj = 1 for uniform amplitude distribution 

0 = beam scan angle 
|r(0)| = magnitude of reflection coefficient at scan angle 6 

The net gain of the antenna is given by the above gain minus all the other 
ohmic losses and mismatch losses, such as the phase shifter loss, beam-forming feed 
network loss, etc. 
Step 6 

Establish the performance characteristics of the final radiator design by com- 
bining the measured impedances of step 4 with the measured active element 
patterns of step 5. 
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Phase Shifter Selection 

The selection criteria of a phase shifter for a particular phased array applica- 
tion are listed below: 

1. Operating frequency and bandwidth (tunable and instantaneous) 

2. Peak and average rf power 

3. Insertion loss 

4. Switching time (reciprocal and nonreciprocal) 

5. Drive power 

6. Size and weight 

7. Phase quantization error 

8. Cost and producibility 

Some of these criteria are established by radar requirements, while the others 
are used to compare the relative merits of various phase shifter types. Among all 
the above criteria the six most often used criteria for selecting a particular phase 
shifter are the operating frequency, peak and average rf power, switching time, 
size, weight, and cost. The cost is an important consideration since the phase 
shifters contribute to one-third of the cost of most phased arrays. The other two- 
thirds of the total cost are contributed almost equally by the phase shifter drivers 
and the beam-forming feed network plus the radiators. A more detailed discussion 
on the selection criteria of the phase shifters will be given after the various avail- 
able phase shifter types are described. 



Phase Shifter Types — The two types of commonly used phase shifters are the 
semiconductor diode phase shifters [10,11,12] and the ferrite phase shifters 
[10, 11, 12]. It is not the intention here to describe the theory of operation of these 
phase .shifters since this subject is well covered elsewhere. This section will, 
however, describe in detail the performance and physical characteristics of these 
phase shifters so that a comparison can be made to select the proper phase shifter 
for a particular radar application. The diode phase shifters are generally digital 
phase shifters, i.e., the phase states of the phase shifter are in discrete binary phase 
increments. Fig. 6 shows the binary phase states of a 4-bit diode phase shifter. The 



INPUT - 



BiT No. 1 


BIT No. 2 


BIT No. 3 


BIT No. 4 


0°, 180° 




0°, 90° 




0°, 45° 




0°. 22.5° 













• OUTPUT 



INPUT - 



0°-360° 



• OUTPUT 



Fig. 6. Basic types of electronic phase shifters, (a) Semiconductor diode phase shifter" 
(digital), (b) Ferrite phase shifter (digital or analog). 
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diode phase shifter uses pin diodes to provide phase shifting either by switching in 
different line length across a transmission line or by changing from inductive to 
capacitive loading across the transmission line. Typical phase shifter circuits using 
Ipin diodes are shown in Fig. 7. There are analog diode phase shifters [13, 14] con- 
taining either varactor diodes or pin diodes. However, these analog diode phase 
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I Fig. 7. Circuit designs for diode phase shifter, (a) Switched-line phase bit. (b) Hybrid- 
Icoupled phase bit. (c) Loaded-line phase bit. (After Stark [10], © 1984; reprinted with 
-permission of McGraw-Hill Book Company) 
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shifters are extremely low power devices, typically in the milliwatts range. On the 
other hand, the ferrite phase shifters can be either digital or analog devices as 
illustrated in Fig. 8. In general, the two types of commonly used ferrite phase 
shifters are the nonreciprocal, toroidal ferrite phase shifter [15,16] and the re- 
ciprocal, dual-mode ferrite phase shifter [17,18], Fig. 8 shows the basic, con- 
figurations of these two types of ferrite phase shifters. The toroidal ferrite phase 
shifter employs the use of a toroidal shaped ferrite bar placed in a rectangular 
waveguide. A drive wire is inserted longitudinally through the center core of the 
toroid to provide transverse magnetization in the toroid. Phase shifting is achieved 
by varying the current in the drive wire, hence varying the biasing magnetic field 
in the toroid. This phase shifter can operate as an analog device by using a long 
toroid and varying the phase shift by means of changing the holding current in the 
drive wire. It can also operate as a digital device by magnetically latching (no 




b 

Fig. 8. Basic ferrite phase shifters, (a) Nonreciprocal twin-slab toroidal type, (b) Reciprocal 
dual-mode type. (After Tang and Burns [11]) 
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holding current) the toroid to the various minor hysteresis loops. The amount of 
phase shift is determined by the product of the magnitude and the time duration of 
the. voltage pulse. In applications where fast switching speed is required, the long 
toroid can be split into smaller sections with the length of each section corre- 
sponding to a binary phase bit. In this case each section is magnetized into satura- 
tion and is quickly switchable since the volume of ferrite material for each section is 
significantly smaller. This type of phase shifter is nonreciprocal; hence the phase 
shift must be reset between the transmit and receive modes of the radar. The dual- 
mode ferrite phase shifter, however, is reciprocal, and it does not require resetting 
between transmit and receive. This phase shifter consists of a long metallized fer- 
rite bar in between two nonreciprocal quarter- wave plates. The quarter-wave 
plate at each end of the ferrite bar converts the incident linearly polarized electric 
field into a circularly polarized field. This circularly polarized field interacts with 
the longitudinally magnetized biasing field in the ferrite bar to produce Faraday 
rotation, resulting in a net phase shift of the wave propagating through the ferrite 
bar. The amount of phase shift is controlled by the magnitude of the biasing field in 
the ferrite bar. This device can be used as a digital or analog phase shifter as in the 
case of the nonreciprocal toroidal phase shifter. However, the switching time of this 
phase shifter is much longer (50 u.s compared with 10 us for the toroidal phase 
shifter) due to the eddy current effects of the metal wali around the ferrite bar. 
There are other types of reciprocal ferrite phase shifters such as the Reggia- 
Spencer phase shifter [19] and Fox phase shifter [20]. The details of these phase 
shifters can be found in the references. 

Performance Characteristics of Phase Shifters^A comparison of the general 
characteristics of diode and ferrite phase shifters is shown in Table 1. As shown in 
this table, most of the diode phase shifters that have been built operate over the 
frequency range of uhf to X-band, whereas the ferrite phase shifters have been 
built to operate over the frequency range of 5-band to W-band. Ferrite phase 
shifters of the reciprocal, dual-mode type have been built at 95 GHz with insertion 
loss of approximately 2.5 dB for 360° of phase shift. The insertion loss of ih d diode 
phase shifter varies typically from 0.5 dB at L-band to 1.4 dB at A^-band. On 
the other hand, the insertion loss of the ferrite phase shifter varies typically from 
0.6 dB at 5-band to approximately 1.0 dB at X-band. The insertion loss of the 

Table 1. General Characteristics of Diode and Ferrite Phase Shifters 



Parameter 



Diode (Digital) 



Remanent Ferrite 
(Analog and Digital) 



Frequency 
Insertion 1oss/2jt 
Temperature sensitivity 
P.eak power 
Average power 
Bandwidth 
Switching speed 
, Control power 



Uhf to A^-band 
0.5 to 1.4 dB 
Negligible 



10 ns to 30 us 
0.1 W to 0.5 W 



^8 kW 
^300 W 
10% to 25% 



5- to W-band 
0.6 to 2.5 dB 
<0.03 to0.3%/°C 



1 to 50 us 
20-800 uJ 



^100 kW 
^800 W 



10% to octave 
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ferrite phase shifter goes up to approximately 1.4 dB at 30 GHz. A comparison of 
the insertion loss of the diode and ferrite phase shifters as a function of frequency 
is shown in Fig. 9. At L-band frequencies or below, the diode phase shifters are 
used because of their low insertion loss and lower cost. At 5-band frequencies the 
insertion loss of the diode phase shifter is quite comparable to that of the ferrite 
phase shifter. For example, the insertion loss of the ferrite phase shifter is 
approximately 0.2 to 0.3 dB lower. Above 5-band, however, the disparity in 
insertion loss becomes significantly more in favor of the ferrite phase shifter. The 
temperature sensitivity of the diode phase shifter is nil compared to 0.03%/°C to 
0.3%/°C for the ferrite phase shifter, depending on the type of ferrite material 
used. The peak and average power handling capacity of most of the diode phase 
shifters is approximately 8 kW and 300 W, respectively, compared with 100 kW and 
800 W, respectively, for the ferrite phase shifter. The bandwidth of most pf the 
diode phase shifters is typically 10 percent. However, an octave bandwidth can be : 
achieved by using Schiffman coupled circuits [21]. In the case of the ferrite phase 
shifter an octave bandwidth can also be achieved by using multiple stages of ridge- 
loaded waveguide transformers. The switching speed of the diode phase shifter 
varies from 0.5 ns to approximately 30 us depending on the capacitance of the 
diode and the type of driver used to switch the diode from forward bias to reverse, 
bias. Typically, the switching speed is approximately 30 u.s, using a simple resistive 
pull-up type of driver circuit. However, the switching speed can be reduced to 
10 [is or less when an active pull-up circuit is used. The switching speed for the 
ferrite phase shifter varies from 1 us for the individual toroidal bit type to about 
50 us for the long Faraday rotator type. The required control power for the diode 
phase shifter varies from 0.1 to 0.5 W depending on the amount of forward bias 
current needed to set the quiescent state of each bit to the constant resistance., 
region of diode I-V characteristics. Forward bias currents can be reduced from the 
above settings at the expense of a slight increase in insertion loss. The required- 
control energy for the ferrite phase shifter varies from 20 to 800 uJ, depending on 
the speed with which the phase shifter has to be switched. 
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Fig. 9. Insertion loss of diode and ferrite phase shifters. (After Tang and Burns [11]) 
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General Observations in Selecting Phase Shifter Type — Above S-band and at peak 
power level of 2 kW or more per element, ferrite phase shifters are preferred due to 
their lower insertion loss. However, in situations where the required rf power is low 
(less than 2 kW) and size and weight constraints dictate a compact and lightweight 
package, diode phase shifters are preferred due to their simplicity in construction 
and lower production cost. For example, cost can be minimized by combining 
several dipole radiators, diode phase shifters, feed networks, drivers, and logic 
circuits on a common alumina substrate as an integral subarray module. 

Beam-Forming Feed Network Selection 

Among all the selection criteria, as stated in Chart 2, the most influential 
criteria in the selection of a beam-forming feed network for a particular radar 
application are the following: 

1. Number of simultaneous beams 

2. Monopulse sum and difference beams 
3l Peak and average side lobe level 

4. Tunable and instantaneous bandwidth 

5. Peak and average power 

6. Size, weight, and cost 

For most applications the above criteria can be narrowed down from the 
multitude of possible design choices to a few practical design selections. For 
example, if a large number of multiple simultaneous beams are required, the 
possible design choices for the beam-forming feed network would be either a 
multiple-beam optical feed (such as the circular pillbox feed, Rotman lens feed, 
etc.) or a constrained matrix feed (such as the Butler or Blass matrix feed). Once 
the choices are narrowed down to only a few possible design approaches, a com- 
parison of these approaches can then be made in terms of side lobe performance, 
bandwidth, size, weight, and cost in order to determine the optimum design 
approach. In order to select the optimum feed for a particular application it is 
necessary for the antenna designer to have a broad and comprehensive knowledge 
of the various types of available beam-forming feed networks. This subsection 
summarizes some of the basic types of beam-forming feed networks and their 
performance capabilities and limitations. A detailed discussion of the various feed 
network designs is given in Chapter 19, on beam-forming feed networks. 

In general, all the beam-forming feed networks can be classified into the 
following three basic categories: 

Category 1 — Space feeds: 

transmission type 

reflection type 
Category 2 — Constrained feeds: 

series feed 

parallel feed 

Category 3 — Hybrid feeds (a combination of space and constrained feeds) 

Space Feeds — In the category of space feeds there are two basic types, namely, the 
transmission type [22] and the reflection type [23]. In the case of the transmission 
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type the array elements and phase* shifters are connected to an array of pickup 
elements, which are in turn illuminated by a feed horn located at a given focal 
distance away from the aperture of the pickup array (see Fig. 10). The ratio of the 
focal distance to the diameter of the radiating aperture varies nominally from 1/2 
to 1. The array of pickup elements in conjunction with the phase shifters and the 
radiating elements forms an electronic scanning feedthrough lens (transmission 
lens). The phase shifters are set to provide the required phase increments between 
the radiating elements for beam scanning and for correcting the phase error 
introduced by the spherical phase front from the feed horn. When digital phase 
shifters (constant phase with frequency type) are used in the lens this spherical 
phase front correction approach can suppress the peak error side lobe introduced 
by the phase quantization error of the digital phase shifter. A detailed discussion 
of the effect of phase quantization error on array performance is given by Miller 
[24]. The tunable and instantaneous bandwidths of this space-fed antenna are 
typically 10 percent and 40 MHz, respectively. When the time-delay type of phase 
shifters are used, this antenna system has extremely wide instantaneous bandwidth 
limited only by the performance of the components. An instantaneous bandwidth 
of 1000 MHz is achievable. Monopulse sum and difference beams can be formed by 
using a cluster of feed horns at the focal point. For example, a cluster of 2x2 feed 
horns combined with magic tees can provide a sum beam, an elevation difference 
beam, and an azimuth difference beam as shown in Fig. 10. Multiple simultaneous 
beams can also be formed by using feed horns displaced from the focal point. The 
number of multiple beams that can be formed, however, is limited by the spherical 
aberration effects. Various methods of correcting the spherical aberration are 
treated by Rotman and Turner [25]. Since the signal distribution from the feed 
horns to the elements is through free space, this space feed is probably the simplest 
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Fig. 10. Space feed systems. (After Cheston and Frank, Array Antennas [22/ TG-956, 
JHU/APL, Laurel, MD, March 1968) 
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way to form multiple simultaneous beams. In the case of the reflection type of space 
feed (see Fig. 10), the concept is the same as that of the transmission type except a 
short is placed behind each phase shifter so that the signals are reflected and 
reradiated from the pickup elements. Since the signal travels back and forth 
through the phase shifters twice, the amount of required phase shift at each 
element is half of that of the transmission case for the same scan angle. However, 
the peak power requirement for the phase shifter is quadrupled because of the 
standing wave. In order to minimize the blockage effect of the feed horn, the feed 
horn has to be offset with respect to the axis of the reflective lens. 

Space feeds have several disadvantages. One of them is the large physical 
volume required by the space feed. Another is the multiple reflection effects 
between the mismatches of the two lens apertures as a function of beam scan angle. 
This effect can be minimized by performing the best impedance matching possible 
for the two apertures over the required scan coverage and frequency band. A less 
obvious problem with space feeds is the difficulty of connecting control wires of the 
phase shifters in the lens because of the lack of access from the front or the back of 
the lens. The only access is through the peripheral edge of the lens. 

Constrained Feeds — In the category of the constrained feeds there are two basic 
types, namely, the series feeds and the parallel feeds. By definition the radiating 
elements are fed serially in a series feed, while they are fed in parallel in a parallel 
feed. Typical examples of the series feed are shown in Fig. 11. The basic form of a 
series feed is shown in Fig. 11a. The input signal is fed from one end of the feed and 
the other end is terminated into a matched load. The input signal is then coupled 
serially through directional couplers to the phase shifters and radiating elements. 
Since the transmission line length increases from the input to the following 
radiating elements, there is a progressive phase change between the radiating 
elements with frequency variations; thus the beam scans with frequency change. 
The amount of beam squint with frequency is given by 

A/* 1 ,c\ 
beam squint = y (5) 

where A/ is the amount of frequency change and 0 0 is the nominal scan angle. A 
detailed discussion of the bandwidth limitations of series and parallel feeds is given 
by Frank [26]. The beam squint, however, can be brought back to the original 
position by resetting the phase shifters at each radiating element. One of the 
problems with this type of series feed is that the mismatches from the radiating 
elements, phase shifters, and couplers can all add up in phase at the frequencies 
when the path length between the elements is a multiple of a half-wavelength. In 
order to provide sum and difference beams for monopulse tracking the feed input is 
moved from the end to the center of the series feed as shown in Fig. lib. The two 
halves of the feed are fed by a magic tee so that the sum port of the magic tee 
provides in-phase excitation of the two halves and the difference port provides 
out-of-phase excitation to generate a difference beam. Since the same coupling 
coefficients of the couplers are used for both the in-phase and the out-of-phase 
excitations, the side lobes for the sum and difference beams cannot be op- 
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Fig. 11. Constrained feeds (series feed networks), (a) End feed, (b) Center feed, (c) Center 
fed with separately optimized sum and difference channels, (d) Equal path length feed, (e) 
Series phase shifters. (After Cheston and Frank, Array Antennas [22], TG-956, JHU/APL, 
Laurel, MD, March 1968) 



timized simultaneously. For low side lobes the sum beam requires an even distri- 
bution, such as the Taylor distribution [27], and the difference beam requires an 
odd distribution, such as the Bayliss distribution [28]. In order to achieve low side 
lobes for both sum and difference beams a center-fed dual series feed (see Fig. 11c) 
is used. The excitations of the two parallel series feeds are adjusted to optimize the 
side lobes for both the sum and the difference beams. A detailed description of 
the dual series feed is given by Lopez [29]. At broadside beam position the two 
halves of the center-fed series feed scan in opposite directions with frequency. This 
results in a beam broadening with no change in direction. If the two. halves scan too 
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far apart, it could even result in a splitting of the beam. Therefore the bandwidth 
of the center-fed series feed is significantly worse than that of the parallel feed. 
However, at large scan angles such as 60° from broadside the bandwidth of the 
center-fed series feed is quite comparable to that of a parallel feed (see Frank [26]). 
In order to broaden the bandwidth at broadside for a center-fed array the path 
length from the feed input to the radiating elements can be made equal as shown in 
Fig. lid. In this case the bandwidth is only limited by the in-phase addition of the 
mismatches of the couplers. For a series-fed array the phase shifters can be also 
inserted serially between the couplers along the series feed line as shown in Fig. 
uMe. In this design the amount of required phase shift for. each .phase shifter is 
greatly reduced compared with that of the phase shifters at the radiating elements. 
However, the insertion losses of these serial phase shifters are additive, resulting in 
a reduction in array gain and an increase in side lobe level from the asymmetrical 
amplitude distribution. 

Typical examples of the parallel feeds are shown in Fig. 12. The basic form of a 
parallel feed is shown in Fig. 12a. In this basic form the input signal is divided in 
a corporate tree fashion to all the radiating elements. The path lengths from the 
input to each output are made equal. The bandwidth at broadside is ideally infinite, 
except for the practical limitations of such components as the couplers, phase 
shifters', and radiators. When the beam is scanned away from broadside the beam 
scans with frequency. The amount of beam squint with frequency is given by 
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The bandwidth at 60° scan (see Frank [26]) is given by 

percent bandwidth = beamwidth in degrees 



When magic tees or hybrid couplers are used at each level of the corporate feed the 
mismatches from the radiating elements are reasonably well isolated from each 
other. Hence the parallel corporate feed does not have the additive effect as in the 
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case of the series feed. An optical form of the corporate feed is shown in Fig. 12b. 
In this optical: configuration the input feed horn illuminates a parabolic reflector, 
which in turn produces a reflected plane wave illuminating the pickup horns located 
at the aperture of the reflector. The signals received by the pickup horns are fed 
into the phase shifters and radiating elements the same way as the corporate feed. 
The fact that the power distribution from the feed input to the radiating elements is 
accomplished optically with the parabolic reflector, instead of with the hybrid 
couplers as in the case of the corporate feed, enhances the bandwidth of the feed 
system. However, the freedom in controlling the amplitude taper of the signals at 
the radiating elements is restricted to those provided by the primary illumination 
pattern of the feed horn: Typically the amplitude distribution is of the form of a 
truncated cos"* distribution, where n is an integer greater than 1. This form of 
amplitude taper is achieved by using multiple feed horns at the focal point of the 
reflector. For example, a cosine distribution is achieved by using two feed horns 
displaced symmetrically on both sides of the focal point. Higher-order . cosine 
distributions can be achieved by employing three or more feed horns. When a large 
number of feed horns are used to generate the desired amplitude taper, the aper- 
ture blockage effect caused by the feed horns can be circumvented by using a folded 
pillbox feed. The feed horns are placed at one level of the folded pillbox feed, while 
the pickup horns are placed at the next level. Multiple beams can also be formed by 
using multiple-feed horns. The number of multiple beams, however, is limited by 
the defocusing effect of the parabolic reflector. Typically, scanned beams can be 
formed to approximately two beamwidths from either side of the focal beam 
(broadside beam). In order to form more simultaneous beams the shape of the 
reflector must be changed from a parabolic to a circular configuration, and the feed 
horns must be arranged along a circular arc, concentric to the reflector surface. For 
this case the//D ratio is nominally 1/2. Due to the circular symmetry the radiation 
patterns of the feed>horns are essentially identical except for the edge or truncation 
effect of the reflector. The radiation patterns, however, are deteriorated slightly by 
the spherical aberration effect of the circular reflector. 

Multiple simultaneous beams can also be formed by using constrained parallel 
feeds such as the Butler matrix feed [30] and the Blass matrix feed [31]. The Butler 
matrix feed, as shown in Fig. 12c, consists of layers of 90° hybrids (3-dB couplers) 
interconnected with transmission lines and fixed phase shifters. The maximum 
number of simultaneous beams that are formed by the Butler matrix feed is equal 
to the total number of radiating elements in the array. For example, an eight- 
element array has eight simultaneous beams. All the beams are orthogonal to each 
other, and they cover the entire radiation space from one end-fire direction to the 
opposite end-fire direction. Due to the drop-off in the active element pattern of the 
radiating elements the beams close to end-fire directions are generally not used? 
The amplitude distribution across the radiating elements corresponding to any 
beam position is uniform; hence the crossover point of the adjacent beams is 
approximately 4 dB for orthogonal beams. The beam-pointing direction and the 
beamwidth change with frequency so that the orthogonality is maintained. Due to 
the large number of components required in the matrix feed for a large array and 
the complexity of packaging these components, the practical usage of the Butler 
matrix feed is generally limited to a sixteen-element array. v '% 
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, In order to prevent the beam from scanning with frequency a time-delay matrix 
feed of the form shown in Fig. 12d can be used. This time-delay matrix feed is a 
special form of the Blass matrix feed [31]. For the broadside beam (beam 0 in Fig. 
12d) all the path lengths from the input to the radiating elements are equal. For all 
the scanned beams the difference in path lengths between two adjacent feed lines 
from the beam input terminal to the radiating elements is exactly equal to the 
required time delay between these elements for that particular scan angle. Hence 
this time-delay matrix feed has extremely wide bandwidth, and it is only limited by 
the bandwidth of the couplers in the feed. One of the practical design problems of 
this time-delay matrix feed is the coupling between the feed lines. The amount 
of coupling is determined by the crossover level of the corresponding beams and 
the directivity of the couplers. High crossover level between beams (higher than the 
level corresponding to orthogonal beams) appears as a cross-coupling loss which in 
turn degrades the antenna gain. Poor directivity in the couplers causes circulating 
power between feed lines, which produces amplitude and phase errors at the 
radiating elements. In order to minimize amplitude and phase errors it is impera- 
tive that the beams are spaced as closely to the orthogonal condition as possible, 
and the directivity of the couplers is as high as possible. 

Independently controlled sum and difference beams for monopulse tracking 
can be formed in a parallel constrained feed as shown in Fig. 13. The signals from 
symmetrical pairs of radiating elements located diametrically opposite from the 
centerline are combined in 180° hybrids (magic tees) to form in-phase and out-of- 
phase signals. The in-phase signals are combined in a feed network with the proper 
amplitude weighting to form a sum beam. The out-of-phase signals from the magic 
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Fig- 13. Constrained monopulse feed with independently controllable sum and difference 
beam side lobes. (After Tang and Burns [11]) 
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tees are combined in a separate feed network to form a difference beam. Dif- 
ferent amplitude distributions, such as the Taylor distribution for the sum beam 
feed network and the Bayliss distribution for the difference beam feed network, 
can be used to independently control the side lobes of both beams. When the 
lengths of the transmission lines from the input to the radiating elements are made 
equal, the bandwidth of this monopulse feed network is the same as that of a 
corporate feed. 

General Observations in Selecting Beam-Forming Feeds — In general, the series 
feeds are more frequency sensitive than the parallel feeds; hence the series feed's 
are more bandwidth limited. Furthermore, the mismatches from the couplers in a 
series feed are additive when the transmission lines between the couplers are 
integer multiples of a half-wavelength. However, the lengths of transmission liries 
between the couplers in a parallel feed are nonuniform so that the mismatches do 
not add in phase. Also, the mismatches from the couplers can be isolated by the 
magic tees in order to prevent the reflected signal from circulating in the feed net- 
work and, as a result, cause high-power breakdown problems. In order to avoid the 
resonance problem in the series feed the length of transmission line in the series 
feed is chosen to avoid resonance over the operating band. One advantage of the 
series feed is that it is physically more compact than the parallel feed; hence it is 
more useful for applications where antenna volume is of prime importance. * ' 

4. Effect of Component Errors on Array Performance '*}**' 

One of the most important considerations in the design of a phased array 
antenna is the effect of errors in the array components on the antenna perform- 
ance. These errors are mainly caused by the manufacturing tolerances of the 
components and the batch-to-batch variations in material consistency. In general, 
all the errors can be identified and grouped into two basic types: namely, the 
systematic type of error and the random type of error. The systematic errors are 
deterministic errors resulting from some inherent characteristics of the com- 
ponents. For example, the use of quadrature couplers in a beam-forming network 
results in fixed 90° errors across the outputs of the feed network. These phase errors 
can be trimmed out by storing the required phase correction terms in the pro- 
grammable read-only memories (PROMs) of the beam-steering computer, and 
then by correcting these errors with the phase shifters at the radiating elements. 
The net required setting of the phase shifter is the sum of the phase correction term 
and the incremental beam-steering phase term. Any systematic type of amplitude 
error can also be trimmed out by fine-tuning the power split ratios of the couplers. 
The random errors, on the other hand, are not deterministic, and they are not 
correlated from element to element. Therefore, it would not be practical to correct 
the error at each element with the phase shifter since they are all different. These 
random errors can be minimized by controlling the manufacturing tolerances of the 
components. Therefore, in the remainder of this section, we will address the effects 
of random errors on antenna performance. 

Before we can analyze the effect of random errors on array performance the j 
following assumptions relating to the characteristics of these errors are made: 
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[2. 



Errors in each radiating element are statistically independent from those in all 
the other elements. 

Errors in all elements possess the same statistic. . 



Based on the above assumptions the array performance can be calculated in 
I terms of the net rms amplitude and phase errors at each element of a large two- 
-dimensional array. The net rms error at each element is determined by statistically 
|summing all the contributions from the various components to that element using 
|the central limit theorem. Detailed treatments of the error effects on array per- 
i io M ancc were done b y ^ uze P 2 ]> Allen [33], Miller [24], etc. They have expressed 
f the, array performance in terms of the rms error as follows: 
f 1. The rms side lobe power, p y is 



(7) 



• where 



o 2 = + 



a a — rms amplitude error 
a p = rms phase error in radians 
. 7] = aperture efficiency, which is less than or equal to 1 
N = total number of elements 

f"2. The peak side lobe level,* p pk , is 

I Ppk = |S 0 | + 2a/\^N 

I where S 0 is the amplitude of the design side lobe without errors. 

f- 1 

J 3. The reduction in antenna gain is 

I' : 

i G _ 1 



(8) 



G 0 1 + (3jr/4)(d//l) 2 a 2 



(9) 



/where 



dIX = element spacing in wavelengths 

O 0 = antenna gain with the absence of errors 

The beam-pointing error is 



A<9 rad V N 0.88jt 
|Estimate is based on power not to be exceeded with 98-percent probability. 



(10) 



18-28 



Applications 



where 



= rms beam-pointing error in radians 
A^rad = beamwidth in radians 

The above formulas can be used in conjunction with actual . radiation pattern 
calculations to estimate the allowable error budgets for the array components 
in meeting a given set of array performance specifications. Conversely, if the 
amplitude and phase errors of the components are known, then the array 
performance can be estimated by the above formulas.* An example which illustrates 
the effects of errors on the array performance is given below. This example is for 
the case of an array of 2000 elements with element spacing d of 0.5A. The error-free 
side lobe level (p P k)o is asumed to be -40 dB; correspondingly, the aperture 
efficiency rj is equal to 0.64. Assuming the composite rms amplitude error o a and 
the rms phase error o p are 0.5 dB and 4°, respectively, then the net rms error a is 
given by 

a 2 - ol + a 2 = 0.0035 + 0.0049 = 0.0084 



The average side lobe level of the array with errors is given by 




S pk = S 0 + J§=. = 0.01 4- 0.005 - 0.015 



so that 

The gain reduction is given by 
G 1 



VrfN 



Ppk = —36.5 dB 



C 0 1 + (37r/4)(rf/A) 2 c7 2 
The beam-pointing error is given by 
6 



= 0.995 or -0.02 dB 



AO 



rad 



= /|o~i^ = 0001 28 or 6 « = A9 ^ 80 ° 
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1. Introduction 



When phased arrays were relatively simple, antenna subassemblies were easy 
to identify as feed networks, phasors, and radiating aperture. Modern phased 
arrays, however, have become quite complex, with a wide variety of designs and 
physical implementations depending on the particular application. With simple 
phased arrays the feed network was a passive network of branching transmission 
lines to distribute the power from a single transmitter to each of the radiating 
elements in the array via the phasors, and, conversely on receive, it combined 
the power received by each of the radiating elements to the input to a single re- 
ceiver. Modern phased arrays may have multiple distributed transmitters, multiple 
distributed preamplifiers, multiple duplexing switches, and multiple simultaneous 
beam ports, each with its own final receiver. In addition, adaptive arrays may have 
adaptive control loops distributed throughout the feeding network with a significant 
amount of signal processing done within the antenna. For these reasons, general 
categories and general definitions become somewhat ambiguous. However, since 
generality is necessary to discuss phased arrays in general, an attempt is made to 
organize feed systems into general categories, and the reader should be aware of 
the shortcomings. 

2. Constrained Feeds (Transmission-Line Networks) 

; The simplest method of feeding an array is to use simple passive transmission- 
.line networks which take the transmitter power from a single source, or possibly 
multiple sources, and to distribute the power to each radiating element via 
transmission lines and associated passive microwave devices, such as hybrids, 
magic-Ts, or directional couplers, etc. The network itself is usually a combination 
of directional couplers, hybrids, and/or Ts in waveguide, coax, stripline, or micro- 
strip. Printed-circuit techniques are popular for some of the approaches to be 
discussed. Fig. 1 is a simplified diagram of a constrained feed snowing the basic 
subassemblies. In the case of multiple beams, there would be more than one input 
and^more than one beam. In the following sections the series-fed, parallel-fed, 
time-delay-fed, and multiple-beam matrix-fed approaches are discussed. 

Series F eed Networks 

* The simplest power distribution feed is an end-fed transmission line in which 
power is coupled off at (usually) periodic intervals to the radiating elements as 
shown schematically in Fig. 2. Although the series feed is simple, low cost, and. 
packages easily, it has a drawback in that it "frequency scans" because there is an 
interelement progressive phase delay equal to k g d, which is proportional to 
frequency, where k g = 2nfX g = a)/v g is the wave number of the feeding transmis- 
sion line and d is the line length between branch line couplers/Although the phase 
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shifters are usually, reset for each frequency change, the instantaneous or signal 
bandwidth is degraded because the antenna beams corresponding to each of the 
frequency components in a narrow pulse will be pointing in slightly different 
directions in space. Thus the composite antenna beam is "smeared out" in angular- 
space, thereby broadening the effective beam width to reduce the antenna gain and 
angular resolution. 

There are many coupler designs that can couple the desired amount of power 
from the main feed line to the branch lines. The couplers can be nondirective three 7 
port reactive couplers, such as pure series or pure shunt couplers, nondirective 
matched couplers, or directive four-port couplers. Nondirective couplers are simple 
and inexpensive to fabricate. Pure series or shunt couplers are the simplest but are 
inherently mismatched. For arrays with a large number of elements (on the order of 
50 or more elements) the individual reflections due to coupler mismatch are quite 
small because the coupling is very loose. For large arrays the maximum voltage 
coupling coefficient is on the order of 0.1. These coupler mismatch reflections, for 
the most part, add randomly in phase at the input to give a low feed input vswr 
except at or very near the resonant frequency, that is, the frequency corresponding 
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to a broadside beam. . At the resonant frequency the couplers are an integral 
number of wavelengths apart (or half-wavelengths if the phase of the couplers is 
alternately 0° and 180°) and all the reflections add in phase to result in a very high 
input vswr. For purely series couplers the impedances add, and for purely shunt 
couplers the admittances add. The input vswr versus frequency curve shows high 
resonance for large arrays, and the width of the vswr versus frequency curve is 
inversely proportional to the number of elements in the array. In short, the input 
vswr versus frequency curve resembles an antenna pattern in all respects except the 
independent variable is frequency instead of spatial angle. That is, tapered aperture 
distributions result in lower side lobes and broader beamwidth in antenna patterns, 
and tapered coupling coefficients result in lower side lobes and broader resonance 
band widths in the vswr curve. 

Because of the high vswr at resonance the resonant frequency is usually 
designed to be out of the operating frequency range when simple nondirective 
couplers are used. Matched nondirective couplers have been designed in waveguide 
that allow operation at the resonant frequency [1]. Although they are more com- 
plex, more costly, and, in general, more difficult to package, directional couplers 
have superior performance because they are inherently matched at all four ports. 
<■ . ,In designs using nondirective couplers the reflections from the couplers can 
couple into the preceding branch arms and cause spurious side lobes, in the antenna 
pattern; hence they are called reflection lobes. In particular, a reflection from a 
poorly matched terminating load will cause a reflected beam in the conjugate 
direction from broadside as the desired beam. Reflections from mismatches in the 
branch lines, such as reflections from the input end of the phase shifters or 
connectors on the feed side of the phase shifter, will usually reflect specularly as a 
whole and the reflected wave reflects back into the feed main line and will be 
phased such that it will be dissipated in the terminating load of the series feed. 

Parallel Feed Networks 

The simplest parallel feed network consisting of branching transmission lines 
is commonly known as a corporate feed (see Fig. 3). Since the path lengths from the 
feed point to the radiating elements are equal, there is no progressive phase delay 
between radiating elements, and hence no frequency scan, so that the instantaneous 
bandwidth is much greater. If the corporate feed were made up nondispersive TEM 
transmission line, the feed itself would be true time delay and would, in principle, 
have unlimited bandwidth. 

The power dividing branch points of the feed are usually matched four-port 
hybrid junctions instead of reactive three-port T junctions. Since a matched four- 
port junction is impedance matched in all four ports, spurious reflections from 
connectors, phase snifters, radiating apertures, etc., will not be scattered from the 
various junctions back into the radiating aperture to cause undesired side lobes and 
other antenna pattern degradation. Instead, these spurious reflections are absorbed 
in the terminating loads of the hybrids. Also, multiple reflections among the 
junctions can cause high resonance effects that can lead to high-power breakdown 

? in the feed network. The use of directional couplers helps alleviate this potential 

'problem. 

As with the use of directional couplers in the series feed, the unused terminal 
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Fig. 3. Diagram of a corporate feed, phase shifters, and radiating elements. 



(the port that is normally terminated in a matched load) can be used to form a 
multitude of auxiliary antennas such as side lobe blanking and coherent side lobe 
cancellation antennas [2]. 

Again, as in the series feed, when a plane wave is incident on the antenna from 
the direction of the main beam, most of the receive power arrives attfie input port 
of the feed and very little power ends up in the terminating loads. In an ideally 
lossless feed network, that portion of the power in the incident plane wave which 
ends up in the terminating loads accounts for the fact that the aperture efficiency f) 
is less than unity for aperture distributions other than uniform. For uniform 
aperture distributions none of the received power is dissipated in the terminating 
loads. For tapered aperture distributions most of the received power that does not 
arrive at the feed input is dissipated in the terminating loads of the junctions that 
have the highest power split ratios which are near the edges of the aperture. With 
reactive three-port power splitters the receive power that is not received at the 
input port of the feed is reflected back into free space and can result in a high radar 
cross section. In any case in which matched four-port junctions are used in the feed, 
the radar cross section of the ideal impedance-matched aperture antenna is zero. Of 
course it is assumed that the incident radar wave has the same polarization and 
frequency as the antenna. That is, all the energy incident in the direction of the 
main beam of the antenna is absorbed at the antenna input (receiver or duplexer 
load) — none of it is reflected back into space. For plane waves incident on the 
antenna from any other direction than in the main beam, the incident power 
nearly all (except for the small amount of energy associated with side lobes of the 
antenna pattern) ends up in the terminating or "unused" ports of the hybrid 
junctions. That small amount of incident power (if there is any) associated with the 
side lobe in that direction ends up at the input port of the antenna feed. Hence the 
unused ports of the hybrid junctions can be combined in various ways to create-a 
large variety of ante\ina pattern shapes outside the region of the main beam of the* 
main antenna. Such patterns can be used as auxiliary antennas such as for coherent 
side lobe cancellation or for communications outside the region of the main beam 
of the main antenna. All these auxiliary antenna patterns would have essentially a 
null in the direction of the main beam of the main antenna [2]. 
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True Time-Delay Feeds 

f k .A true time-delay antenna is in which that the time delay from an incoming 
tyayef ront to a feed point is the same for every path from the wavefront via each of 
fine radiating elements, phase shifters, etc., to the feed point. This is illustrated in 
^Pig: 4. The equal time delay ensures that signals via all paths add in phase at the 
feed point for, every frequency component in the, pulse. In a non-true-time-delay 
|anteniia the time delays for the various paths may differ by an integral number of rf 
^cycles of the center frequency in the pulse. In general, other frequencies in the 
pulse do not add exactly in phase at the feed point. Hence there is a reduction in the 
peak of the received pulse and the pulse is smeared out or broadened in time. From 
the transmit point of view the interelement phase shift x/j is correct only at the 
Renter frequency to have its main beam point in the desired direction in space. 
Antenna patterns corresponding to other frequencies in the pulse will be scanned 
igft fforn the desired direction according to the expression sin 6 = cxp/a>d, which 
Jshows that the beam-pointing angle 0 depends on the frequency a> since ip is 
^constant. The antenna is a bandpass filter in that the frequency spectrum of the 
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£>g.>4. Schematic diagram of true-time-delay antenna using, time-delay phase shifters. 
(Courtesy Hughes Aircraft Co., Fullerton, Calif.) < • 
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pulse radiating toward a target is modified. The frequency component corre- 
sponding to the center frequency of the pulse is weighted most heavily because its 
corresponding antenna pattern is, by design, pointing in the direction of the target 
whereas the other frequency components in the short pulse have their antenna 
patterns scanned off from the direction of the target; hence their weighting is 
reduced by the amount that their antenna patterns are scanned off. By the principle 
of reciprocity this spectral transformation on receive is the same as that previously 
discussed for transmit. \ £ 

In a true time-delay array the interelement phase shift ip must not be coristaht 
but must be proportional to frequency so that all frequency components in the 
pulse will have their corresponding antenna patterns all pointing in the same 
direction. . 

Examples of true time-delay feeding techniques include the use of the circular 
folded pillbox covered in Section 3, under "Pillbox," and the Meyer geodesic lens 
covered in Section 3, under "Meyer Lens," and in Section 6, under "Hughes 
Matrix-Fed Meyer Geodesic Lens," among others. 

M ultiple-Beam Matrix Feeds 

Butler Matrix— Probably the most widely known multiple-beam matrix feed is the 
Butler matrix. It is well documented in the literature [3-8] and will be discussed 
only briefly here. Fig. 5 is a schematic representation of an eight-elerrtent Butler 
matrix. 

The Butler matrix has N outputs (aperture elements) and N inputs (beam 
ports). Unit excitation at the beam ports results in N orthogonally spaced sin ulu 
type patterns.* The aperture distribution B{n) is related to the beam inputs by^ 



B nm 



= exp/{[K — (N + l)/2][m 



(N + 1)/2]2jt/7V} 



where B nm is the field amplitude of the nth aperture element when beam port m is 
excited with unit amplitude and N is the number of aperture elements, which is also 
the number of beam ports. In the above form of B nm , the phase distribution for.eacfi 
beam is symmetrical about the center of the aperture array. Any Butler matrix can 
be put into this form because an arbitrary aperture phase gradient can be applied to 
the aperture. This merely causes the whole beam cluster to scan as a whole, 
retaining the same beam spacing in sin 0 space. The quantity that is invariant is the 
difference in phase gradients between adjacent beams, which is always 2jr/ALThe 
aperture amplitude distribution is uniform for all beams with (sin u)/u type patterns 
and each beam derives full 100-percent directivity from the projected aperture of 
the common array. The beams cross over at E = 2/tc or 3.92 dB down from the 
beam peaks and the peak of any beam peak falls on the nulls of all other beams. 
The beams are orthogonal and there is no beam coupling. The crossover level is 
independent of frequency; hence the beams must frequency scan by an amount 



♦More accurately, for discrete arrays it is (sxnmp)lnsin y>, where xp = (™*M)sin (9, which is the 
counterpart for (sin u)fu for continuous distributions. * 
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' BEAM OUTPUTS (OR INPUTS FOR TRANSMISSION) • 

. Fig. 5. Eight-port Butler matrix. (Courtesy Hughes. Aircraft Co., Fullerton, Calif.) 

proportional to their separation from broadside in order to retain orthogonality and 
affixed crossover level. For large arrays the beams span an angular coverage of 
^sin'^A^d), where d is the element spacing and k is the free-space wavelength. 
Ford > A/2, grating lobes will fill in the region near end-fire, and for d < A/2, some 
beams will be in imaginary space. In all cases all of visible space is covered. 
. -As exemplified by Fig. 5, numerous hybrid junctions and fixed phase shifters 
must be cascaded to generate a. Butler matrix. Specifically [5], the number of 
hybrids is equal to (N/2)\og 2 N and the number of fixed phase shifters is equal to 

jK^ 2 )k>g2(A/ — 1). Moody [8] gives a systematic design procedure for generating 

Much matrices. 

It should be mentioned that the multiple-beam matrices of the type described 
in [5]. (and most others in the literature) use all 90° 3-dB or all 180° 3-dB couplers. 
In 'these matrices the number of elements/beams is a power of 2 and requires fixed 
phase shifts. However, since any fixed phase shift can be generated by a 
combination of 90° and 180° hybrids, matrices without separate fixed phase shifters 
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can be designed. Jones and Van Blaricum [7] give a design procedure for these 
matrices. In general, the hybrids are not necessarily a 3-dB power split and the 
number of elements/beams is not necessarily a power of 2. An example of a 
multiple-beam matrix that uses both 90° and 180° hybrids with no fixed phase 
shifters is the one used to feed the radial transmission line described in Section 3. 
The preceding expression for B nm is general and is applicable to all lossless 
multiple-beam matrices. 

There are numerous applications of the Butler matrix, not only as an antenna 
itself, or as an antenna feed, but as a multimode generator. When the outputs 
are placed on . a circle, modes of the form e ±im<p are generated (m = integer, 
<j> = circumferential angle). Due to the unitary nature of this matrix, a complete 
set of orthogonal modes is created. Most of the time the number of beams required 
is much less than the number of elements; consequently the full capability (and 
associated complexity) of a Butler matrix is not needed. A later section on parallel- 
plate optics using a multimode radial transmission line describes a scheme in which 
the number of elements and the number of beams are totally independent. The 
next section describes a multiple-beam transmission-line matrix that also has 
independence between the number of elements and the number of beams. This 
scheme also allows arbitrary beam spacing. Also see Hansen [4], vol! 3, ch. 3. 

Blass Matrix — Another multiple-beam matrix invented by J.. Blass [9] *hat uses 
serially coupled transmission lines instead of the parallel coupled lines of the Butler 
matrix is .briefly described here (see Fig. 6). This configuration uses one feeder 
line for each beam with branch guides coupled serially by directional couplers. 
The transmission lines may be waveguide, coax, or stripline. For a specified inter- 
element spacing d, the beam position in space is determined by two things: the tilt 
angle of the feed line and the propagation constants of the branch lines and the feed 
line in question (may be all the same or all different). Each feed line produces a 
linear (ideal) phase gradient at the array aperture and forms a frequency scanning 
beam in space. By proper choice of the feed line tilt angles, propagation constants; 
and coupling distributions, multiple beams can be generated in space having what- 
ever crossover value the designer chooses. These multiple beams, in general, may 
not be precisely orthogonal over a large frequency band but can be designedvto 
be nearly so from a loss point of view. All the beams frequency scan together. For a 
small number of beams (two or so) this array works quite well. For a large number 
of beams, or for very low side lobes, care must be taken to account for the phase 
and amplitude changes that occur in the transmission coefficient as the wave passes 
by a multiplicity of nonideal directional couplers. The larger the number of beams, 
the more difficult this becomes. As can be seen from Fig. 6, feed line 1 produces a 
branch guide field that does not have to pass by any other couplers, while beam M 
must pass by M - 1 other couplers before entering free space; hence perturbations 
are present in feed line M that are not there for feed line 1. These perturbations will 
manifest themselves to some degree in the form of radiation pattern degradation 
and/or excessive power dissipated in the terminating loads. These properties are 
manifestations of the fact that ideal beam orthogonality is not guaranteed as in the 
Butler matrix or radial line approaches. It is conceivable that orthogonality could 
be forced by a design procedure similar to the Gram-Schmidt procedure [10], but.in 
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Fig. 6. Multiple-beam Blass matrix. (After Butler and Lowe [3], © 1961; reprinted with 
permission of Hay den Publishing Co.) 

doing so, some of the advantages of the Blass matrix, such as simplicity and 
arbitrary beam spacing, could be restricted. However, this allows arbitrary beam 
spacing. 

Various derivatives of the Blass matrix are also given in Hansen [4], including a 
true time-delay version of this matrix. The reader is referred to this reference for 
more details. 

Two-Dimensional, Isosceles, Triangularly Spaced, Multiple-Beam Matrix — This 
class of two-dimensional multiple-beam matrices introduced by Chadwick and 
Glass has been extensively investigated by Chadwick, McFarland, Charitat, Gee, 
and Hung of the Lockheed Missile and Space Company [11,12]. The analysis 
of this relatively new class of two-dimensional multiple-beam matrices is quite 
involved and, compared with other topics of this handbook, the required length 
of a self-contained explanation would not be justified. For this reason, only an 
acknowledgment that such an antenna technique does exist and a discussion of its 
possible advantage over the more established techniques are given. For further 
information the reader is referred to the references cited. 

The Butler matrix multiple-beam antenna is one-dimensional and applies to 
multiple-beam linear arrays. A two-dimensional array is made by an array of these 
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linear arrays. The Butler matrix is a special case of the triangularly spaced array in 
which the triangle collapses into a line. This two-dimensional matrix forms a family 
of lossless, isosceles, triangularly spaced, orthogonal beams. 

This two-dimensional matrix offers more freedom for the designer to choose 
the number of elements (beams) with a variety of array shapes. These shapes are 
derived from the basic triangle and include such shapes as irregular hexagons, 
V shapes, Z shapes, hourglass shapes, and parallelograms. Since there is a one-to- 
one correspondence between array space and beam space, a variety of beam 
coverage geometries are available. This may be advantageous where irregular 
beam coverage is desired, such as the coverage of certain geographical areas on 
earth from a spacecraft antenna. A desired beam coverage might be approximated 
by one of the allowed beam coverage shapes. Butler matrices achieve an irregular 
coverage by terminating the beam ports corresponding to beams that fall outside 
the desired coverage area. This is wasteful in that the total number of components 
in the matrix is greater than for a matrix that utilizes all the available beams. Due to 
the variety of beam coverage shapes available, the relative number of "wasted" 
beams should be smaller for this two-dimensional matrix array. 

Multimode Element Array Technique 

For electronically scanning antennas with requirements of high x directivity 
and high gain but with limited field of view (typically on the order of 10°), it is very 
wasteful to have radiating elements with phase shifters at half-wavelength intervals 
over the entire radiating aperture. The limited scan requirement allows a reduction 
in these devices (which may include power amplifiers and low-noise amplifiers in an 
active array) in proportion to the limited solid angle of scan. Limited-scan antennas 
are designed to minimize the number of these costly devices with minimal 
degradation of antenna performance. Constrained feeding techniques using large 
directive elements spaced much greater than at A/2 intervals are discussed in this 
section. Limited-scan techniques using optical type devices are described in Section 
4 on unconstrained optical feeds and in Section 5 on optical transform feeds. 

The use of large directive elements (e.g., waveguide horns) in a phased array 
usually results in high grating lobe levels as scanning is performed; however, for 
limited scan, Mailloux and Forbes [13,14] have found that by properly exciting 
waveguide flared horns with not only the dominant LSE 10 mode but with controlled 
higher-order odd modes as well, the grating lobe that would ordinarily be the worst 
can be suppressed. For example, consider first that array scanning is to be 
performed in the £-plane only, with elements as depicted by Fig. 7. The array 
factor will be scanned by controlling the phase shifter labeled rj, while the odd-mode 
amplitude control will utilize the phase shifter labeled tj + A. An example of far- 
field radiation patterns for the LSEj 0 and LSE n modes is shown in Fig. 8. This 
particular example is predicated on forming a null at rj — —0.75. This null location 
would correspond to a grating lobe position for a positive main beam scan angle. 
The null location car? be controlled by an appropriate linear combination of these 
two modes. By linearly combining the two modes, a scanned element pattern that 
suppresses the worst grating lobe can be achieved. An example of this is given by 
Fig. 9 for waveguide horns that are 2.9A by 2.9A on a side. Also shown, for refer- 
ence purposes, is the element pattern produced by the dominant LSE 10 mode on|y< 

Fig. 10 is a photograph of an experimental eight-element array taken from 
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; Fig. 7. Even/odd-mode power divider circuit for E-plane scanning. (After Mailloux [13]) 
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| Fig. 8. £-plane field patterns for LSE 10 and LSE n waveguide modes. (After Mailloux fI3/y 



Mailloux [13]. It is designed for E-plane scan of ±12°. The amplitude distribution is 
{ such that the center four are uniform, the second element in from each end is 
r-3. dB, and the outer elements are —6 dB. Examples of the measured far-field 
patterns are given in Figs. 11 and 12, where for comparison the latter also shows the 
calculated pattern without odd-mode control. Without odd mode control, the 
highest grating lobe for 12° scan of the main beam would be about 4 dB higher than 
1the.main beam. With odd-mode control, however, this grating lobe is suppressed 
.by about 20 dB for ±12° scan. 

For odd-mode control in both planes the configuration shown by Fig. 13 can be 
K: used. [14]. This configuration would allow large directive elements to be used 
I in both dimensions, while suppressing the offending grating lobe ordinarily en- 
countered. For more details the reader is referred to Mailloux and Forbes [13, 14]. 
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3. Semiconstrained Feeds (Parallel-Plate Optics) 

Feed systems that are constrained in one dimension but are not constrained in 
the other dimension are used because of simplicity, low cost, low loss and high 
. power handling capability. The volume occupied, however, is generally greater 
than that for fully constrained feeds. These feeds utilize propagation in the 
quasi-TEM mode between closely spaced (less than A/2) parallel metallic surfaces. 
The surfaces need not be planar but can also be singly or doubly curved as long as 
the spacing between the surfaces is small in terms of wavelength and the radii of 
curvature are large with respect to the wavelength. Under these conditions the 
wave is considered to be propagating on the mean surface. In the dimension of the i 
mean surface the wave is essentially unbounded and is not constrained by guiding 
structures. The rf power "radiates" from the primary feed along the mean surface 
to a.pickup array that, in turn, feeds the radiating elements of the antenna. Hence 





j. 



Fig. 10. Prototype array for E-plane scan (W = 3.01). (After Mailloux [13]) 



,the_aperture distribution of the antenna array is determined by the radiation 

pattern of the primary feed and the geometric properties of the mean surface. If the 
"piean surface is planar, the aperture illumination is determined by the feed pattern 
m tjie usual sense. However, if the mean surface is doubly curved or if the index of 

refraction is a function of position, the feed pattern is modified, as will be discussed 

later. 

-Under the restrictions of closely spaced surfaces and other dimensions large 
eompared with the wavelength, the laws of geometric optics are quite valid on the 
rnean surface. That is, Fermat's principle stating that the path of a ray in geometric 
optics is stationary applies. Stated mathematically, 



■J. 



ray path 



nds = 0 



where n is the index of refraction of the medium between the surfaces. The index of 
^traction may vary as a function of position on the mean surface. This is the same 
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Fig. 13.* Four-mode horn and power divider circuit. (After Mailloux [13]) 



as saying that the time of transit of a ray between two points on the mean surface is 
an extremum (usually a minimum) and the rays are geodesies [15]. For this reason 
such feeds are generally called geodesic feeds or lenses. 

The simplest and probably the earliest geodesic feed for phased arrays is the 
folded or two-layered pillbox [16-19]. It consists of two parallel-plate regions 
connected by a 180° bend that is parabolic in the plane of the plates. A point source 
feed is located in one layer. A cylindrical wave radiated from the feed goes around 
the 180° bend to enter the second layer, where it is collimated into a plane wave by 
the parabolic shape of the bend. The bend may be abrupt [16,17], circular, or 
mitered [19]. 

The mean surface of geodesic lenses may be planar, singly curved, doubly 
curved, or composite. For planar surfaces the geodesies are straight lines. For 
singly curved (cylindrical) surfaces the geodesies are straight lines on the developed 
(flattened into a plane without stretching or tearing) surface. Doubly curved 
surfaces cannot be flattened into a plane without stretching or tearing the surface. 
The geodesies on doubly curved surfaces are the curves that a tightly stretched 
string would take with the string constrained to stay on the surface everywhere. 
Mathematically the geodesic is an extremum, which is the shortest or the longest 
path. length. on the surface between two points. As a simple example the shortest 
arc: of a great circle through two points on a sphere is a geodesic, as is the longest 
arc 'of the same great circle through the points. Usually the geodesies of interest are 
the shortest paths between two points. 

If two surfaces intersect*. along a line, a geodesic (ray) across the intersection 
obeys Snell's laws of reflection and transmission, namely, 



Of course, any arbitrary "cut" in a geodesic surface can be considered as an intersection but most often 
£he intersection is between two portions that are each developable. 
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(1) The angle of reflection is equal to the angle of incidence, 0 r = 0 f . 

(2) The angle of refraction (transmission) is related to the angle of incidence by 

sinfl, _ ^6~_ iij 
sin Si Ve^ n t 

where £, is the relative dielectric constant in the parallel-plate region of the 
incident ray and e, is that in the region of the transmitted (refracted) ray. 
The terms n, and n t are the corresponding indexes of refraction. All angles 
are measured from the common normal. 

As will be discussed later, there are many practical geodesic lens surfaces that are 
composites of developable surfaces. . 

The parallel-plate Luneburg lens is not applicable for efficiently feeding a 
linear array. This is clearly evident from Fig. 14. Although the Luneburg- lens 'is 
perfectly focused for all scan angles, it is very inefficient for feeding a fixed linear 
array because the illumination scans or translates off the linear array aperture as 




Fig. 14. Luneburg lens illuminating a linear array. {Courtesy Hughes Aircraft Co^FMllerJM 
Calif.) 
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the beam is scanned. The darkened portion of the linear array is all that is common 
for angles of scan out to ±45°. The amount of feed spillover and illumination 
asymmetry that results with beam scan is intolerable. Note that the central ray does 
not pass through the center of the linear array for scanned off beams. This results in 
asymmetric array illumination for tapered distributions. The circular pillbox and 
Meyer lens (these lenses are discussed later) do not suffer this shortcoming as 
can be seen in Fig. 15> which snows that for the Mfiyer |ens ^ fe ^ fo *. 

circular folded pillbox) the central ray for all beams passes through the center of the 
linear array, i.e., the illumination does not translate across the linear array 
aperture. It should be mentioned that since the projected aperture of the linear 
array decreases as the cosine of the angle of scan, to keep the illumination 
efficiency from degrading, the feed illumination pattern should be made more 
directive according to the secant of the scan angles. This requires larger feeds as the 
scan increases Fortunately, there is just enough space to do this (in terms of 
beamwidths of scan) because the radiated beamwidth also increases as the secant of 
the scan angle. This effect is true for all optical type feeding techniques for linear or 
planar arrays. 

Pillbox 

Fig. 16 shows a sketch of a parabolic folded pillbox [16-19]. This device has 
been used since the early 1950s for IFF and air traffic control antennas and as a feed 
tor phased arrays. 

The input primary feed is usually an open-ended waveguide, or two of them 
&de v by side for monopulse operation. Sometimes electric probes fed by coaxial 
•lines, backed by a quarter-wave short or cavity are used for the primary feed The 

feJ^F™ u 3165 in the regi ° n betWeen a P air of P aral,el P ,at es, as depicted by 
? « , J ! P Center ° f the P rima *y fee d is located at the focus of the parabola 
.e held then propagates in the TEM parallel-plate mode to the 180° bend The 
|end is designed such that the "reflected" (or more accurately, transmitted around 
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LINEAR ARRAY 

|S- Meyer lens illuminating a linear array. (Courtesy Hughes Aircraft Co., Fullerton, 
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Fig. 16. Folded pillbox feed for phased array. (Courtesy Hughes Aircraft Co., Fullertoh) 
Calif.) • 



the bend) field emerges between the upper set (ideally) of TEM parallel plates, ancl : 
is collimated because of the parabolic shape. The output is located in the upper set 
of parallel plates at any convenient terminal plane. The output is transitioned to 
coax waveguide or stripline, thus forming the pickup array. Radio-frequency absor- 
bing material should be used in the lower set of parallel plates to absorb any re- 
flected power that did not go around the 180° bend [18]. This is especially important 
if low side lobes are required. Using the parabolic folded pillbox, low side lobe 
radiation patterns (e.g., 30 dB or better) are fairly straightforward to obtain [18]. 
Moreover, the loss through the structure is very low, being less than an equal path 
length run of waveguide of the same height as the parallel-plate separation. 

The reason this device has been used so extensively throughout industry is 
because of its high performance, simplicity, and form factor. Its flat, thin profile 
usually makes it easy to package (e.g., on the back side of a planar array). In any 
application where a parallel-fed corporate feed is required, the parabolic folded 
pillbox can be used instead. Moreover, monopulse operation is simple to im- 
plement in the pillbox by feeding it with a dual feed and a magic-T or with a 
multimode feed with independent sum and difference modes. It is much less 
complicated (mechanically) than the corporate feed and does not require the 
multiplicity of components (hybrid junctions or directional couplers, bends, etc.) 
inherent in the corporate feed. 
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If wide-angle-coverage multiple beams are desired, the circular folded pillbox 
[19] can be used instead of the parabolic folded pillbox. Fig. 17 is a photograph of a 
29-beam circular folded pillbox at A'-band. Its principle of operation is similar to 
that , of the parabolic folded pillbox, except that a circular arc is used at the 180° 
bend father than a parabolic arc, and the feed locus is a circle whose radius is 
slightly greater than half the radius of the circular reflector (at the 180° bend). 
Without dielectric loading, the usable portion of the output aperture is restricted to 
about one-half the diameter, or slightly greater. The reason for this is that spherical 
aberration produces phase errors that limit the usable portion of the aperture. Most 
of the phase errors at the aperture can be corrected by trimming the line lengths 
at. the output aperture, similar to a Schmidt correction in optics. The spherical 
aberration for . the scanned beams resembles the spherical aberration for the 
on-axis beam; hence the spherical aberration that is common to all beams can be 
removed at the output aperture by line length adjustment. 

r - For example, consider a design that forms multiple beams over a 90° sector 
Q±45°). Fig. 18 shows the calculated spherical aberration for scanned beams over 
±45°. The curves all resemble each other, grossly speaking; consequently the mean 
value of the spherical aberration can be removed. The long and short dashed curve 
ifthe mean value, or compensation curve. The negative of this curve is inserted at 
the aperture by. line length adjustments in the pickup array. The maximum phase 
error after compensation is shown dashed. The spherical aberration has been 
reduced by a factor of about 5 or 6. This factor depends on the total field of view 
over which multiple beams are formed, and the allowable degree of spherical 
aberration (after compensation) that can be tolerated. 

With partial dielectric loading of the entrance layer the optics can be modified 
i such that nearly 80 percent of the output diameter is usable aperture. For example, 
ahe;pillbox in Fig. 17 uses Rexolite 1422 loading (e r = 2.56) between the feed arc 
|andV0.8/? in the entrance layer and gives respectable phase error over 80 percent 
|of D. The extreme scanned beams suffered from what appeared to be residual 
[spherical aberration phase error, indicating that the use of 80 percent of D is 




pig.* 17. Circular, folded, multiple-beam 
WCourtesy North American Rockwell) 

I 



pillbox, shown with 12-in (30.48-cm) ruler. 
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NORMALIZED APERTURE VARIABLE (y/R) 

Fig. 18. Path length error versus aperture variable before compensation, and maximum 
path length error after compensation. (Courtesy Hughes Aircraft Co., Fullerton, Calif.) 

probably a little too much. There was no mechanism for focusing (i.e., feed probe 
positions were not adjustable). In this design electric probes are used as feeds, 
which yields a very nearly uniform amplitude distribution at the aperture, with 
beam crossover levels of about 4 dB and side lobe levels consistent with a uniform 
amplitude distribution (13 dB) for most of the beams. The crossover level varies 



Beam-Forming Feeds 



19-23 



with frequency consistent with the beamwidths' dependence on frequency. The 29- 
beam peak positions remain fixed in space independent of frequency. If waveguides 
were used as feeds with focusing (radial feed position adjustability) capability, 
improved performance would undoubtedly be realized. 

Radial Transmission Line 

This section describes a simple, inexpensive, and ideally lossless multiple- 
beam-forming device whose cost and complexity do not increase rapidly with the 
number of radiating elements [20-22]. 

In physical appearance it resembles a constrained lens using parallel-plate 
optics. From the microwave circuit point of view it is similar to the Butler hy- 
brid matrix but it differs in that the number of beams does not have a definite 
mathematical relationship with the number of radiating elements. The number of 
elements is arbitrary, in contrast with the Butler matrix in which the number of 
beams equals the number of elements. In practice the number of beams is quite 
limited in the radial transmission-line scheme but the number of radiating elements 
can be increased arbitrarily with little extra complexity and at a cost that varies only 
linearly with the number of elements. 

Consider a parallel-plate radial transmission line terminated on its periphery by 
an array of "pickup" probes connected to the radiating elements of a linear array 
with equal lengths of transmission line as shown in Fig. 19. Suppose that besides the 
TEM mode, higher-order cylindrical modes with circumferential phase variation 
could be excited in the radial line. The circumferential variation of these modes can 
be; (characterized by A m exp(jm<j>), where A m is the amplitude of the rath mode 
and.m is an integer (positive or negative). Because of the orthogonality properties 
of the* modes they do not couple. By virtue, of equal line length connection between 
| the eircumferentially dispersed pickup probes and the elements of the linear array, 



Pg. 19. Radial-transmission-line multiple-beam-forming network. (Courtesy Hughes 
"ircraft Co., Fullerton, Calif.) 
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the circumferential phase variation exp(/ra0) is transformed to a linear progressive 
phase exp(;2mjrx/L), where L is the length of the array and x is the aperture 
variable (<p = 0 corresponds to x = 0 and <f> = 2n corresponds to x = L). Thus 
there is a beam for each value of ra. Positive and negative values of m corresponded 
left and right beams, respectively. For m = 0, there is a beam at broadside. The 
amplitude distribution for each of the beams is uniform and the far-field pattern is 
given by 



E(xp) 



sin(Afy/2) 
Nsin(V>/2) 



where 

N = number of elements in the array 
ip = 2jrd/Asin(0;— a) 

0 = angle of beam from broadside 

d = LI{N — 1), interelement spacing 

a ~ 2mjt/N, interelement phase shift for the rath beam 



. This is exactly the same as a Butler matrix array of N elements with m beams 
being used. 

- The m = 0 mode can be excited at the center of the radial transmission ;lirie 
with a circular waveguide operating in the TM 0 i or with a coaxial TEM mode as 
shown in Fig. 2(h The method of Fig. 20 also generates the m = ±1 modes.^The 
peak power-handling capability is limited by the E-plane magic-T. Fig. 21 showsta 
very high power transition using a multimode turnstyle junction to excite these 
modes. The TE U excitation results in a cos <p circumferential variation. An orthog- 
onal TE n mode phased 90° will give a ysin0 circumferential variation. Hence, 
adding or subtracting the two orthogonal TE n modes, the exp(±/0) circumferen- 
tial variation in the radial transmission line is achieved. In other words, an excita- 
tion of right and left circular polarizations in the circular waveguide feed will result 
in a right and a left antenna beam. Orthogonal TEi 2 modes as shown in Fig. 22 
will excite exp(±2y<£) modes in the radial transmission line. In this figure the solid 
lines represent the field configuration of the TE 2 i mode (cos 20 circumferential 
variation). The dashed lines represent the field configuration of the orthogonal 
TE 2 i mode (sin 20 variation). By combining them in a 90° phase relationship, 
exp(/20) and exp(-/20) modes are created. The radial line can be fed with a 
multimode turnstyle type junction fed by hybrid circuitry as in Fig. 21a. A 
photograph of an S-band radial line fed by this method is shown in Fig. 21b. This^ 
hybrid-fed waveguide method of excitation of higher-order modes in the radial 
transmission line hak the advantage of simplicity, low loss, and high power handling, 
capability. For more beams, feeding at essentially one point becomes impractical. 
For a greater number of beams a circular array of probes with less than half-wave- 
spacing fed with a Butler matrix would probably be the most efficient. The obvious 
question may be raised as to why not dispose of the radial line and just use th. 
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Fig., 20. Operation of high-power, dual-mode feed T for radial transmission line. (Courtesy 
"Hughes Aircraft Co., Fullerton, Calif.) 



3utler matrix [3,5], The advantage of using the radial line is that regardless of the 
jhurriber of beams the number of outputs from the radial line can be increased to 
|any arbitrary number by merely enlarging ■ the diameter of the radial line to 
' accommodate a larger number of output elements. In many systems applications 
-requiring large arrays the number of simultaneous beams required is often much 
£less~than the number of radiating elements. For example, many phased^array 
fsystemsWy require only two beams for monopulse capability with beam steering 
^chierved with ferrite or diode phase shifters. Obviously in this extreme case a 'radial 
hne -feed would be much simpler and much less expensive than a Butler matrix. In 
Other applications a relatively small multiple-beam< cluster that can be scanned in 
synchronism may satisfy the system requirements. 

f ; u As;an example of a possible application of the multimode radial line beam- 
forming network, suppose that on transmit a uniform distribution is desired and on 
#ceivera 30-dB side lobe tapered aperture distribution is desired with monopulse 
capability. A feeding arrangement that- is still different from those of Figs. 20 and 
?Ms shown in Fig. 23 and is used for this example. The radial transmission line has 
^oaxial input (excites m - 0 mode) and a dual orthogonal mode (TE U mode and 
^ ogonal TE n mode) waveguide input which can excite the m = ±1 mode. On 
^nsniir. the coaxial line input only is used, resulting in a uniform aperture 
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(A-Q 
TE n MODE " 
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Fig. 21. Turnstyle junction and antenna, (a) High-power turnstyle junction to generate 
three beams. (6) Multiple-beam antenna using a multimode radial transmission line fed' by. a. 
hybrid, turnstyle junction. (Courtesy Hughes Aircraft Co., Fullerton, Calif.) \ :r > . 

distribution on transmit. On receive, the m = 0 (uniform) mode and the m = X\ 
(cos0) mode are combined in thepower ratio of 2 to 1 to form a voltage distribu- 
tion of 1 + cos 0, which is equal to 2cos 2 (0/2), which is theoretically, a -32-dB, 
side lobe level distribution. This creates the, low side lobe "sum" monopulseV 
pattern. By changing the power division ratio a more efficient and lower side lobe 
cosine squared on a pedestal distribution is easily achieved. The "difference" 
monopulse pattern is taken from the orthogonal TE n mode port; which gives a 
sin<£ aperture distribution which results in a difference pattern with good side;Iobes 
characteristics because there- is no abrupt discontinuity in the aperture distribution; 
as in the case of split aperture phase monopulse schemes. v x 

A technique for a larger number of beams uses a small circular array of probes; 
concentric with the center of the radial line, which are properly phased to generate^ 
the different modes. A seven-beam system was designed and tested [22]. This feed 
system utilized a hybrid network of 90° and 180° 3-dB couplers. A Butler matrix o 
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Fig. 21, continued. 



ge type shown m Fig 5 could have been used just as well. It is interesting to note 
fm f ° ned m SeCt '° n 2 ' the matrix in Fi §- 24 doe « not require fixed phase 
I fcST l ° ST. ° f / ig - 5 - Fig - 24 iS 3 SChematic of th'n" 

tte letter R XK (m T C " T) * des, 8 nated b V the >«ter T and the 90° coupler by 
- letter H. The phase progression around the circular array for each antenna 
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Fig. 22. Waveguide excitation of m = 2 modes. {Courtesy Hughes Aircraft Co., Fullerton 
Calif.) 
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Fig. 23. Arrangement to achieve uniform aperture distribution on transmit and cosine- 
squared distribution on receive with monopulse capability. (Courtesy Hughes Aircraft Co., 
Fullerton, Calif) 
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Fig. 24. Block diagram of feed circuitry. (Courtesy Hughes Aircraft Co., Fullerton, Calif.) 

\beam (mode) is given in Table 1. Note that input V, which corresponds to output 
Phases that are alternately 0° and 180°, gives rise to a split end-fire beam that results 
ii] two actual opposing end-fire beams. This input is not used and is terminated in a 
matched load. Fig. 25 is a photograph of the stripline network. Because of the finite 
number of probes the exp(±jm<p) variation is only discretely approximated, and if 
,'he probe separation is too great, undesirable higher-order modes are also 
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Table 1. Phase Progression Around Circular Array for Each Antenna Beam 
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Fig. 25. Stripline hybrid-feed network. (Courtesy Hughes Aircraft Co., Fullerton, Calif. \ 



generated. However, if the feed probe spacing is somewhat closer than A/2, the 
undesirable higher-order modes are ' 'below cutoff." This corresponds to n > kR 0 in 
the cylindrical modal expansion, where n is any undesired higher-order mode 
number (n > m), R 0 is the radius of the circular array of probes, and k is 2nlX. In 
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this case the higher-order modes are "below" cutoff and do not radiate from the 
feeB circle. The undesired higher-order modes, if they did radiate, would result in 
extraneous beams in directions corresponding to these modes which can also be 
identified as grating lobes from the linear array due to the periodic amplitude ripple 
in the aperture distribution. With a kll probe spacing, the undesired higher-order 
mocies were not sufficiently suppressed; hence a 3A/8 spacing was used in the experi- 
mental model. It should be emphasized that by higher-order modes we mean 
mo<des that are higher than the desired modes intentionally generated by the feed. 
A photograph of the experimental model including the hybrid feed network, the 
radial line, and the linear array is shown in Fig. 26. The radial line outputs are 
waveguides and the linear array consists of open-ended waveguide elements with a 
common horn. 

Fig. 27 gives the measured patterns of the seven beams superposed. The 
patterns were taken without individual tuning or. gain adjustment of the different 
beams. Hence the patterns as recorded indicate the relative gains of the separate 
beams including impedance-mismatch, circuit, and scan losses. As with the wave- 
guide method of excitation the patterns agree quite well with the theoretical 
patterns. The vswr was less than 1.3 for all beams. To verify the beam-combining 
technique to produce tapered aperture distributions, three beams were combined 
to give a cosine-squared function on a pedestal aperture distribution. Fig. 28 is a 
typical antenna pattern which shows that low side lobe distributions are. achiev- 
able. Also, as with other multiple-beam antennas, sector "beams and pther shaped 




. 26. Experimental model of seven-beam antenna. (Courtesy Hughes Aircraft Co 
lerton, Calif.) * • • 
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patterns are achievable by combination of beams in the proper relative amplitudes 
and phases. 



Meyer Lens 

The principle of the Meyer jens is easily seen by considering a point-sourc 
feed radiating in the region between parallel plates as shown in Fig. 29a. The phasfe 
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Elg. 28. Measured pattern of cosine-squared function on a pedestal distribution. (Courtesy 
Mghes Aircraft Co., Fullerton, Calif.) . 



fent in the parallel plates is circular and the rays are radial from the feed. The cir- 
^gr* phase front can be made linear to collimate the rays by simply curving the 
Ipallel plates in the form of a cylinder and putting a 90° bend at the base of the 
Gghdeirto direct the collimated rays normal to the axis of the cylinder as shown in 
»^>29b.>The Meyer concept is more general in that the bend angle need not be 90° 
is arbitrary. The shape of' the curve of the cylinder for perfect focus from a 
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a 




b 




Fig. 29. Principle of the Meyer lens, (a) For circular phase front, (b) For collimated rays. 
(Courtesy Hughes Aircraft Co., Fullerton, Calif.) •'■ I 

given point-source feed is a catenary [23] given by 

= cosh^-^ - 1, d = /(sec0 + tan0), y = -~ - <p .* iV * 

where y is the angle of the bend. If the feed is moved laterally and rotated about its 
phase center to maintain the proper illumination of the common aperture, T ithe 
beam will scan from that of the original beam by an amount proportional to lateral 
displacement, just as with a parabolic antenna. In general, as with all optical 
devices, the wide-angle scan capability improves with larger FID, or more precisely, 
the smaller the feed subtending angle a. By making the bend angle y large*! 



Beam-Forming Feeds 



19-35 



keeping the aperture size D the same, the FID ratio is made larger, the feed angle 
a is smaller, and the wide-angle scannability is improved. As with all optical 
devices, however, the feed must be larger and the whole structure less compact bv 
virtue of larger F. J 

It is interesting to note that if the bend angle y is made 0°, the catenary de- 
generates into a parabola and the Meyer lens becomes the familiar folded pillbox 
described in Section 3, under the heading "Pillbox." For bend angles on the order 
of 90° or greater the catenary curve is a much better fit to a circle than is a parabola- 
hence the Meyer lens designed with a nonperfectly focusing circular cylinder has 
better aperture phase characteristics than a circular pillbox with the same Ft D Due 
to their circular geometry both have unlimited scannability. A modified 360° Meyer 
lens with dielectric loading can be used to feed a cylindrical array. This is discussed 
in the last part of Section 6. 

The circular Meyer lens [24] is depicted by Figs. 30 and 31 in its undeveloped 
and developed states, respectively. 

A feed may be placed and properly oriented at any point along the feed circle 
and the beam radiated from the lens will point in the direction of a principal ray 
from the feed point through the center of the lens. The analysis may be more easily 
understood by developing the lens onto a flat surface, as in Fig 31 In the 
si^ple Ped 1608 H " ge ° deSiC pathS become straight lines, making analysis very 

Two developed* surfaces can be connected together by joining corresponding 
points of the two surfaces with equal lengths of TEM cable. In this case Snell's laws 
become 
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* w°* ^ Chen ^ tic dia gram of undeveloped multiple-beam geodesic line source. (Courtesy 
-ughes Aircraft Co. y Fullerton, Calif.) 



SiS^s^'nam »r "c U ^ f I) 6 ' 31 ' bC develo P abIe or even ^ physically joinable but in most 
& cai cases the parts are separated at an intersection in the undeveloped configuration. 
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Fig. 31. Developed geodesic lens. (Courtesy Hughes Aircraft Co., Fullerton, Calif.) ? 

a, = a r 
sin a, j_ Y^\ds x _ riidsy 
sin a f V&zds 2 n 2 ds 2 

where 

a, = the angle of incidence 
a r = the angle of reflection 
a t = the angle of transmission (refraction) 
€i,e 2 = the relative dielectric constants of regions 1 and 2, respectively 
n if n 2 = corresponding indexes of refraction 
ds l ,ds 2 = the local spacing of connecting points of regions 1 and 2, respectively 

It can be seen from these relationships that the relative spacings ds x and ds 2 of th 
connecting points have the same effects as the relative index of refraction,-^ 
and n 2 . r "T ;ir 

An obvious further generalization can be made to make the cable lengths noj 
necessarily equal. Then the differential line length di between adjacent lines time| 
the index of refraction j/i^ in the cables must be added to give the relation \ ... 
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^d^sinc, = \^ds 2 sina 2 + Ve^dt 

I The law of reflection remains essentially the same with the assumption that the 
major portion of the reflected energy is due to the parallel plate-to-cable transition 
mismatch. 

Rotman and Turner [25] used these concepts to. design wide-angle multiple- 
beam lenses using planar parallel plates interconnected by cables. Consequently, 
■these types of lenses are known as Rotman lenses. Excerpts from a paper by 
Rotman and Turner are given in the next section. 

In Fig. 31 the beam direction is determined by the principal ray which passes 
through the center of the aperture. The phase across the aperture may be found by 
jcomparing the geodesic path length € = € x + € 2 for any ray to the principal ray 
of path length h + R. 

This type of lens is not perfectly focusing, that is, it will not provide a perfectly 
plane phase front over the entire aperture. It does, however, provide a reasonably 
flat phase front over approximately 70 to 80 percent of the aperture. The spherical 
aberration of this lens is similar to that of the circular folded pillbox covered earlier, 
but smaller as explained before, allowing more usable aperture. 

For phasing a linear array, a pickup array is located at the output aperture 
isvhich could be waveguide, coax, or stripline. The line lengths at the pickup array 
pould be adjusted to remove the portion of the spherical aberration that is common 
ig all beam positions in exactly the same fashion as discussed previously for the 
Circular folded pillbox. 

"Wmultiplicity of feeds located on the circular feed arc is used to create multiple 
simultaneous beams. The pointing angles of the multiple beams are frequency 
^dependent, which implies that the crossover level is frequency dependent, since 
Efte beam widths depend on frequency. 

| The main advantage of this lens over the circular folded pillbox is that it has 
njore. usable aperture. Its main disadvantage is its form factor (in its undeveloped 
||rrri), which could represent a packaging problem for some applications. How- 
ever, the circular portion of this lens could be folded, thereby halving its height. 
I&could also be folded more than once to decrease its height even more, but there 
islcertainly a point of diminishing returns. 

Radio-frequency absorbing material should be placed in the curved plates at 
|!|ces that do not interfere with the principal optical paths of any feed. This is to 
lfe|orb any reflected power that does not go around the 90° bend. Materials such as 
s^nthane (linen base phenolic) can be used as structural members to hold the plate 
SSEaration fixed while also, acting as rf absorbers. The loss through the Meyer lens 
gery low, similar to that of the folded pillbox. 

%jj^B* an and Turner Line Source Microwave Lens 

^he Rotman and Turner lens [25] is a parallel-plate constrained lens consisting 
^^pfocal arc on which multiple feeds are placed (see Figs. 32 and 33), a set of 
fj&pjlel plates whose plate separation is less than XI2 into which the feeds radiate, a 
§j§j^P array along a surface designated 2j in Fig. 32, a set of interconnecting cables 
- W^ble line lengths, and a radiating array designated 2 2 along a straight line. 
13 illustrates the physical configuration. Four independent conditions are 



19-38 



Applications 



INNER LENS 
CONTOUR, Ej 



CIRCULAR F / { — F cos o, F sin 6) RAY F PQK 
FOCAL ARC 1 d ~ — — 




CABLE OF 
ELECTRICAL OUTER LENS 
LENGTH W COUTOUR £ 



0(/V) i SECTION OF 
( *H?LJ WAVEFRONT 



LENGTH W„ 



Fig. 32. Microwave lens parameters. (After Rotman and Turner [25], © 1963 IEEE) 
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Fig. 33. Parallel-plate microwave lens. (After Rotman and Turner [25], © 1963 IEEE) 
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imposed on the lens system to uniquely determine its configuration: the four 
conditions imposed are a straight front face, two symmetrical off-axis focal points, 
and an on-axis focal point. This lens is similar to Ruze's [26] lens except that an 
additional degree of freedom is available (that is, y ^ N, see Fig. 33) which will 
^manifest itself in improved performance for very large apertures. In Ruze's design 
the lens has two perfect off-axis symmetrical focal points and an on-axis focal point 
for which the second, but not higher-order, phase deviation is zero! One hundred 
beamwidths of scan are possible. For these no-second-order lenses, both the front 
and back lens contours are curved. Ruze [26] also discusses a straight front-face 
design that has two perfect symmetrical off-axis foci and one highly corrected 
on-axis focal point. For very large apertures there is some degree of residual 
higher-order coma aberration in the design. 

. Rotman and Turner use the generalized lens design principles developed by 
Gent [27] and others and impose the four previously mentioned conditions to arrive 
at their configuration. 

./The following three equations condition perfect focusing at the three* foci 
using a straight radiating face (see Fig. 32): 



(F,/>) + W + TVsina = F + W 0 



(F 2 F) + W - AT sin a = F + W 0 



(1) 
(2) 



fend 
where 

m . c . 



(GP) + W = G + W 0 



I (FiPf = F 2 + X 2 + Y 2 + 2F*cosa - 2FYsina, 
) (F 2 P) 2 = F 2 + X 2 + Y 2 + IFXcosa + 2FYsina 



■and 

It 



(GP) 2 = (G + X) 2 + Y 2 

• A set of parameters is normalized relative to the focal length F: 



(?) 

(4) 
(5) 

(6) 



V = N/F, x = XI F, y = YIF 



(a = 



W - W n 



g = GIF 



(7) 
(8) 



BEy recently a quadru focal bootlace lens has been reported by Rappaport and Zaghloul [28]. 
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(9) 



After normalizing and using definition (9), Equations 4, 5, and 6 can be combined 
with (7): n 

1 y't 

. (io) 



(F,P) 2 

F 2 = 1 + x 2 + y 2 + 2a 0 x - 2b 0 y 



la = 1 + x 2 + y 2 + 2a 0 x + 2b 0 y 



(GP) 2 . , 2 2 
-^-ST- = iS + x) 2 + y 2 



The normalized, forms of (1) and (10) are combined to yield 
= (1 - co - M) 2 

= 1 + co 2 + bo if + 2b 0 Q)t} - 2d) - 2b 0 r] 
= 1 + x 2 + y 2 + 2a 0 x - 2b 0 y 



(11) 

nc 
' M 

(12) 

It 



(13) 



Since the off-axis focal points are located symmetrically about the center axis, 
the lens contours must also be symmetrical. Therefore, (13) remains unchanged 
and can be separated into two independent equations if t] is replaced by — r\ and y 
by — y. One equation contains only odd powers of y and rj while the other contains 
the even powers. Thus, ^T ,; 



-2b 0 t] 4- 2b 0 cvrj = ~2b 0 y 



(14V 



or 



y = ?(1 - co) 



(1*5) 



Also, 



(16) 



Equations 3 and 6 relating to on-axis focus together with definitions (8) and (9) : 
are similarly combined to give 



= ig - „)2 = (g + x) 2 + y 2 



(17) 



or 
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(18) 



After algebraic manipulation, (15), (16), and (18) give the following relations 
between a> and rj: 



aa) 2 + ba> + c = 0 



where 



(19) 

(20) 
(21) 



and 



lg-^o 4(g-« 0 ) 2 V l 



(22) 




Fop a fixed set of values of the design parameters a and g, can be computed as 
a/f unction of rj from (19). These values of a> and 77 are then substituted into (14) 
and'(18) to give x and y, which completes the solution of the lens design. 

^hoosing a = 30°, Figs. 34a, 34b, and 34c show the computed lens shape and 
mapping function rj(y), as well as the feed locus, for values of g = 1.10, 1, 1.137, 
^respectively. The corresponding path length errors A€ for scan angles of 5°, 10°, 
fcp°, 30° are given in Fig. 35, illustrating the extremely small degree of error over 
these scan angles. 

' Fig. 36 illustrates the hardware implementation of this technique, while Figs. 
37a,r 37b, and 37c illustrate the measured scanned radiation patterns. 

According to Rotman and Turner's calculations this type of antenna design is 
capable of scanning 800 beamwidths of scan without appreciable degradation. For 
further details, the reader is referred to Rotman and Turner [25].* 

Rinehart-Luneburg Lens 

\Up to this point, this section has dealt with the feeding of linear or planar 
phased arrays. Although the Rinehart-Luneburg lens is not particularly applicable 
to thV feeding of linear or planar phased arrays, which is the subject of Section 2, 
ynder "Multiple-Beam Matrix Feeds," it is introduced here because it is a 
parallel-plate device. It is applicable for feeding circular or cylindrical arrays and 
is discussed more fully for that application in Section 6. 

The Rinehart [29] geodesic lens is an analog of the nonuniform index of 



*The reader should be warned that there are some typographical errors in some of the equations in [25]. 
B|*e most important error is in the expressions for b (Equation 21 of this chapter). The term -2g is 
gussing in the corresponding equation (12) in [25). 



Beam-Forming Feeds 



19-43 





E|g. 35. Path length errors in a microwave lens, (a) With g = 1.00. (b) With g = 
KVith g = 1.137. (After Rotman and Turner [25], © 1963 IEEE) 



1.10. (c) 
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Fig. 36. Parallel-plate lens and reflector. (After Rotman and Turner [25J, © 1963 IEEE) 



refraction spherical lens due to R. K. Luneburg [30]. Because of its shape it is 
commonly referred to as the "tin-hat" Rinehart lens.. 

Figs. 38 and 39 illustrate two versions of the geodesic analog of the Luneburg 
lens, commonly referred to as the tin-hat or Rinehart and flat-plate Luneburg lens, 
respectively. Both of these operate in theTEM mode. The electrical parallel-plate 
separation is less than A/2 for both lenses. 

The tin-hat derives its focusing properties from the physical length that the rays 
must traverse in propagating from the feed point to'the linear aperture as depicted. 
The feed is usually an open-ended waveguide or waveguide horn, although other 
types may be used. 

The main advantages of the tin-hat are that it contains no dielectric materials, 
is very simple in construction, and is perfectly focusing over 360°. Moreover, it is 
very low loss. Since it operates in the TEM mode it is fairly forgiving of small 
perturbations in shape because slight feed defocusing can partially correct for 
slowly varying errors. The amplitude transformation that occurs through this lens is 
such that an inverse taper occurs, e.g., a primary feed with a cos# power pattern 
transforms into a uniform distribution on emerging from the lens, as illustrated by 
the bunching of rays near the edges of the output aperture in Fig. 38. Consequently 
a high gain factor is realizable; however, because of this phenomenon, ultralow side 
lobes may be difficult to achieve with a simple feed, and a highly directive feed is 
required to produce very low side lobes. 

The bandwidth capability of the tin-hat and flat-plate Luneburg lens is 
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Fig. 37. Radiation patterns of microwave lens antenna, (a) For 6 = 0° (on axis), (b) For 0 = 
15.°r(c) For 6 = 30°. (/l//<?r /tomifl* <md Turner 125], © 1963 IEEE) 
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essentially limited only by the bandwidth of the components used in conjunction 
with them, since the lens is a true time-delay device. 

The main advantage of the flat-plate Luneburg lens lies in its form factor, i.e., 
being flat, it is relatively easy to package. 

If either of these lenses is to form multiple simultaneous beams over 360°, then 
switchable circulators would have to be used, one for each element. The reason for 
this is that each element in the pickup array around its periphery has to act as a feed 
as well as a transfer element. Fig. 40 illustrates this situation. The radiating array 
would have to be on the same radius as the pickup array to retain the correct phase 
distribution. The two arrays are depicted as lying on different radii for clarity only. 

If 360° coverage is needed, but not simultaneously, then diode switches could 
be used rather than circulators. The reason for this is because, at any given 



i Beam-^Forming Feeds 



19-47 



FEED t 




Top Vietu 



CONDUCTING^ PLATES DIELECTRIC 

FEED — ^ ^j^ ^^^JT* 

Side Vieto 

Fig. 39. Flat-plate Luneburg TEM-mode lens. 
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%ig. 40. Hat-plate Luneburg' or Ririehart lens for simultaneous beams over 360°. (Courtesy 
^Hughes Aircraft Co., Fullerton, Calif.) 
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moment, each element either acts as a feed or as a transfer element but not 
simultaneously. Fig. 41 is a photograph of a cylindrical array of line sources fed by a 
Rinehart geodesic lens. 

There are some limited-scan applications whereby these lenses are used to 
phase a line source. In that case the planar output parallel plates must be extended 
to form a line source. (See Fig. 19.) The output amplitude distribution moves with" 
scan, however, and the physical length of the line source is longer than its active 
length. 

There are numerous derivatives of these lenses, among them the TEjq mode 
Luneburg that uses the TE 10 mode between nearly parallel plates. The central plate 
spacing is greater than at the periphery. Dielectric is usually used to fill the 
separation between plates to structurally act as plate separators. The bandwidth is 
much less than its TEM mode counterpart because the ideal plate spacing for the 
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TEio mode lens depends on wavelength. Since the correct spacing can be specified 
on\y at center frequency, it results in a design that is correct only at the center 
frequency. The actual bandwidth is a function of the size. 

The folded Luneburg lens is, in principle, geodesically the same as the 
nonfolded one. It resembles a convex dome with a concave dent in the top. From 
■k practical point of view the problem that arises is thatt of reflections occurring at 
the points where the slope changes. A mitered bend could probably be used to 
Impedance-match the rays for certain angles of incidence; however, it is doubtful 
that such a design would work well for all the angles of incidence that the lens 
requires (up to grazing angles of incidence). Using a smooth bend in the region 
where the slope changes could be attempted but this changes the geodesies. Little 
br no information is available to draw definite conclusions regarding the folded 
Luneburg. 

DuFort-Uyeda Lens 

m.:< DuFort and Uyeda [31] reported a modified Rinehart metal dome antenna with 
|§?dielectric ring lens at the output for decreased beamwidth in the elevation plane. 
H?he ring lens provides beam collimation in the plane perpendicular to the azimuth 
Ifcan plane and results in a much smaller antenna than a conventional Rinehart lens 
Ifjtted .with an £-plane flared horn. 

Even for moderate directivity in the plane perpendicular to the plane of the 
Imultiple beams, the length of a low-phase-error, low-flare-angle horn is quite an 
appreciable fraction of the radius of the dome. This added radius does not 
pontribute to the effective aperture in the azimuth plane which, of course, is equal 
Wb the diameter of the dome only. If a shorter horn with a larger flare angle were 
B^ed, a dielectric lens would be required to collimate the circular phase front of the 
horn'. With dielectric in the toroidal horn it becomes clear by tracing a few rays that 
J-he Rinehart lens will no longer focus in the azimuthal plane. The DuFort-Uyeda 
Bins focuses perfectly in the azimuthal plane with an effective aperture equal to the 
g|tal. diameter of the dome and dielectric ring-horn while achieving directivity in 
perpendicular plane. 

B ; An experimental model was built and tested at /^-band (26.5 to 40 GHz). It 
Kybvidedva 1.7° by 10.7° beam at 40 GHz. Pattern and gain data show excellent 
Performance. 

Wt^ Fig. 42 shows the top view and cross section of the experimental model. Fig. 43 
gfa photograph of the experimental model. Fig. 44 shows a typical beam measured 
p|32 GHz using reduced-height WR28 waveguides for feeds. Fig. 45 depicts an 
^plane; multiple-beam overlay of five\contiguous beams measured at 32 GHz. 
Big? 46. shpws - . at lower side lobe pattern measurejd at 32 .GHz using a 3/4-inch 
||[905^cm) //-plane flared horn, for- the feed. 

Aperture, efficiencies of between 60 and 72 percent were obtained over the 
I^SS- to 40-GHz band. Uniform multiple beams of similar gain and pattern 
j^fcivior can be generated over a 90° sector [31]. 

^constrained (Optical) Feeds 

Tp*/ at* 

Jpn unconstrained feed is one in which free space exists between the feed(s) and 
^ ^Eadiating aperture. The rf power distribution from feed to aperture is achieved 
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Fig. 42. Design for K>band geodesic dome and lens aperture, (a) Top view, (b) 
section. (Courtesy Hughes Aircraft Co., Fullerton, Calif.) 
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Fig. 43. Experimental model DuFort-Uyeda lens. (Courtesy Hughes Aircraft Co., Fullerton, 
Calif) • 
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I ' f 

>Fig. 44. E-plane pattern measurement with WR28 reduced-height waveguide feed at 
32 GHz. (Courtesy Hughes Aircraft Co., Fullerton, Calif.) 

i>y unconstrained radiation from the feed to the aperture. Hence the aperture 
distribution is essentially determined by the radiation pattern of the feed. Fig. 47 
illustrates such a feed in its most general form. For example, the feed could be a 
jDne- or two-dimensional array of radiating elements while the beamformer which 
;Collimates the beams could be a reflector(s) or lens which could limit the FOV (field 
of view) to a relatively narrow sector of space because of off-axis aberrations. As 
{another example the feed could be a simple monopulse feed and the beamformer 
pould be a two-dimensional, nominally half-wavelength-spaced pickup array and 
radiating array with a phase shifter between a pickup element and a radiating 
'element. In the latter case the FOV is limited only by the wide angle of aperture 
ipatching and grating lobe formation (see Chapter 13). A FOV of, say, 90° to 120° 
font or greater can be achieved with proper aperture design. For a specified gain 
|pr beamwidth) one would probably use entirely different techniques for achieving 
i large FOV as opposed to a narrow FOV, or limited scan. In general, the larger 
Ehe EQY, the greater the complexity and cost of the antenna system. Also, the 
greater the instantaneous bandwidth, the greater the complexity and cost. Trade- 
Iffs can be made between FOV and instantaneous bandwidths. 
_ Any attempt to categorize the various unconstrained-feed approaches is 
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Fig. 45. //-plane multiple-beam overlay of five contiguous beams measured at 32 GHz with. 
WR28 reduced-height feeds. (Courtesy Hughes Aircraft Co., Fulierton, Calif.) 



difficult because there are overlaps in the categories. Nevertheless, a review of the, J 
various techniques suggests four categories for the purpose of discussion. These are, J 
the following: *. v l 

1. Wide FOV (0° to 360° phase shifters, nominally half-wavelength-spaced^ 
elements 

2. Limited scan (0° to 360° phase shifters and optics with aperture magnification)*! 

3. Subarray or partial time delay using overlapping or non-overlapping subarraysp] 
0° to 360° phase shifters, and time delay at the subarray level. Note: Totally*! 
constrained limited-scan techniques are discussed in Section 3 of Chapter 13, 
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ANGLE OF OBSERVATION -DEGREES 

Fig. 46. Low side lobe //-plane pattern measured at 32 GHz with 0.75-in (1 905-cm) 
//-plane flared horn. (Courtesy Hughes Aircraft Co., Fullerton, Calif.) 
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Fig. 48. Space-fed reflectarray. (a) Offset-fed. (£>) Center-fed. (Courtesy Hughes Aircraft 
Co., Fullerton, Calif.) 

under the heading "Array Organization: Subarrays and Broadband Feeds," 
and also in Section 2 of this chapter. 
4. True time delay (true time-delay phasing of all elements) 

Wide Field of View (Nontrue Time Delay) 

The wide field of view technique implies a space-fed two-dimensional array of 
nominally half-wavelength-spaced elements. The offset-fed and center-fed reflec- 
tarray of Fig. 48 depicts examples of this approach [32]. In these cases the feed 
would typically be a four-horn monopulse feed (only two shown). Offset feeding 
offers less aperture blockage but causes an asymmetry in the illumination. The 
spherical wavefront incident on the array is converted to a scanned beam by 0° to 
360° type phase shifters. Center feeding eliminates the illumination asymmetry but 
presents aperture blockage which would cause some side lobe level degradation. 
Many systems do not require ultralow side lobe levels, and this feed approach 
offers a straightforward solution. The Raytheon MTR Radar and Radome Antenna 
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Fig. 48, continued. 



and RF Circuitry (RARF) array are examples of the center-fed reflectarray [32] In 
|he case of the RARF array six waveguides (monopulse sum and two difference 
Channels for two orthogonal polarizations) are routed to the feed in order to 
achieve polarization agility. Other examples are the NRL S-band Reflect Array 
|adar (RAR) developed by Blass Antenna Electronics Company [32] and the 
|htenn^tESAI f RA) )mpany EleCtr ° nical| y Scannin 8 Airborne Intercept Radar. 

. Aperture blockage is eliminated entirely using a space-fed feed through lens 
array as depicted in Fig. 49. Since no aperture blockage is presented, the feed could 
|e as large and complex as desired, without degraded side lobe level effects There 
are numerous advantages to this feeding scheme. The Raytheon Sam-D Radar 
uses this approach [32]. It enables a space-duplexing feature to be employed- that 
i^on,.transmit the phase shifters are set to focus on the transmit feed, and on 
peeive the phase shifters are set to focus on a separate receive feed. Moreover two 
gansmitter feeds could be employed using two transmitters for redundancy, where 

i?H£ow haSe Shlfter Se " ingS are used ' de P end 'ng on which transmitter is being 
^a^2J. (The offset-fed reflectarray could also have this feature without increased 

S£ • blocka 8 e ) Since there is room available,, optimized sum and difference 
aperture illuminations could be realized by a sophisticated monopulse feed design 
multiple stack of vertical feed horns could be combined for elevation beam 
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Fig. 49. Space-fed feedthrough lens array. (After Patton [34], © 1972; reprinted with 
permission of A r tech House) ^ 

shaping, and azimuth patterns could be generated by using multimode sum and 
difference extraction of each horn in the azimuth plane [32]. 

Although Fig. 49 depicts the space-fed feed through array with both faces flat*; 
they need not be. . :>i*l 

The sperry HAPDAR radar uses a curved pickup face and flat radiating facey 
with phase shifters in the transmission lines between faces. This structure is called* 
TACOL, for thinned aperture computed lens [32,33]. The feed is a five-horn? 
cluster that provides independent control over the sum and difference illumina-. 
tions, using an FID ratio of 1. All five horns are used for the sum pattern but onl^ 
the outer four. are used for the difference patterns. In this way, low side lobe sum 
and acceptable difference patterns are realized. > ^ 

Limited Scan 

High-gain antennas with wide field of view and/or wide instantaneous 
bandwidths are very costly due to the large number of active devices. For phased; 
arrays a phase shifter and driver are required for each radiating element, which 
may total to many thousands for a high-gain array. For multiple-beam antennas: 
with beam switching, a similar number of switching elements and drivers are* 
required. In many radar applications wide field of view is not required although 5 
high angular resolution and high gain are. Examples of such limited-scan applica- 
tions are the airport precision-approach radar, weapon-locating radars, and earth-: 
coverage antennas for synchronous satellites. . * : : 

It is the objective of limited-scan antenna design to take advantage of this 
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limited field of view to design an antenna with the fewest number of active devices 
but retain the narrow beamwidth and high gain. To achieve high gain and narrow 
beamwidth requires a large antenna aperture, and a large field of view requires a 
phase shifter and drivers for every ; nominally half-wavelength-spaced radiating 
element. Hence high gain and large FOV result in an extremely costly antenna 
system. By restricting the FOV the cost can be greatly reduced. 

Limited-scan antennas can employ optical (unconstrained) feeds, totally cons- 
trained feeds, or combinations of these. In this section on unconstrained feeds, 
only those antennas employing optical techniques are discussed. Limited-scan 
techniques using totally constrained feeds in which elements of an array are 
grouped together to form identical subarrays with a phase shifter per subarray are 
discussed in Chapter 13, Section 3, on array organization. 

Optically Fed Aperiodic Array— An array of large equal-size directive elements 
(e.g., a nonscanning subarray) whose element pattern is tailored to the required 
FOV could be considered, using a phase shifter for each large element or subarray. 
For regular element spacing, however, this approach produces excessively high 
grating lobes as the beam is scanned, which would not meet most system require- 
ments. The grating lobes result from the fact that radiation from periodic widely 
spaced elements add in phase at angles in space other than the desired direction 
of the main beam. If the periodicity is broken up, the energy concentrated in the 
grating lobes is smeared out "randomly" in all directions, resulting in lower peak 
values. The overall antenna gain, however, is not improved since it is only a redis- 
tribution of the grating lobe energy. In most cases there is a slight though usually 
negligible reduction in gain. 

' v -9 ne method of minir nizing the grating lobe problem, while still using large 
directive elements, is given by Patton [13,34]. In this approach he uses concentric 
rings of equal-area subarray elements, as shown in Fig. 50 (depicted for only a 
few subarrays). Fig. 51 depicts a large number of subarrays of equal area. The 
subarrays are dual-polarized dipoles above a ground plane. Each polarization is 
summed (in phase) within each subarray. Thus each subarray has two outputs-^ 
one for each polarization. Fig. 52 illustrates how the concentric ring array is fed. 
For^each subarray pair of cables there is a corresponding pair of terminals (one for 
each polarization) located on the surface of a partial sphere. The cables must track 
in phase over the frequency band of the system. The feed is located at the center 
of the spherical cap. The output final aperture distribution is thus determined by 
the'primary -2 and A patterns produced by the primary feed. Since dual-polarized 
elements are used, the final radiated polarization is determined solely by the 
polarization of the primary feed. There are phase shifters in every semirigid coaxial 
line between the concentric ring array and the spherical cap. 
> By using this technique the periodicity of the usual array factor (for regular 
spacing) is broken up; consequently, grating lobes are suppressed. The degree of 
suppression is determined by the total number of subarrays used. Patton [34] shows 
calculated data for 10 ft and 30 ft diameter (3:0 and 9.1 m) arrays at C-band using a 
±5°;FOV: For the 30 ft diameter case, using 1000 subarrays, the vestigial grating 
totalis suppressed to about -21 dB for maximum scan of ±5°. The, 10 ft diameter 
case: (100 subarrays) corresponds to -15-dB suppression at ±5° scan. 

Predicted and measured loss, including illumination taper (10-dB tapered 
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Gaussian) for the 10 ft diameter model are 5.94 dB and 5.58 dB, respectively^^ 
midband. Measured first side lobes were about -15 dB, due to effective aperture- 
blockage. The gain decreased with scan by about 2.5 dB at ±5° from broadsides 
The primary feed is a multimode monopulse feed, dual polarized for the sumfi 
channel, and horizontally polarized only for the difference. Conventional reflector 
feed techniques for achieving dual monopulse, dual polarization, for both 2 and A 
channels are applicable here; moreover, techniques for achieving independent 
control over the 2 and A patterns can also be used. Since there is room available^ 
a more complex feeding structure could be considered for any additional advari 
tages that may be realized. 

Phased Array with Paraboloid — Fig. 53 depicts a paraboloidal reflector fed b^ 
a phased reflectarray, after Winter [35]. The reflectarray radiating face is no^t 
located at the focus, but is shifted toward the vertex of the paraboloids Gon^ 
ceptually viewed on receive, the idea is to place the reflectarray aperture in. thj 
region forward of the focus, pick up the converging field, and phase-shift it M 
refocus on the primary feed(s). Geometrical optics was used to determine the pha^e 
shifter values, as a function of scan angle 0 S . As 0 S varies, the converging field 
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Fig. 51. Aperiodic array for limited scan. (After Patton [34], © 1972; reprinted with 
permission of Artech House) 



moves, but for small enough 6 S , most of the reflected power will still be incident on 
■ reflectarray face. Thus one can still change the phase of the converging field 
refocus on the primary feed. Note that only the phase is controllable, not 
jpplitude. As 6 S gets larger, only part of the reflected incident field is intercepted 
|y tY\e radiating aperture of the reflectarray antenna; hence, spillover occurs (on 
|eceiye), causing irretrievable loss. Furthermore, for large 0 S , the effects of aber- 
rations are to cause the reflectarray amplitude distribution to become skewed, 
introducing both an even and an odd part. The simple primary feed horn couples 
<*nly to the even part, and the energy in the odd part is lost. Ideally, a horn 
||ntaining an odd-mode component as well as the even mode, or a small array with 
£ne proper amounts of even and odd parts, could be employed to regain that lost 
Iprgy. For maximum gain, one would use a simple feed designed to produce an 
Lamination across t he reflectarray face that best fits the even part of the received 
g|nverging illumination across the reflectarray face over some specified range of 
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Fig. 52. Concentric ring array showing feed mechanization and power transfer for each 
polarization. (After Patton [34], © 1972; reprinted with permission of Artech House) 



scan angles ±6 S . This would produce the best amplitude fit that is achievable using 
a simple primary feed. 

Viewing the process on transmit, the primary feed and reflectarray could bej; 
designed to illuminate the entire reflector* for a broadside beam; however, as 
scanning is performed, because of the optics of the system, only a portion of the 
reflector can be illuminated correctly to form a beam in an arbitrary given 
direction. Thus the illuminated portion of the reflector moves with scan, which 
diminishes the efficiency of the antenna system. The aperture blockage presented 
by the relatively large reflectarray causes a further reduction in efficiency, as well as 
increased side lobe levels. One of Winter's [35] experimental models used a 988- 
element reflectarray and simple feed horn and achieved eight beamwidths of scat! 
with 15-dB side lobes in the //-plane and 10 dB in the E-plane. The reflector was 



*In Winter's experiment 80 inches (203 cm) of the 96-inch (244-cm) diameter was used for a broadsidj 
beam. 
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Fig. 53. Winter's approach, using phased array with paraboloid. (After Winter [35], © 1968 

IEEE)., , 



8 ft (244 cm) in diameter with a 51-inch (130-cm) focal length, offset fed as shown in 
Fig. 54. His results show that it is feasible to utilize a phased array in conjunction 
-with a reflector to achieve a limited degree of scan. The high blockage presented by 
the phased array could be circumvented by using the phased array in conjunction 
^vith a transmission type feed through lens, or by offset-feeding to a greater degree. 
Py using a more complex primary feeding arrangement, such as a small active array 
|M is commanded to change with scan, more control over the amplitude would be 
possible. Thus the* radiation characteristics would be expected to improve, 
provided the design is not blockage limited, as appears to be the case in Winter's 
l^perirrient. 

Offset Phased Array with Hyperbolic Reflector— By moving the phased array out 
@frthe FOV of the reflector the aperture blockage would be eliminated and 
tmproyed radiation characteristics obtained. The GCA System TPN-19 uses such 
^approach [36], utilizing 824 phase shifters in conjunction with a 9- x lV/z-ft 
§p4-x 3.5-m) hyperbolic main reflector. Improved side lobe levels of 22 to 24 dB 
&i§re obtained. The aperture efficiency was 30 percent at broadside and dropped 
4 dB over ±10 beamwidths (elevation) by ±7.15 (azimuth) beamwidths of scan, 
^imuth and elevation beamwidths are 1.4° by 0.75°, respectively. The illumination 
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96 in 
(243.8 cm) 



Fig. 54. Winter's experimental model. {After Winter /J5/, © 1968 IEEE) 

moves over the surface of the reflector as scanning is performed; hence the aperture? 
efficiency is low at the extreme scanned beam positions. The system operates at 
^-band over a 2-percent bandwidth, with an on-axis gain of 42.5 dB. . A 

Near-Field Cassegrain System— Fig. 55 depicts the near-field Cassegrain antenna; 
system. A typical application of this system would have a limited field of view 
(LFOV) of 5° to 10°, and a very large electrical aperture, e.g., DIX > 250. It is 
composed of two confocal paraboloids with fid = FID, and is fed by a planar twcn 
dimensional phased array of 0° to 360° type phase shifters. Since the subreflector'is 
in the near field of the phased array, the rays remain collimated from the phased 
array to the subreflector such that there is no space attenuation The optics of this 
system are such that the amplitude distribution emerging from the main reflector js 
the same as the amplitude distribution across the phased-array feed. In particular, 
a uniform amplitude distribution over the phased-array feed transforms intoia 
uniform amplitude distribution emerging from the main dish. There is, however* 
a relatively large blockage by the subreflector or by the effective blockage, 
presented by the phased-array feed. Minimum blockage occurs when these tw£ 
blockages are equal. A typical design [36] would have dID ratios between 0.25'foB 
DIX = 400 and 0.35 for DIX = 250. (Also see reference 37.) ... . .} 

The near-field Cassegrain system can be considered as the limiting case of thl 
standard Cassegrain system as the feed point focus of the hyperboloid recedes 1® 




lgfinit& when the hyperboloid subreflector becomes paraboioidal. The main-beam 
angle 0 is related to the angle $ by tan/3 = (D/<i)tan0. The remotely located 
ggmairy feed (at infinity) is replaced by the phased-array feed near the vertex of the 
0)|iri« -'-reflector with a linear phase gradient to produce rays making an angle fi with 
SEgpecrto the z axis, which scans the main beam by the angle 6. Only linear phase 
gSgdients are required to scan the main beam; thus one has the advantage of row 
an^cbiurnn beam steering. A major disadvantage of this scheme is that the 
laminated portion of the large reflector moves with beam scan, which causes 
mafficieht, usage of the large- reflector aperture. This is illustrated in Fig. 55. 

Jj^oln Lab's Offset-Fed Gregorian System — Fig. 56 depicts a cross-sectional view 
l^e Lincoln Lab's offset-fed Gregorian antenna system. The main reflector is a 
■fflgbolo'id'aiid the subreflector is also a paraboloid with a common focus. Fig. 57 
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Fig. 56. Preliminary design of an offset-fed Gregorian, system and ray tracing for three scan 
angles. (After Interim Report [38]) 



shows an artist's concept of such a system. The primary feed for this system is a 
planar two-dimensional phased array using 0° to 360° type phase shifters. The basic 
idea here is to use two offset-fed paraboloids in such a way that the off- axis 
aberrations tend to cancel each other. If this could be achieved, then a small, 
truncated plane wave leaving the relatively small phased-array feed would be 
converted to a large, truncated plane wave emerging from the large main reflector. 
Fig. 56 illustrates ray tracings [38] for three angles £ of scan for the phased array. 
(Also see references 39 and 40.) Although not perfectly parallel, the corresponding 
rays leaving the main reflector remain. nearly collimated, where the scan in terms of 
beamwidths for the system as a whole would be about the same as the scan in terms 
of beamwidths for the phased-array feedjalone. As can be seen from the ray 
tracings most of the main reflector is utilized as aperture for all p scan angles; 
consequently, the efficiency of this system is good for all scan angles. Mailloux and 
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Fig. 57.., Physical configuration of the antenna. (Courtesy Hughes Aircraft Co., Fullerton, 



blacksmith [36] cite an example of a V^-beamwidth system being scanned 14 
^eamwidths using a 45/1 x 45A phased-array feed. Side lobe levels were —15 to 
|17 dB for all scan angles. The generalized [36] FID ratio was 1.5. 

A study [41,42] to develop a computer program that determines the optimum 
D|ain reflector and subreflector contours for maximum gain for a given scan range 
||iowed that appreciable improvement over the confocal paraboloidal system is 
Epssible. For details the reader is referred to references 41 and 42. 

Improved performance can be obtained by matching the caustics of the main 
Rector and the subreflector, arriving at a configuration in which the- smaller 
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parabola of Fig. 56 is rotated in a clockwise direction by 45°. For more details, see 
Sletten [43]. 

Raytheon Dual-Lens Limited-Scan Concept — Fig. 58 depicts a cross-sectional view 
of the Raytheon dual-lens, limited-scan concept [44]. It is composed of a relatively 
large, constrained-aperture lens fed by a relatively small, constrained matching lens 
which in turn is fed by a two-dimensional planar phased-array feed using 0° 
to 360° type phase shifters. The contour of the output face of the matching lens 
corresponds to the focal surface of the aperture lens. The main aperture lens is an 
equal path length lens with a two-point correction (0°, ±10°). The planar feed array 
uses 437 radiating elements with a 23-dB tapered Gaussian amplitude distribution. 
The phase shifters are set to focus the array output to a small spot on the inside 
surface of the matching lens. The function of the matching lens is to transfer the 
focused field to the output face of the matching lens which is, by design, the focal 
surface of the main aperture lens. The transferred focused field then acts as a 
primary feed on the focal surface of the aperture lens, that is, the field diverges 
from the focused spot, illuminating the main aperture lens to form a scanned beam 
in space. 

The inner surface of the matching lens is elliptical in shape and contains 2617 
elements. The main aperture leris is 65 wavelengths in diameter. This system scans 
an FOV of ±10° with a 1.2° beamwidth for all angles of scan. The generalized FID 
ratio [36] is about 1.7. Using this technique, the element-use factdr (defined by 
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Fig. 58. Dual-lens, limited-scan concept. {After C. H. Tang, Raytheon Co.) 
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Patton [34]) is very good (about 1.5) because of the highly efficient use of the main 
aperture lens. 

Hughes Reflector-Lens Limited-Scan Concept— Fig. 59 shows a multiple-beam 
constrained lens feeding an offset parabolic reflector. Ideally, points from the feed 
array are mapped to points on the aperture of the reflector. These points are 
conjugate focii of the overall optical system as shown by ray tracing, say, from feed 
point A to aperture point A'. Other points, such as B to B\ are likewise mapped. 
This mapping is not perfect due to the optical aberrations of the system but is 
adequate for ±10° field of view. It is well known [45] that the focal spot of con- 




Fig. 59. Idealized geometrical mapping of rays from feed to final aperture 
Hughes Aircraft Co., Fullerton, Calif.) 
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verging or diverging waves uniform over a sector has a focal plane distribution 
like J x {u)lu for spherical waves and like (sinw)/w for cylindrical waves. These 
distributions form overlapping (sin u)/u-like subapertures that can be made 
orthogonal, or nearly so, by the proper amount of overlap, which is controlled 
by primary feed spacing along the feed arc. To be truly orthogonal, (smx)lx 
distributions must be all of equal width and crossover such that the peak of any one 
distribution occurs at the nulls of all others. Proper radial positioning of the feed is 
made so that the conjugate focal point falls on the aperture plane. The (sin w)/w-like 
subaperture distributions give rise to sector-shaped far-field patterns whose width is 
approximately that of the geometrical angle subtended by the rays focused at the 
aperture, as shown in Fig. 59. 

An experimental two-dimensional parallel-plate model was built and tested 
[46]. An artist's concept is shown in Fig. 60 and a photograph of the experimental 
model is shown in Fig. 61. Calculated and measured subaperture patterns are given 
in Fig. 62. 

Now consider the primary feeds fed by a Butler matrix (or equivalent) with 
intervening phase shifters. This allows multiple simultaneous beams that can be 
scanned in unison by the phase shifters. This is possible because a linear progres- 
sive phase across the array of lens feed elements will cause a corresponding pro- 
gressive phase across the subapertures by virtue of the one-to-one correspondence 
explained previously. The beam can be scanned within the limits of the subaperture 
pattern (approximately ±10°). Fig. 63 shows representative patterns both mea- 
sured and calculated for beam scans of 0°, -5°, and -9° — all within the sub- 
aperture pattern of 10°. 

Partial-Time-Delay. Systems — One of the earlier partial-time-delay systems is the 
MUBIS (multiple-beam interval scanner) proposed by Rotman and Franchi.* 
Widely spaced (several beamwidths) true-time-delay beams from a multiple-beam 
lens or from a true-time-deiay network are synchronously scanned in the interval 
between the true-time-delay beams by means of 0°-360° phase shifters in the lens 
aperture. The system has true time delay at the true-time-delay (phase shifters set 
to zero) beam positions and almost true time delay if a small amount about the 
true-time-delay angles is scanned. Thus the field of view is increased by the 
number of time-delay beams for a given required instantaneous bandwidth. This 
technique is fully described in Chapter 13. 

Completely Overlapped Space-Fed Subarray Antenna System — The completely 
overlapped space-fed subarray antenna system developed at Hughes Aircraft 
Company [47,48] is illustrated in Fig. 64. It is composed of a planar feedthrough 
lens with 0° to 360° type phase shifters in every element. It is fed by a planar-feed 
array, which in turn is fed by a Butler or Blass multiple-beam matrix. Time-delay 
type phase shifters are placed at the inputs to the Butler or Blass matrix with a 
corporate summing feed network. The subarray inputs to the matrix form uniform 



*See Chapter 13, Section 3, under the heading "Broadband Array Feeds With Time-Delayed Offset 
Beams." 
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Fig. 60. Artist's concept of the experimental reflector-lens, limited-scan antenna. 



distributions at the output of the feed array, which in turn form an orthogonal set of 
(sinw)/« type primary radiation patterns that illuminate the pickup array. Except 
for the slight amount of inverse distance-squared power decay, the emerging 
distributions from the radiating array form a near-orthogonal set of amplitude 
subarray distributions which completely overlap each other over the entire 
radiating aperture face as shown in Fig. 64. The subarray far-field radiation 
patterns form near-rectangular patterns superimposed in space but whose phase 
centers are displaced across the face of the radiating aperture. In order to minimize 
gain loss as a function of scan and to apply grating lobes over a wide range of scan 
angles and wide bandwidth, the ideal subarray pattern would be rectangular in 
shape but narrower than the angular separation between the first grating lobes [47]. 



/ 



Fig. 61. Reflector-lens, limited-scan antenna, showing lens assembly. (Courtesy 
Aircraft Co., Fullerton, Calif.) 
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Fig. 63. Representative patterns for various beam scans at/ = 9.5 GHz. (a) For a beam scan 
of 0°. (b) For a beam scan of -5°. (c) For a beam scan of -9°. (Courtesy Hughes Aircraft 
Co., Fullerton, Calif,) 



Fig. 65 depicts the effect of scanning the ideal subarray pattern with respect to the 
array pattern. This ideal subarray pattern results in no gain reduction as the main 
beam is scanned within the subarray. pattern and has complete grating lobe 
suppression outside the subarray pattern. The completely overlapped space-fed 
subarray technique achieves a close approximation to the ideal subarray pattern. 
The amplitude distribution over the radiating aperture for each subarray input 
terminal is a discrete truncated (sinx)/jc function which gives an approximate 
rectangular subarray pattern. 
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Fig. 63, continued. 



Completely overlapped subarrays using transform networks are described in 
. Chapter 13. 

.DuFort's Optical Technique-DuFort's optical technique [49] for broadbanding 
.a phased array is illustrated in Fig. 66. It is composed of a relatively .large feed- 
■through aperture lens with 0°to 360° type phase shifters, an ,n ter mediate pa^ve 

Mens with fixed phase shifters and fixed time, delayers, a small feed array w.th 
variable phase shifters and variable time delayers, and a summing ^ 0 ^ k . 

The aperture lens and the feed lens have a common focus, with a magnification 
m = Flf. 
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Fig. 63, continued. 



The feed array is located at a distance h behind the confocal feed lens as shown. 

The operation of this lens technique is as follows: A plane wave is incident on 
the lens aperture* .x u making some general angle 0 O with respect to the aperture 
lens normal. The 0° to 360° type phase shifters.in the aperture lens are set sucH that 
at center ..frequency the received rays are focused to the center-frequency ioeal 
point as shown. These focused rays then diverge and are incident as a spherical 



*Note that jc, is an axis or aperture,- not a specific point. 
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, Fig. 64. Completely overlapped subarray pattern antenna system. (After Tang 147]) 



phase front on the confocal feed lens. The fixed phase shifters and fixed time 
|elayers*in the confocal feed lens are such that the divergent incident rays are 
^ollimated and normal to the feed lens aperture or the x 2 axis. The feed array then 
Receives these normally incident rays and coherently sums them through the 
Ippropriate settings of variable phase shifters and variable time delayers. Off the 
Renter frequency the aperture-lens phase shifter settings cause the received plane 
^ve to be defocused from the center-frequency focal point and shifted laterally to 
an off-frequency focal region. 

The divergent rays incident on the confocal feed lens are displaced along the x 2 
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\k = kd sin 0 



Fig. 65. Effect of scanning the ideal "rectangular" subarray pattern with respect to the array 
pattern. (Courtesy Hughes Aircraft Co., Fullerton, Calif.) 

axis; however, by a judicious choice of the fixed phase shifters and fixed time 
delayers in the confocal feed lens, the displaced rays emerge from the x 2 axis still 
focused to the feed array aperture, to the first order in fractional frequency 
bandwidth. This design thus preserves the even-amplitude aperture lens distribu- 
tion and minimizes the spillover loss. DuFort analyzes several cases and compares 
the results with the results one would obtain using a discrete subarray approach. He 
concludes that this optical approach provides less gain than the corresponding 
discrete subarray system, but that the side lobe performance of the optical 
approach is substantially better. 

For example, a sample case has been calculated for cosine amplitude dis- 
tribution, FID = 1/^2, using eleven time delayers, at the extreme scan angle of 
50° and at a frequency 5 percent above center frequency. The radiation pattern for 
the optical case is given by Fig. 67. The normalized gain is down about 1.7 dB from 
the maximum value of 0.816 due to cosine tapering. The far-out side lobe level 
is -18.5 dB, with other side lobes mostly below -25 dB. Spillover loss is only 
1.1 percent. The gain loss is due to off-axis phase error that causes beam 
broadening. The corresponding case for the discrete subarray is shown in Fig. 68. 
The main beam is narrower than the optical case and the gain is down only 0.7 dB, 
but the grating lobe level is up to -9.9 dB, with several above -20 dB. 

For more details the reader is referred to DuFort [49]. 

Wide Field of View True-Time-Delay Antenna Systems 

Most unconstrained feeds that offer true-time-delay performance are optical in 
nature. The transit time between the incident wavefront, from any angle within the 
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Fig. 66. Components of optical broadband phased array. (Courtesy Hughes Aircraft Co 
Fullerton, Calif.) J 



FOV, to the corresponding collecting feed is a constant, regardless of the actual 
path that is taken for any given ray. Consequently, an extremely short time pulse, 
approaching a delta function, could, in principle, be transmitted or received by 
such an antenna system without distortion or spreading in the time domain. In 
^practice, however, the instantaneous bandwidth is determined by the components 
J that are used in devising such a system. If waveguides are used, or other types of 
.elements, they will not possess infinite bandwidth when impedance matching or 
grating lobe phenomena are addressed. If a switching matrix is used to switch 
petween beams, it will function only over some finite bandwidth. Thus the 
instantaneous bandwidth limitation of a true-time-delay system will not be 
established by the optics of the system but rather by the bandwidth of the 
components used in implementing it. For example, all parabolic reflector systems 
and dielectric lenses that are not zoned are true-time-delay antenna systems. Their 
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Fig. 67. Optical system radiation pattern. (Courtesy Hughes Aircraft Co., Fullerton, Calif.) 

' Tit'; 

bandwidth, both instantaneous and tunable, is determined by the bandwidth of the 
feed system, or, perhaps to some extent in the case of dielectric lenses;' tl^e , 
bandwidth may be determined by the impedance-matching transformers on the lerfs 
surfaces, as well as the primary feed(s). z 
Conventional monopulse feeds for conventional reflectors and lenses are wHIJ 
documented in the literature and will not be covered here, since most of thesl 
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Discrete subarray radiation pattern. (Courtesy Hughes Aircraft Co., Fullerton, 
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antenna- systems do not offer wide-angle performance. The. purpose of this sub- 
section is to consider and illustrate some true-time-delay approaches that can be 
used to feed and phase a planar array over a wide angular FOV, e.g., a 90° to 120° 
|t)nical FOV. Since this section is on unconstrained feeds it may seem out of place 
to .discuss systems that are partially constrained; however, if free space exists 
between the feeds and the final aperture, then they are considered unconstrained in 
this context. 

True-time-delay antennas can be further subdivided into those that have 
simultaneous multiple-beam capability and those that do not. Simultaneous 
multiple-beam capability is important.for high-data-rate systems. An example of a 
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true-time-delay system without simultaneous multiple-beam capability is a phased 
array with true-time-delay phase shifters for each of the radiating elements. An 
example of a true-time-delay phase shifter is a digital phase shifter in which the 
phase shift is achieved by switching in the proper length of TEM transmission line. 
In this example there is only one beam for a given set of phase shifter settings. 
Examples of antennas with simultaneous multiple beams which are not true-time- 
delay system are the Maxson (Blass)* tilt transmission-line-fed traveling-wave 
array [9] and the Butler hybrid-matrix multiple-beam array [3]. Both of these 
produce multiple beams in only one plane. 

True-time-delay, high-gain, simultaneous-multiple-beam antennas with polar- 
ization diversity are necessarily quite complex because they are in reality many 
antennas sharing a common radiating aperture. The advantages of this over us'rng 
many separate antennas is obvious because so many of the costly components, e.g., 
transmit/receive modules of an active array, are shared by each of the antennas that 
make up the multiple-beam antenna system. . ~C 

- I? 

Wide-Angle Multiple-Beam Constrained Lens — The design of a true-time-delay, 
simultaneous-multiple-beam, constrained-lens system with polarization diversity is 
described here. Other antenna systems that achieve the same goals : are ithe 
Luneburg lens and spherical reflector systems. Each system has its advantages arid 
disadvantages, depending on the particular application in which cost is usually jthe 
determining factor. Studies have shown that the optimum choice depends on'the 
desired beamwidth, the frequency band of operation, and the desired coverage. A 
general statement as to the superiority of one method over another cannot be 
made. The system described here, however, has one advantage over most other 
systems in that the beam-positioning (feed) elements are separate from the pickup 
or transfer elements. This facilitates component design and packageability as well 
as offering electrical advantages. 

The true-time-delay, multiple-beam, spherically symmetrical, constrained-lens 
antenna described here can be used as a radiating antenna by itself or can be used 
as a phasing device for a multiple-beam planar array. For extremely high-range 
resolution a true-time-delay system is required to accommodate the wide in- 
stantaneous frequency spectrum of extremely short pulses. If the device is to be 
used as a phasing device for a planar array as shown in Fig. 69, it should illuminate 
the array aperture with the same amplitude distribution for all beam positions. That 
is, the illuminated portion of the aperture should not scan as the beam is scanned. 
Concentric (spherical) lenses or reflector systems, such as the hemispherical 
reflector system shown in Fig. 69, automatically satisfy the nonscanning-aperture 
requirement because the central ray for every beam passes through the centenof 
the aperture. 

Concentric systems have inherent wide-scan capability because theyaare- 
spherically symmetrical, and hence the beam-forming device, by itself, hasiphase, 
errors independent of scan angle. However, when the latter is used as a phasing 



*The Maxson or Blass array can be made true time delay but in doing so, much of its appealing 
simplicity, low cost, and. compact packaging is sacrificed. See Hansen [4], vol. 3, p. 254. -A;> 
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Fig. 69: Hemispherical reflector and lens counterpart: (a) Reflector, (b) Lens. (Courtesy 
Hughes Aircraft Co., Fullerton, Calif.) 



device for a planar array the phase errors may actually decrease as the beam is 
scanned off broadside. The reason for this is that only the central portion of the 
phase front is intercepted by the planar array. This is true to the extent that phase 
errors at one plane can be projected to phase errors at another plane. 
y A hemsipherical lens [50] developed at Huges Aircraft Company, Fullerton, 
California, is the transmission (lens) counterpart to . a hemispherical reflector 
systenvas shown in Fig. 69a. If the current distribution on the reflector of the 
hemisphere were transferred via pickup elements with equal line lengths to an 



19-82 



Applications 



identical transfer array, the radiation of the transfer array would be identical with 
that from the reflector as indicated in the schematic diagram, Fig. 69b. The diagram 
shows such a lens used as a phasing device for a planar array. Because of spherical 
symmetry the basic lens has virtually only even (e.g., quadratic, quadric, etc.) 
phase errors. These even phase errors can be corrected exactly for any single beam 
position by adjustment of line lengths L ny or L„ 2 . By doing this, however, one 
causes the system to deviate from being spherically symmetrical and the phase error 
now depends on scan position. In fact, odd phase errors may now arise for scanned 
beams. By line length adjustment, however, the total phase errors, both odd and 
even, can be made considerably less than that for the uncompensated lens. \ 

The optimum parameter values depend on the size of the antenna in wave- 
lengths and the desired amount of maximum scan. For narrow beam widths and 
large maximum scan angle, S u S 2 , and S 3 should be spherical. 

If an angular correspondence between feed position angle and beam direction 
is desired, S 4 and S 5 should have the same size. That is, the ratio of the beam scan- 
angle to feed position angle is the ratio of the linear dimensions of 5 4 and 5 5 . With 
no line length phase compensation the path length error curves in the plane of scan 
for various scan angles are given in Fig. 70 (for a typical f/R). As mentioned before, 
because of spherical symmetry the aperture phase errors are essentially even (e.g., 
quadratic quadric) for all scan angles. A similar set of phase error curves can be 
calculated in the plane perpendicular to the plane of scan. 

The common portion of the even phase errors'can be removed by adjustment 
of the output line lengths L„ 2 , e.g., the line lengths L„ 2 are adjusted to remove the 
path length labeled "compensation curve" shown in Fig. 70; it also shows a plot of 
maximum path length error after line length compensation for a typical set bf 
parameters. To illustrate the relative sizes involved, for a 70A aperture (1° beam 
for typically tapered distribution), the diameter of the radiating array is equal to 
the radius of the lens sphere and the maximum phase error would be about A/16 
for beam scan to ±45°. 

An experimental model of such a beam-forming lens was built and tested. 
Figs. 71a and 71b are photographs of this model. Antenna patterns were taken for 
scan in vertical, horizontal, and 45° planes. Fig. 72a shows typical patterns for 
various scan angles in the plane of scan. Fig. 72b shows typical patterns taken in 
planes normal to the plane of scan. Fig. 72c shows patterns for 45° diagonal scan 
over a range of frequencies covering approximately a 40-percent bandwidth. These .; 
test results establish the feasibility of this type of three-dimensional, multiple-^ 
beam-forming device. W. 
Below is a summary of the properties of the lens: . 

1. Wide angular coverage . rkff 

2. Simultaneous multiple true-time-delay beams . vfr.**t 

3. Nonscanning aperture, hence efficient as phasing device for planar array . '< 

4. Polarization diversity capability. With dual-polarized lens elements " the: 
polarization is determined solely by the polarization of the feed • - \ 

5. The number of beams and beam positions are independent of the number and 
locations of the transfer or pickup elements of the lens since these elements ar 
not used for a dual purpose of feed and transfer or pickup elements- ^ 
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f gth error after compensation. (Courtesy Hughes Aircraft Co., Fullerton, Calif.) 

i A.consequence of the property stated above is that the beams can be placed in 
^ aesired manner in space by proper placement of feeds on surface 5, of Fig 69b 
^example, ,f the device is used to phase a planar array, the feeds can and should 
^ variable spacing to keep a constant "crossover level" between adjacent beams 
~iee the radiated beam broadens as the beam is scanned off broadside to the 
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TYPICAL ARRAY ELEMENT 
(DIPOLE IN CAVITY) 




Fig. 71 Beam-forming lens, (a) Front view of lens, (b) Side view of partially interconnected" 
lens. (Courtesy Hughes Aircraft Co., Fullerton, Calif.) 



p anar array. This capability of arbitrary beam positioning facilitates the im- 
plementation and computation of monopulse operation between adjacent beams 
for increased angular accuracy. Since the projected aperture decreases as the cosine 
of the scan angle, the feed directivity must increase in like manner to keep the feed 
spillover loss a constant. Thus the feed directivity (hence the feed aperture) must 
increase as the secant of the scan angle, and for a constant beam crossover level this 
is just the amount of space available for the. feed. Thus the independence of feed 
and lens element allows the antenna efficiency to be the same (equal feed spillover) 
for all beam positions. - 
For the detailed design procedure see McFarland and Ajioka [50] 
Modifications of the Basic Lens— Two modifications of the basic lens have 
been studied in an attempt to improve the aperture efficiency or to increase the 
usable portion of the approximate plane wave. The first scheme is similar to a 
Cassegrain technique, as illustrated in Fig. 73a. 

This scheme slightly increases the usable portion D of the S 3 surface diameter • 
2K, as is shown by Fig. 73b, where it is compared with the basic lens. However/it > 
has the disadvantage of using the radiators covering surface S 2 for the dual purposed 
of acting as feeds and transfer radiators. To accomplish this function would require 
the appropriate circuitry in the interconnecting cables L„ . 





The second scheme is similar to a Mangin Mirror, as shown in Fig. 74. It uses a 
constant concentric dielectric correcting lens at the feed side of the basic lens 
, This scheme appreciably increases the usable portion D of the S 3 surface 
aiameter 2R, as is shown by Fig. 73b, where it is compared with the basic lens 
- • Ihis modification retains all of the merits of the basic lens while considerably 
improving the output phase. 

; f ,, A * imilar desi 8 n Procedure can be followed in designing the modified versions 
yr tne lens as has been used for the basic lens. 

,.'gh-Resolution Hemispherical Reflector Antenna (HIHAT)— The HIHAT 
multiple-beam antenna system was invented [51] at Hughes Aircraft Company in 
*e early 1960s by Louis Stark of the Ground Systems Group. Fig. 75 illustrates the 
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Fig. 72. Typical beam-forming lens antenna patterns, (a) In plane of scan showing 
w.de-scan capability. (*) Normal to plane of scan for various scan angle s (c) freju^ 
range^beam scanned 45° in diagonal plane). (Courtesy Hughes Aircraft Co., F^erton, 
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Fig. 72, continued. 



basic concept. A spherical reflector is fed by a concentric array of feeds located on a 
sphere of slightly greater than half that of the spherical reflector. This concentric 
array of duplexing feeds is dual circularly polarized. This novel feature enables the 
aperture blockage that would ordinarily be presented by the feed array to become 
(essentially "invisible"; thus a given feed or feed cluster is selected by a beam- 
switching matrix to be excited as a circularly polarized primary feed, e.g., right 
circular. The primary feed(s) illuminates a portion of the spherical reflector and 
.becomes nearly colhmated with the opposite sense circular polarization (e g left 
circular) after reflection off the spherical reflector. The dualpolarized duplexing 
jeed array picks up the nearly colhmated rays in the left circularly polarized channel 
|tor this example) and transfers the nearly collimated wavefront to a spherical 
transfer array. The spherical transfer array is designed to have its radiators' phase 
centers he on the same radius sphere as for the duplexing array. Equal line lengths 
are used for this transfer. From the spherical transfer array, radiation into free 
|>ace could take place, or it could be used to phase a planar array, as shown in Fig 
JP- m the latter case the common portion of the spherical aberration could be 
grooved prior to radiation into free space, thereby improving the flatness of the 
jaaiated phase front. This technique was discussed in the previous section and is 
^PRiicaoIe, here. Excellent radiation patterns are obtainable since the central 
|9rt,on,of the reflected phase front is highly correctable by using variable line 

SSS 5 e l WCCn thC P ' Ckup and radiatin I P ,a nar array. Fig. 77 shows typical 
measured Z and A patterns using two adjacent feeds for primary illumination 
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Fig. 73. Cassegrain modification of basic lens, (a) Cassegrain reflector type varjattc 
basic lens, (b) Normalized maximum path length error, after compensation; versus 
portion of the output hemisphere diameter as radiating aperture. (Courtesy Hughei 
Co., Fullerton, Calif.) 
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JiglS|^ Dielectric-loaded variation of basic lens. (Courtesy Hughes Aircraft Co., Fullerton 
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i^/*?\ HAT antenna as a multiple-beam device. (Courtesy Hughes Aircraft Co., 
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Fig. 76. The HIHAT used to phase a planar array, (a) System setup, (b) Radiating array* 
(Courtesy Hughes Aircraft Co., Fullerton, Calif.) -..* 
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Fig. 77. Typical measured £ and A patterns using two adjacent feeds (in the plane of 
|can). (a) £ pattern, (b) A pattern. (Courtesy Hughes Aircraft Co., Fullerton, Calif.) 

§• Optical Transform Feeds 

In certain feed systems the input to the feed and the resulting aperture 
gistribution of the array are related by one or more Fourier transforms. This has 
seen evident in many of the limited-scan techniques that were described in Section 
^ these feeds are called transform feeds [47,49,52]. As stated earlier it is 
pohibitively expensive to have active elements, such as phase shifters,* power 
jmphners, low-noise amplifiers, or adaptive control loops, for every radiating 
lament in a large phased array. But if we back down to having active elements only 



Eor broad instantaneous bandwidths, true-time-delay phase shifters 



may be required. 
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Fig. 77, continued. 



at one feed point of the antenna, we do not have an electronically steerable antenna 
at all. It is therefore necessary for us to back down to an intermediate level where 
the number of devices becomes affordable. In doing so, a certain amount of 
performance must be sacrificed, i.e. , the amount of scan coverage is reduced by the 
ratio of the number of active elements used to the number of active elements 
required to scan the larger field of view. ■ 

Two basic concepts of transform feeds that involve several Fourier transforms 
are depicted in Figs. 78 and 79. The first concept is a fully constrained feed that uses 
a small Butler matrix to feed a large Butler matrix whose outputs feed the radiating 
elements of the antenna. The second concept is an example of optical Fourier 
transformers in which a large lens is fed by a small lens. The active elements (e.g., 
phase shifters) are placed in a small phased array that feeds or illuminates the small 
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Fig. 78. Example of constrained transform feed. (Courtesy Hughes Aircraft Co,, Fullerton, 



matrix or optical device. Figs. 78 and 79 are conceptual schemes only and may not 
represent practical antenna systems. For practical transform antennas refer to 
'Section 4 and the quoted literature. 

v The ideal Butler matrix is a perfect discrete Fourier transformer. A reflector or 
Jens that focuses a plane wavefront to a point is also a Fourier transformer, but not 
perfect. The Butler matrix will be briefly discussed, while the optical transformers 
will be discussed in greater length because of their imperfections. 
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Fig. 79. Example of optica! transform feed. {Courtesy Hughes Aircraft Co., Fuliertori, 
Calif.) 
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Butler Matrix as a Fourier Transformer 

The inputs and outputs of an yV-e!ement Butler matrix are related by 
.(Section 2) 3 



8n 



= expy{(27rW)fn - (N + l)/2][m - (N + 1)/21) 



referenced to the center of the array, (N + l)/2 spaces, where gnm is the field 
amplitude at the nth output element due to unit excitation at the mth input or beam 
RO.rt. That is, a delta-function input (each port is a discrete delta function) results in 
a plane wave (linear progressive phase) over all the outputs. By the principle of 
superposition an arbitrary input distribution/^) will result in a superposition of 
discrete plane waves weighted by/(m), resulting in the Fourier transform 



iV 



;•. 8(n) = y^Rm)zxpj{(2nlN)[n - (N + l)/2][m - (N + l)/2]} 

j Fig. 78 illustrates the use of Butler matrices in a transform feed application The 
figure is self-explanatory. 

Optical Devices as Fourier Transformers 

Fig. 79 is an idealized optical analog to the matrix method of Fig 78 With 
Idealized assumptions to be discussed shortly, Fig. 79 is self-explanatory. Refer to 
rig. «u tor the following discussion. 

| For purposes of discussion consider a wide-angle lens or reflector that will focus 
Oyer a relatively large region of the focal plane (see Section 4, under "Wide-Angle 

^h.ple-Beam Constrained Lens"). A point-source feed at some point on the focal 
plane will radiate a spherical wave that will be collimated into a continuous plane 
wave over the aperture of the lens. Then, just as in the Butler matrix, a point feed 

Un ? IOn) ' nP f Wi " rCSU,t in 3 p,ane wave 0ut P ut - A 8 ain ' b y the principle of 
K 810 "' a "y focal P la ne distribution can be generated by a superposition 

exrS f T r thC USab ' e P ° Ttion ° f the focal P ,ane * A g ain - w ^ have an 
expansion into plane waves radiating in different directions in space. In general 
any device that can focus electromagnetic energy from one point to another is a 
rouner transformer. Usually one of the points is infinity. 

,, sl ™ ld be mentioned that the focal region field is planar on the focal plane 

di^ih , m l . WaVe , gUide ' S an exam P le where both focii are fin'te- A Gaussian 
aistnbution where / and F{f) are identical is used in this application 

Koughly speaking, the primary feed pattern that illuminates a lens or reflector 
■frim! T'f transform of the feed aperture distribution. After collimation this 
O t Pa " ern become s the aperture distribution of the lens or reflector 
^ow the Fourier transform of this aperture distribution is the far-field pattern of 

sin, m l 0r ./ efleCt0r - Thus ' for rea1 ' even feed distributions, the far-field pattern 
-piia be identical in shape with the aperture distribution of the primary feed It is 



ffhe terih "usable portion" means that off-focal point aberrations are tolerable 



over that region. 
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Fig. 80. Lens configuration used for discussion. (Courtesy Hughes Aircraft Co., Fullerton,^ 
Calif.) 

" • 4 

assumed that the lens or reflector is in the far field of the feed, the feed spillover 
effects are negligible, and the amplitude modification due to the 1/r 2 spreading 
of the rays and the modification of the amplitude due to the lens configuration ar| 
also negligible. The latter two assumptions are the most significant. Since all the 
radiation from the primary feed is not intercepted by the finite lens, the primary 
illumination function is truncated. The effect of this truncation is discussed Jateji 
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The other major effect is the 1/r 2 effect and the modification of amplitude of the 
illumination function by the lens design. Depending on the lens configuration the 
net result may be an additional taper to the incident illumination, or it may add an 
additional inverse taper. For example, a parabolic reflector or a hyperbolic 
dielectric lens with one flat face will give an additional tapering effect, while an 
elliptical dielectric lens with a spherical inner surface results in an inverse tapering 
effect. Lenses obeying the Abbe sine condition have an inverse tapering effect in 
power that varies as the secant of the angle between the axis of the lens and a 
general ray from the focal point. The Abbe sine condition states that the distance of 
a collimated exit ray from the axis of the lens is proportional to the sine of the angle 
6 that the corresponding ray fr om th e focal point makes with the lens axis. This 
results in a modifying factor &Ksec0 to the illumination function. 

To help one get a "feel" for the aforementioned effects a special case of a 
uniform feed distribution is calculated. This is a relatively stringent test because 
highly tapered distributions would be less affected by feed pattern truncation due to 
the low amplitude at the point of truncation. Aside from these effects the uniform 
feed distribution should give a uniform (sector-shaped) far-field pattern from the 
lens. Fig. 81 shows a calculated far-field pattern from a lens that satisfies the Abbe 



6 m « HALF-ANGLE AT FEED 
SUBTENDED BY THE LENS 



sec 45° INVERSE TAPER ^1.5 dB 





6-dB 
" BEAMDWIDTH " 




ANGLE OF OBSERVATION 

Fig. 81. Far-field pattern of a lens obeying the Abbe sine condition when the primary feed 
pattern is truncated to the peaks of the first side lobes of the primary pattern. (Courtesy 
Hughes Aircraft Co., Fullerton, Calif.) 
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sine condition. The lens truncated the (sin«)/u type primary feed pattern at the 
jpeaks of the first side lobes. This is a rather severe truncation. One would expect 
that at least several side lobes of the illuminating function would have to be 
included. However, it is seen that, even so, the resulting far-field pattern does 
resemble a sector-shape pattern with small ripples. In this case the inverse tapering 
effect of the Abbe lens was 1.5 dB. It has also been shown that the sector shape and 
width are nearly frequency independent. This is also a consequence of the Fourier 
transform. At a higher frequency the primary pattern is more directive, which 
effectively illuminates less of the lens aperture, thereby causing the final far-field 
pattern to broaden to compensate for the narrowing of the pattern due tajthe 
increase in frequency. 

A three-dimensional case was both measured and calculated. A circular 
aperture feed with uniform aperture distribution was used to feed a lens. The far- 
field pattern of the lens was measured and calculated by the Fourier transform 
methods. A comparison of the measured and calculated far-field patterns.; is 
shown in Fig. 82. It can be seen that the expected sector shape was obtained and the 
measured and calculated patterns show excellent agreement. 

This example, both measured and calculated parts, lends justification to the 
concept of an optical type antenna as a Fourier transformer. 



6. Cylindrical Array Feeds 

Numerous techniques have been conceived for the scanning of a cylindrical 
array [53-56]. The application of such an array may be for air traffic control, radar, 
and other uses requiring 360° of azimuthal coverage. Electronic scanning may be 
required in azimuth only, with perhaps some particular beam shape in elevation, or 
electronic scanning may be required in both planes with or without special 
elevation (and perhaps azimuth) beam shaping. Each particular system has its own 
set of requirements. 

For the purpose of discussion, consider that the antenna is composed of a 
cylindrical array of identical line sources parallel to the z axis, as depicted by 
Fig. 83. The line sources may have phase shifters behind every element, or they 
may be passively fed with an azimuthal beam-forming network or lens. For good 
radiation patterns it is apparent that only a portion (180° sector or less) of the total 
number of line sources should be fed (and phased) for any given azimuthal beam 
direction. Consequently, some means must be devised to position a given am- 
plitude distribution around the circumference of the array as a function of the 
desired azimuth direction of the main beam. The main differences between the 
various concepts are the techniques for generating and positioning this excitation. 

Before proceeding further some terms should be defined, and assumptions 
stated. The term P(R y 6 i <p) represents the spherical coordinates of the point of 
observation in the far field (Fig. 83b). The term P (a, <p' n , z' p ) represents the 
cylindrical coordinates on a cylinder of radius a of a typical radiating element. 
The terms n and p are integers associated with (0A, z' p ) y using the notation of [53], 
except for the angle 6. It is. assumed that the element is impedance matched for 
wide-angle scanning and the interelement spacing in both directions is close enough 
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Fig. 82. Measured and calculated far-field patterns from a lens with a circular aperture feed 
with a uniform distribution. (Courtesy Hughes Aircraft Co., Fullerton, Calif.) 

(near A/2) to produce an ideal element factor Kcosy, where y is the angle between 
the normal to the array and the point of observation. 

The far-field pattern is related to the surface illumination by 



= \\ e{<P\z')^^V^yd<t>'dz' 



Let the complex array illumination function be 

e(4> nj z' p ) = €(0A)/(z;) 
Then the far field for the array is given [54] by 



(23) 



(24) 
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Fig. 83. Antenna as a cylindrical array of line sources, (a) Cylindrical array plan view, (b) 
Cylindrical array oblique view. (Courtesy Hughes Aircraft Co., Fullerton, Calif.) 
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E(6) = VE^e 2 f{z'p) e' kz ' cos0 X *(<Pn) )/cos(<p - $> n ) e *°™ev™s{4>-<P*) (2 5) 



or 



where 



E(0 7 <j>) = L(6)R(6,<p) 



(26) 



L(0) = >^os^"2)/(^)^ cos0 



(27) 



and 



(28) 



Thus the required array excitation to generate a main beam at (0 m ,<p m ) is 
given by 



\f(zp) 1 1 £(<t>' n ) | e" //cl ^ cos sin *««*(*»■-*«)] 



(29) 



Various techniques for . generating this cylindrical array excitation will be 
discussed briefly. For purposes of clarity some of the diagrams to follow show the 
use of only eight-array elements. 

Matrix-Fed Cylindrical A rrays 

The various matrix-fed arrays can be readily understood by use of the following 
tutorial model. 

Consider two back-to-back Butler matrices with controllable phase shifters in 
between them as shown in Fig. 84a. If an input port a n of Butler matrix A is excited 
with any amplitude and phase, a corresponding port b n of Butler matrix B will be 
excited with equal amplitude and phase when the phase shifters are all set equal. 
If the a n s are weighted in amplitude and phase to any desired distribution, a 
corresponding distribution is achieved at the outputs b n . Now if a linear phase 
distribution with a total phase of m2n (m an integer) is applied across the array of 
phase shifters, the entire distribution over b n will translate across the output in 
increments of one element spacing for each successive value of m. The translation 
of the output distribution by an increment less than one element spacing requires a 
total phase that is a nonintegral multiple K of 2jz. That is, |m| < \K\ < \m\ + 1. In 
these cases there is no longer a one-to-one correspondence between an input port 
excitation and an output port excitation. Instead, if one input port is excited, not 
one but all output ports are excited to some extent. However, as would be expected 
, the two adjacent ports corresponding to phases of nOjz and (m + l)2rr are excited 
qost strongly since they straddle the t< phantom ,, element corresponding to the 
hase of K2jz. In fact, the output distribution is a discrete sampling of a sharp 
(suix)/* distribution as shown in Fig. 84b. The width of the "main lobe" of the 
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Fig. 84. Back-to-back Butler matrix feeding technique, (a) Tutorial model of matrix 
feeding, (b) Output excitation when only one input is excited and linear phase across bank of 
phase shifters is not an integral multiple of 2ji. {Courtesy Hughes Aircraft Co., Fullertorfi 
Calif.) *" ' 
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envelope (sinx)/x is two elements and the side lobe width is one element. The 
output distribution corresponding to phases of integral multiples of In consists of 
discrete values identical with those at the input to the first Butler matrix A because 
of the one-to-one correspondence between a n s and b n s. This is consistent with the 
sampled (sinx)/x output in these special cases; the sampling points are all at the 
nulls of the (sinx)/x function except at the peak of the main lobe, hence only that 
element is excited. For intermediate cases corresponding to nonintegral multiples 
of 2n, the output distribution is a superposition of sampled (sin*)/* functions of 
the kind just described. The net result is that the envelope of this output dis- 
tribution is almost identical with that of the envelope of the designed output 
I distribution, which is identical with the input distribution of matrix A. 
t Now, if the output ports b n are connected by equal line lengths to a similar 
Jnumber of elements arranged uniformly along a circle of radius R, linear phase 
Eshifter adjustments will cause the distribution over the b n s to move along the 
I periphery of the circular array. If the phase distribution is such as to radiate a plane 
f,wayefront from the circular array, a directive beam is formed from the circular 
|jn/ray that can be steered by means of changing the linear progressive phase of the 
| phase shifters. It is obvious that this peripherally scanned distribution should not 
t extend more than a semicircle because elements to the rear should not be excited. 
iThejinput ports corresponding to these rearward-looking elements are shown 
germinated in Fig. 84a. In practice, less than 180° of the circular (or cylindrical) 
|array is excited for one beam direction because of active element patterns, local 
|grating lobe formation, and aperture matching problems associated with the edge 
Elements that are locally phased for near end-fire.. Also, for intermediate phasing, 
fthe elements near the edge of the active portion of the cylinder may have their 
Corresponding sampled (sin*)/* lobes to the rear that are greater than desired for 
|low side lobe and rear lobe patterns. 

Collimation of the beam from the circular array requires a phase distribution of 
W>n = kR(l - cos n AO), where AS is the angle subtended by one-element spacing, 
fR is the radius of the cylinder, and k = 2jt/A. This phase is easily incorporated in 
Rhe weighting of the a n s. 

f It is interesting to note that the amount of beam scan in terms of antenna 
gbeamwidths for each In of total phase change is equal to one beamwidth if the 
lelernent spacing As is A/2: 



As = RAO = y, 



AO = 



2R 



jus is also the beamwidth for a uniform array of aperture 2R. 
; The foregoing serves as a tutorial basis for describing some of the feeding 
■gcnniques for cylindrical arrays to be discussed. 

ipeleg Method— In the preceding discussion it is readily seen that the output of the 
lg|st Butler matrix A (input to the bank of phase shifters) has an amplitude and 
g|ase distribution that is fixed (independent of beam steering); therefore it can be 
■placed by a passive feed network that produces that same distribution. This 
|||uces to the Sheleg approach. A simplified schematic diagram of the approach 
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for an eight-element array is shown in Fig. 85. Sheleg arrived at this solution from a 
different point of view. He expressed the far-field pattern in cylindrical modesan 
the form 

E{<t>) = 2 C m ef+ 

—N 

where the number of elements is 2N, and 

C m = 2KKj m l m J m {ka) 
K = constant 

Sheleg made the observation that it is not necessary or even desirable to use all tKe 
m modes of the Butler matrix. This concurs with the foregoing tutorial discussion in 
that modes that excite elements to the rearward direction of the cylinder should riot 
be used. As stated earlier, in practice less than half the number of available modes 
should be used to avoid local end-fire radiation at the extremes of the active 
semicircle. The Sheleg scheme is depicted for an eight-element array in Fig. 85. 

This technique can be used to produce uniform or tapered illuminations for trie 
cylindrical array. Sheleg ? gives computed and measured results for uniform^ cosine, 
and cosine-squared array distributions with quite close correlation between 





• FEED POINTS TO ELEVATION ARRAY ~ N (REQUIRED) 
0 VARIABLE PHASE SHIFTERS = N (EXPENSIVE) 
[ I FIXED PHASE SHIFTERS - N (INEXPENSIVE) 

Fig. 85. Sheleg's approach. (Courtesy Hughes Aircraft Co., Fullerton, Calif.) ^ 
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measurement and theory except in the remote side lobe region. He shows the 
patterns as a function of the number of modes used. Up to a point the patterns 
improve as more modes are used; then, beyond this point, the radiation pattern 
degrades somewhat. This has been explained by use of the tutorial model 
previously discussed. 

For uniform distribution the azimuth pattern shape as a function of azimuth 
scanning of the main beam is shown to be reasonably invariant, i.e., it makes little 
difference whether the peak of the array distribution falls on an element, midway 
between two elements, or any fractional part thereof. This is also explained by use 
of the tutorial model. For more details the reader is referred to Sheleg's paper [56]. 

Wheeler Lab Approach — Fig. 86 depicts the Wheeler Lab approach [53,54] to 
•feeding a cylindrical array. It consists of a power divider followed by fixed phase 
shifts, variable phase shifters, a sequencing switch, an array of diode switches, and 
the radiating array. 

This technique utilizes a switching network to step the amplitude distribution 
around the cylindrical array in coarse steps equal to the interelement angular 
spacing. The phase and amplitude distribution are established by the power divider 
arid a set of fixed and variable phase shifters. The variable phase shifters provide fine 
steering. 




• FEED POINTS TO ELEVATION ARRAY «= N (REQUIRED) 

0 VARIABLE PHASE SHIFTERS = N/2 (EXPENSIVE, ACTIVE) 

O DIODE SWITCH = N/2 (EXPENSIVE, ACTIVE) 

□ FIXED PHASE SHIFTER = N/2 (INEXPENSIVE, PASSIVE) 



Fig. 86. Wheeler Lab approach. (Courtesy Hughes Aircraft Co., Fullerton, Calif) 
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In this technique the ratio of the total number of azimuth elements to the 
number of active elements used at any beam position must be an integer. 

In Fig. 86 the number of elements used at a given time is four since the cor- 
porate feed is shown as having four outputs. The desired output amplitude and 
phase distribution is designated A,B,C, D. For a given state of the sequencing 
switch, for example, elements 1,2,3,4 are excited with the complex amplitude 
A y B, C, D, respectively. Now suppose it is desired to move the distribution by; one 
element, say, elements 2,3,4,5. With no sequencing switch the output amplitude 
distribution would be B y C, D y A y which is not the desired distribution. The sequen- 
cing switch reswitches the distribution back to A, B, C, D, the desired output. The 
same technique will allow the desired distribution, A,B,C y D y to be positioned all ' 
the way around the array in steps of one element at a time. *, 

For the example shown, the sequencing switch would consist of four dpdt pin 
diode switches, as depicted by Fig. 87a. The complex inputs to the sequencing 
switch are labeled A y B y C, D. The outputs of the sequencing switch are labeled 
1', 2', 3', 4'. Each of the four pin diode switches has two possible states, labeled a or 
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Fig. 87. Sequencing switch circuit and logic, (a) Sequencing switch circuit. (Courtesy 
Hughes Aircraft Co., Fullerton, Calif.) (b) Logic of switch circuit. 
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b. The table of Fig. 87b shows four normal combinations and four inverted 
combinations of complex distributions emerging from the output of the sequencing 
switch, along with their corresponding switching states for the four dpdt switches 
labeled Si y S 2 ,S 3y S 4 . By using the inverted as well as the normal arrangements, 
beam positions mirror-imaged about the center line of the active cylindrical array 
normal are generated; consequently the number of phase states required by the 
phase shifters is halved. The switches labeled array switches in Fig. 86 have a single 
input with one of two possible outputs, depending on which radiating elements are 
to be excited. 

For fine beam steering, for beam positions corresponding to that between 
^elements for example, the variable phase shifters are used while the elements 
excited remain fixed at the same position as for a beam position corresponding to 
an angle through an element. 

The power divider as depicted in Fig. 86 shows only a sum input. In actuality, 
* both a sum and a difference port would typically be available by appropriate design 
of the power divider network. 

Hughes Phased-Lens-Fed Approach — This technique utilizes a rotationally sym- 
metric lens such as a Luneburg or Rinehart lens to perform the azimuth beam form- 
ing, a switching system to select lens feed points for coarse steering, and phase 
shifters at each lens output to the cylindrical array to do the fine steering. Fig. 88 
fschematically depicts this approach. 

The sum (and difference, not shown) input is power-divided by the number of 
lens probes to be fed simultaneously, forming the lens primary feed illumination, 
^two for the example of Fig. 88. Suppose lens probes 1 and 2 are chosen to form a 
beam diametrically opposite to the position lying between probes 1 and 2. Then 
[switch A would select probe position 1 while switch B would select position 2. All 
jthe probes dispersed over the arc labeled 4,5,6,7 would then pick up the focused 
afield and switches labeled D, C,/, / would switch the fields to the elements labeled 
^4,5,6,7 via phase shifters behind each element. The coarse beam position is 
determined by choosing which probes to excite. The fine beam steering is 
accomplished by the phase shifters behind each element. 

The number of actively excited probes for a given beam position must divide 
integrally into the total number of elements; that is, the ratio of,the total number of 
azimuth elements to the number of simultaneously excited lens probes must be an 
integer. 

For example, if three probes needed to be excited simultaneously to achieve 
the desired primary lens feed distribution,* then the total number of elements must 
Be a multiple of three. If nine elements were chosen to satisfy this requirement, 
Ihen the sum (and difference) input would have to be divided' into three outputs 
followed by three switches each with three positions, rather than four as depicted in 
|ig. 88. 

The lens probes are seen to have to perform the dual function of not only acting 
as primary feed elements but as transfer elements as well. 

atrix-Fed Conventional Lens Approach-— For coarse beam stepping this tech- 
nique is identical with the phased lens-fed approach described previously. For 
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1*1 

3 



• FEED POINT TO. ELEVATION ARRAY - N (REQUIRED) 
0 VARIABLE PHASE SHIFTERS = N (ACTIVE, EXPENSIVE) 
DIODE SWITCH = N (2:1) (ACTIVE, EXPENSIVE) ■ 
DIODE NETWORK =• F (A:l) (ACTIVE, EXPENSIVE) 
O LENS FEED PROBE = N (INEXPENSIVE, PASSIVE) 
N- TOTAL NUMBER OF RADIATING ELEMENTS 

F= NUMBER OF LENS ELEMENTS USED TO FORM FEED PATTERNS OF LENS 
A= NUMBER OF ACTIVE RADIATING ELEMENTS A < N/2 

Fig. 88. Phased-lens-fed approach. (Courtesy Hughes Aircraft Co., Fullerton, Calif?). 



fine steering a "Sheleg" technique is used on a relatively small feed array using an 
F-element Butler matrix and F variable phase shifters, where Fis the small number 
of lens elements used to form the desired feed pattern. The feed distribution is 
translated as described before in Fig. 84a, which translates the phase center of the 
feed for fine steering. 

Hughes Matrix-Fed Meyer Geodesic Lens— This technique [54, 57] is a variation of 
the matrix-fed conventional lens approach discussed in the previous section but. 
utilizes a modified Meyer geodesic lens (figure of revolution) for the beam forming 
to eliminate active switches and uses passive diplexers or circulators instead. The 
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F- ELEMENT 
BUTLER MATRIX 



SEQUENCING 




• FEED POINT TO ELEVATION ARRAY -N (REQUIRED) 

£T VARIABLE PHASE SHIFTER - F (ACTIVE. EXPENSIVE) 

O DIODE SWITCH - F (ACTIVE. EXPENSIVE) 

O LENS FEED PROBE -N (PASSIVE, INEXPENSIVE) 

V DIPLEXER-N (PASSIVE. INEXPENSIVE) 

Ejg. 89. Meyer geodesic lens, (a) Basic Meyer lens. (o) Matrix feed. (Courtesy Hughes 
fE&crafi Co., Fullerton, Calif.) 
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basic Meyer lens for 360° coverage showing typical ray paths from a feed point is i 
given pictorially in Fig. 89a. 

The matrix feed is depicted in Fig. 89b. The sum-and-difference corporate 
power divider, input phase shifters to the Butler matrix, the amplitude sequencing 
switch, and feed switches are identical to those of the conventional lens above. The ! 
remainder of this approach includes passive diplexers, a cylindrical portion of the 
Meyer lens, a lens cap, and the radiating elements. A somewhat more physical 
depiction of this approach is illustrated in Fig. 90. 

The cylindrical portion of the lens may be as shown in Fig. 90 or it may be 
folded, since folding does not change the geodesic paths. The rf paths on transmit" 
and receive are depicted in Fig. 91, showing the folding of the cylindrical portion of 
the lens. A schematic of the diplexer/circulator is given in Fig. 92. A functional 
diagram showing transmit and receive signal flow in the diplexer/circulator is shown 
in Fig. 93. 

The Meyer lens, as usually used (discussed in Section 3) phases a line source;* 
however, by completing the cylindrical portion to 360°, it can be used to phase a 
cylindrical array. It is then possible to feed the lens at any point on the 360° feed 
circle, and the output of the lens may be taken along the circumference of the 
circular cap. Furthermore, if the lens cap is dielectrically loaded, it can be smaller 
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Kig. 91. Functional block diagram showing rf paths of Meyer lens, (a) Directional-beam 
signal flow, (b) Receive signal flow. (Courtesy Hughes Aircraft Co., Fullerton, Calif.) 

Eg the square root of the relative dielectric constant. This allows for easier 
packaging of the associated components. 

| A brief analysis of the dielectrically loaded lens is given and experimental 
Exults are presented. Since the cylinder is a singly curved surface, the cylinder and 
8^ circular portion can be developed, or broken apart and flattened for the sake of 
p||y analysis. Refer to Fig. 94. The geodesies all become straight lines in the 
Ig^eloped case. As in Fig. 94 equal lengths of transmission line are used for the rf 
SJiiapection between the developed cylinder and the cap, where the arc length s is 
BEiprved, or is linearly mapped onto the lens cap through some proportionality 
££&stant a. The choice of a determines the physical size of the lens cap and the 
jjggsssary dielectric loading e 2 to correctly phase the radiating elements. The same 
£5ue between the cap and the radiating elements, but the mapping here preserves 
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Fig. 92. Schematic of diplexer/circulator circuit. {Courtesy Hughes Aircraft Co., Fullerton, 
Calif.) *. mm \ 



the angle designated 0'. The electrical path length L(0') from the feed 
the plane wavefront in space is given by geometrical optics: 

The reference path length through the center is £ 0 , given by 

e 0 = h]/T x + 2b\^ 

Thus the electrical path length error 6 is given by 

<5 = L(0') - € 0 
The output phase error <I>(0') is then 

*(0') = kd{4>') 
Snell's law is obeyed because of equal line lengths; thus 
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Fig. 94. Developed full cylindrical lens. (Courtesy Hughes Aircraft Co., Fullerton, Calif.) 

The following relations can be seen from Fig. 94: 

fi = h sec xp 



Thus 



s = h tan 
as = bp 



P = ^ h tan V 



(35) 
(36) 
(37) 

(381 



From the law of sines, 



Thus 



siny sin£ sin(y + £) 
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|y 5 . Phase error at output of geodesic tens. {Courtesy Hughes Aircraft Co., Fullenon, 
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gelations 34 through 46 then enable one to compute the path length error for all 
the rays, evaluated on the hypothetical plane wavefront in space. The parameters 
^b, a, b/R, n u and n 2 are selected to minimize the overall path length error, as well 
as- to establish physical sizes. 

f For example, Fig. 95 is the calculated phase error for a 256-element array, 
illustrating that the spherical aberration phase error is less than ±20° over a ±45° 
Rector. Thus over 70 percent of the cylindrical array diameter is nearly perfectly 
phased. Moreover, the associated amplitude distribution falls off rapidly beyond 
Consequently, a low-azimuth, side lobe distribution is realizable using this 
Ifechnique. A high degree of amplitude distribution control is inherent, for both the 
s'um and difference distributions independently, since an eight-element array of 
probes was used, each of which is amplitude controllable. 

To demonstrate the feasibility of this approach, a 128-element array was 
tonstructed and tested at A'-band. The beamwidth of the model was 5°. Fig. 96a 
hows the actual model. In the interest of time and funding, the lens was fabricated 
in one piece rather than connecting the cap and cylinder with cables; however, the 
array* was coupled to the lens by coaxial probes. 

The measured patterns of this model are shown in Figs. 96b through 96d. 
Fig/ 96b shows several adjacent beams superposed. Fig. 96c shows a typical sum 
pattern, and Fig. 96d shows expanded sum and difference patterns. For economy of 
cost and time the feed used was a simple dual open-ended waveguide. Time did not 
allow an array-type feed which would have given more precise illumination with 
^independent control over the sum and difference illuminations. Had an array-type 
sfeed been used, better patterns would have resulted, especially for the difference 
pattern. 
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